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INTER§OLATION FOR_ (GENERATING BIVARIATE
ONFERRONI-TYPE INEQUALITIES

Gergely Madi-Nagy Andras Prékopa

Abstract. Let Aq,...,Ayxy and Bi,...,B) be two sequences of events and let
vN(A) and vpr(B) be the number of those A; and Bj, respectively, that occur.
We give a method, based on multivariate Lagrange interpolation, that yields lin-
ear bounds in terms of Sk, £+ ¢ < m on the distribution of the vector (vy(A),
vy (B)). The construction of the bounds can be carried out in a simple mechanical
way. For the same value of m several inequalities can be generated, however, all of
them are the best bounds for some values of S} ;. Known bivariate Bonferroni-type
inequalities are reconstructed and new inequalities are generated, too. The possible
extensions are also discussed.
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1 Introduction

Let Ay,..., Ay and By, ..., By be two sequences of events on the same probability space.
Let vy (A) and vy (B) be the number of those A; and Bj;, respectively, that occur. Let us
define the bivariate binomial moments: Syo = 1 and for other nonnegative integers k£ and [,

ot (1) )]

It is easy to see (e.g., by the use of indicator variables) that
Skt = >  PA,N---NA,NB;N---NDBy), (1.2)
1<iy<-<ip <N
1<j1 << jr <M
where in case k or t equals zero, the empty intersection that follows in (1.2) is replaced by

), the sample space.
Consider the following probabilities:

p(u,v; N, M) = P(vn(A) = u, vy (B) =) (1.3)
and
q(u,v; Ny M) = P(vy(A) > u,vy(B) > v). (1.4)
We are interested in finding bivariate Bonferroni-type inequalities. I.e., inequalities
N M N M
Z Z Ck,tSk,t < T(U, v N7 M) < Z Z koSk,tv (1-5)
k=0 t=0 k=0 t=0

where r(u,v; N, M) can either be p(u,v; N, M) or q(u,v; N, M). The coefficients have to
be independent of A; and By, i.e., (1.5) holds for an arbitrary probability space and for the
arbitrary choice of the A; and B;. The Bonferroni-type inequalities have several applications.
They can be used, e.g., to estimate system reliability (see Habib and Széntai, 2000) or to
estimate multivariate distributions (see Bukszar and Szantai, 2002). Further applications
can be found in Galambos and Simonelli (1996).

Bivariate Bonferroni inequalities can be obtained in several ways. On one hand, they
can be proved by the method of indicators, see e.g. Galambos and Xu (1993), Lee (1997).
Another way is the method of polynomials, which is capable of not only proving but also
generating new inequalities, see e.g. Galambos and Xu (1995). By the aid of the reduction
formulas of Galambos and Xu (1995) and Simonelli (1999) further inequalities can be found.

In the present paper we introduce the method of multivariate Lagrange interpolation,
which has turned out to be a very effective tool of generating and proving Bonferroni-type
inequalities. On one hand the method yields a wide variety of Bonferroni-bounds, which are
the best in a sense to be defined later. On the other hand the method is entirely mechanical.
It can be implemented on computer, hence Bonferroni-bounds of several terms can also be
constructed easily. In Section 3 inequalities of the literature are reconstructed and new,
improved bounds are generated as well. The last section discusses the possible extensions of
the method.
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2 Method of Multivariate Lagrange Interpolation

In the following, we consider the special case of (1.5), where the binomial moments up to the
total order m are given (assuming that m < min(N,M)). Le., we look for the coefficients
¢k and dj, in the inequalities

m—k

Z Ck tSkt < 7‘ , Uj N M S Z dk:,tSk;,ta (26)

k=0 t=0 k=0 t=0

m—k

where r(u,v; N, M) can either be p(u,v; N, M) or q(u,v; N, M). This case is relevant in
practice: usually the probabilities of the intersections of events are given up to a certain
number of the events, hence the multivariate moments up to a certain total order can be
calculated. Let us define the power moment

tiky = Elvn(A) vy (B)]. (2.7)
Theorem 2.1
" G os(k,i ( J')
Skt =YY k (2.8)
=0 5=0
t
pkt—ZZSkzz'Stj) 1S:.4, (2.9)
=0 5=0

where s(i,7) and S(i,j) are the first and second kind Stirling numbers, respectively.

Proof.

kot A B k t
=B |33 S )S( ) (”N(. )) (”M(. )) = 3 S(k, i8S (¢, )15
=0 j=0 v J =0 j=0
O
Corollary 2.2 [Inequalities (2.6) are equivalent to the following inequalities
m m—k m m—k
Z Akt Mkt < T’ U, v; N M S Z Z bkﬁt,uk,t, (210)

k=0 =0 k=0 t=0
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where
m m— 'LS - "t m m— ZS N t
At = Z Z . )Cz‘,j and bkt = Z ( 7 )di,j-
i=k j=t ! '] i=k j=t il J:

If (2.10) is given then the coefficients of the corresponding inequalities (2.6) can be calculated
by

= S (4, K)EIS(j, t)tla;;  and  dey =Y > S(i, k)KIS(5, t)tlb; ;. (2.11)
=k j=t i=k j=t

