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Introduction

Presentation consists of two parts.

1 Need for computational efficiency in optimization, some
ideas and techniques that can enhance efficiency,

2 Case study of an electricity distribution company where the
ideas result in some remarkable improvements.
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Need for computational efficiency

Importance of computational efficiency in optimization:

Problems tend to be large/very large.
Optimizing several variants of a model.
Solution of many subproblems in

decomposition schemes,
stochastic programming,
B&B or B&C algorithms for mixed integer programming.

Users want solution instantly.
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Capabilities of solvers

State-of-the-art general purpose LP solvers are “intelligent”
enough to recognize several chances to solve a given LP
problem efficiently, like using

presolve,
scaling,
adaptive algorithm control.

However, they are usually not able

to identify and exploit
structure anything more than GUB, and/or embedded network
for the same purpose.
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Large to very large LP problems:

Surprisingly great improvements can be achieved in solution
efficiency by relatively simple observations, like

problem (re)formulation
selection of solution algorithm.

These tools are in the hands of the modeler rather than
included in the solvers.

Intuition is also required, however, it can be supported by
some paradigms.
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Electricity portfolio problem

Facts:

Electricity distribution company (EDC) supplies electricity
to an entire region (e.g. Southern England). It has the
legal obligation to provide electricity to all users in the
region in every half-hour period of the year estimated to
be bi , i = 1, . . . ,17520.
Electricity comes from generating plants (GPs) (domestic
or foreign) on the basis of yearly contracts.
During the planning period (once a year) GPs put forward
contract offers.
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Contract offer

Each GP puts forward several contract offers.

Definition
Contract offer: list of half-hour periods and the corresponding
amount of electricity together with the unit cost of the offer.

aij =

{
> 0 contract offer j ’s contribution to bi ,
0, if no contribution.

cj = cost of contract offer j if taken at level 1.

Examples:

1 Workdays (usually Mon-Fri) 18.00–20.00: 1.00 electricity
unit and 20.00–22.00: 0.75 units.

2 Every night 22.00–06.00: 0.60 units.
3 Throughout every timeslot of the year: 0.40 units (from a

nuclear power station).
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Examples of contract offers

One day of
Monday to
Friday
18.00–20.00:
1.00
20.00–22.00:
0.75

Every night
22.00–06.00:
0.60

Every day
00.00–24.00:
0.40
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Electricity portfolio optimization

EDC wants to select a portfolio of offers such that it satisfies
the demands as closely as possible at minimum total cost.

Problem:
Find x ≥ 0 such that Ax approximates b as well as possible:

Ax ≈ b, or componentwise,
n∑

j=1

aijxj ≈ bi , i = 1, . . . ,m,

while minimizing cT x, where xj is the level of contract offer j .
Typical: m� n, heavily overdetermined system.

In general:

minimize cTx + λ‖Ax− b‖, x ≥ 0, (1)

where ‖.‖ denotes some vector norm, usually `1, `2 or `∞, and
λ ≥ 0 is a scaling (balancing) factor.
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Model-1

If `2 norm (or rather its square) is taken in (1) then a quadratic
function is to be minimized:

Model-1: minimize cTx + λ(Ax− b)2, x ≥ 0,

where λ is a balancing parameter.
Disadvantages:

1 nonlinear optimization,
2 all violations are uniformly penalized.
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Model-2a

If `1 norm is used in (1) then problem can be reformulated in
terms of goal programming:
Demands (bi , i = 1, . . . ,m) are desirable values, goals.

Introduce ui ≥ 0 undershoot and vi ≥ 0 overshoot variables:

n∑
j=1

aijxj + ui − vi = bi , ui , vi ≥ 0, i = 1, . . . ,m (2)

Underachievement is penalized in period i by pi per one unit,
overachievement by qi .
Sum of penalties is minimized along with the costs:

min
n∑

j=1

cjxj +
m∑

i=1

(piui + qivi), s.t. (2) and xj ≥ 0, ∀j .
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Introduce ui ≥ 0 undershoot and vi ≥ 0 overshoot variables:

n∑
j=1

aijxj + ui − vi = bi , ui , vi ≥ 0, i = 1, . . . ,m (2)

Underachievement is penalized in period i by pi per one unit,
overachievement by qi .
Sum of penalties is minimized along with the costs:

min
n∑

j=1

cjxj +
m∑

i=1

(piui + qivi),

s.t. (2) and xj ≥ 0, ∀j .
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Model-2a: V-shaped penalty

This type of penalty is called
V -shaped penalty.

bi

penalty

slope = −pi slope = qi

Variants of Model-2a can be
created by different penalty
functions.
Penalty is

symmetric if pi = qi ,
uniform if pi = p and
qi = q, ∀i ,
uniform symmetric if
uniform and symmetric:
p = q, ≈ the case of
Model #1.
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Model-2b: Flat bottomed penalty

bi − gi bi + hibi

penalty

slope = −pi slope = qi

If pi = qi and gi = hi then it is
the case of symmetric
flat-bottomed penalty.

Now the goal:

bi − gi ≤
n∑

j=1

aijxj ≤ bi + hi

which is a range constraint.
It can be converted to

n∑
j=1

aijxj + yi = bi + hi ,

0 ≤ yi ≤ gi + hi .
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Model-2b: Flat bottomed penalty

This goal is approximated as well as possible if we solve

min
n∑

j=1

cjxj + λ

m∑
i=1

(piui + qivi)

s.t.
n∑

j=1

aijxj + yi + ui − vi = bi + hi ,

0 ≤ yi ≤ gi + hi , i = 1, . . . ,m,
xj ≥ 0, j = 1, . . . ,n, and ui , vi ≥ 0, i = 1, . . . ,m.

Note: yi does not appear in the objective function.

Previous models are special cases of this one.
There can be side constraints in each model.
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Solution of Model-2a

(P1) min c1x1 + c2x2 + c3x3
A1x1 + Ix2 − Ix3 = b1
A2x1 = b2

s.t. x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

b1, c2, c3, x2, x3 : m1;

c2 = c3 = e

c1, x1 : n1;

c1 = 0

A1 : m1 × n1;

m1 � n1

A2 : m2 × n1; b2 : m2;

m2 � m1

Electricity Portfolio:

Actual sizes: m1 = 17,520 n1 = 381
m2 = 1,218

m = m1 + m2 = 18,738
n = 2m1 + n1 = 35,421
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Very useful: visualization of structure

cT
1 cT

2 cT
3

A1 I −I

A2 0 0

If A2 = 0

[
A1 I − I

]  x1
x2
x3

 = b1

A starting feasible basis:

xBi =

{
x2i if b1i ≥ 0,
x3i if b1i < 0.
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Dual of (P1) if A2 = 0

The idea: consider the dual of (P1).

If A2 = 0

(D1) max bT
1 y1

s.t. AT
1 y1 ≤ 0

y1 ≤ e
−y1 ≤ e

reduces to:

max bT
1 y1

s.t. AT
1 y1 ≤ 0

−e ≤ y1 ≤ e
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A2 = 0

I

−I

AT
1

Size: 35,421× 17,520

AT
1

Size: 381× 17,520
plus individual upper bounds
⇒ upper bounded simplex
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If A2 6= 0

Primal:

[
A1 I −I
A2 0 0

] x1
x2
x3

 =

[
b1
b2

]

x1,x2,x3 ≥ 0
min c1x1 + c2x2 + c3x3

Dual: AT
1 AT

2

I 0
−I 0

[ y1

y2

]
≤

 c1

c2

c3



max bT
1 y1 + bT

2 y2

s.t. AT
1 y1 + AT

2 y2 ≤ c1

Iy1 ≤ c2

− Iy1 ≤ c3

−c3 ≤ y1 ≤ c2
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Comparison with presolve

Primal of S3PF
Before After

presolve
m = 18,738 17,981
n = 35,421 35,223

nz = 148,318 141,256
Long col 17,520 17,520

Dual of S3PF
Before After

reduction
m = 35,421 381
n = 18,738 18,738

nz = 148,318 113,278
Long col 176 176
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Lesson/Morale

1 Large scale LP problems have to be analyzed prior to
solution.

2 Challenge for presolve procedures.
3 Modelling systems could contribute.
4 Knowledge of theoretical background of optimization can

be vital.
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T H E E N D
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