In the following we focus on the construction of inequalities (2.10). This is equivalent to

finding inequalities of (2.6), because if inequalities in the form (2.10) are given then the

coeflicients of the corresponding inequalities in the form (2.6) can be calculated by (2.11).
Inequalities (2.10) can be written as

imz‘s ar v (A)Vva(B)!

m—k

< B [Lwwnan (vn(A),vu(B))| < E

k=0 t=0
(2.12)
where in case of r(u,v; N, M) = p(u,v; N, M):
7 ( ) = 1if 21 =u, 20 =0,
pluwsNM) (21, 22) =9 otherwise,
and in case of r(u,v; N, M) = q(u,v; N, M):
I ( ) = Lif 21 > u, 29 >,
a(wviNM) 21 22) =) otherwise.
Theorem 2.3 The left inequality of (2.12) is valid if and only if
m m—k
(21, 22) = 3 D apezy 25 < Lwwnany (21, 22) (2.13)
k=0 =0
for all
2 €2 =40,1,...,N} and z, € Zy ={0,1,..., M }. (2.14)
Similarly, the right inequality of (2.12) is valid if and only if
m m—k
Z1, 2’2 Z Z blctz1 ZQ (quM) (21, 22) ) (2-15)
k=0 t=0
for all (z1,22) € Z1 X Zy defined in (2.14).
Proof. Trivial. O

Theorem 2.3 indicates that we should find polynomials which are smaller (greater) or
equal to the value of the function I,(,.;n,ar) at the points of Z; x Z, but not necessarily at
other (e.g., noninteger) values of (21, z2). In order to find those polynomials let us consider
the following theorem on bivariate Lagrange interpolation. First we need the following

Z br:n (A VM(B)t )
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Definition 2.1 Let

Z1 =A{z10,211,- -, 21N} and Zy = {220, 221, - - -, 2o } (2.16)
and f(z1,22), (21,22) € Z = Z1 X Z3 be a bivariate discrete function. Take the subset

Tt = {zu, i € LY X {2, i € LY = Zug, X Zo,, (2.17)

where |I;| = kj + 1, j = 1,2. Then we can define the (ki, ky)-order (bivariate) divided
difference of f on the set (2.17) in an iterative way. First we take the kith divided difference
with respect to the first variable, then the koth divided difference with respect to the second
variable. Let

(214, © € I1; 29, 1 € Iy; f] (2.18)

designate the (ki, ko)-order divided difference. The sum ki + ko is called the total order of
the divided difference.

In order to make the definition easier to understand we present the following

Example 2.1
f(Zn, 22) - f(210, 2'2)

]

(210, 2113 220, 221; f] = [220, 221;

<11 = <10
f(z11,221)—f(210,221) _ f(z11,220)—f(210,220)
_ 211—210 Z11—210

221 — 220

Theorem 2.4 Let Z, and Z5 be defined as in (2.16) and
I = {(21,12)|21 Z 0, ig Z 0 mteger, il —f-lg S m} (219)

Then the Lagrange polynomial Ly(z1, z3) corresponding to the points Z; = {(z1i,, 224, )| (i1, 12) €
I} is the following

2 l’].,l
L[(Zl, 22) = Z [210, <o R141y R205 - - - B9 f] H H (Zj - Zjh)a (220)
i1+ia<m j=1 h=0

0<i1,02

where H;Lj:_ol(zj —zjn) = 1 fori; =0, by definition. The corresponding Lagrange residual can
be written in the form

RI(Zla 2’1) = f(ZhZQ) - LI(ZhZz) =
i1 i2—1
= Z [210, <y Rligs R15 2205 + - - R2ig5 f] H(Zl - le) H (22 - Zzh)

i +iz=m 1=0 h=0 (2.21)
0<iy,i2
m

+[215 220, - - - Z2m, 225 f] H (22 — 2on).
h=0
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Proof. The Lagrange polynomial of (2.20) is the classical result of the triangular case
of the subscripts (iq,72) of the interpolation points. The formula first was considered by
Biermann (1903). However, the residual (2.21), in this form, was first given in the proof of
Theorem 4.1 in Prékopa (1998). O

Despite the subscript set [ is triangular, the geometric distribution of the interpolation
points is not necessarily triangular, because in Theorem 2.4 there was no assumption on the
orders of the elements z1g, 211, ..., z1n and zaq, 201, - . . , 220

Let us turn back to our case where

le{o,l,...,N}:{210,211,...,21]\/},

2.22
ZQZ{O,]_,...,M}:{220,221,...,212]\/[}. ( )

The curly brackets define disordered sets, hence z19 does not have to equal 0, etc. In the
following we define the orders of the elements in Z; and Z, in such a way that the Lagrange
polynomial (2.20) of the bivariate function I,(,..n ) (21, 22) fulfills the equation (2.13) or
(2.15).

We consider the following two cases:
r(u,v; N, M) = p(0,0; N, M), (2.23)

r(u,v; Ny M) = q(1,1; N, M). (2.24)
We need the following

Theorem 2.5 The divided differences of total order m + 1 of the function Iy on (21, 22)
on Zy X Zy are nonnegative (nonpositive) if m is odd (even), where Zy, Zy are defined in
The same is true for the function Iq(l,l;N,M)(Zh 29) on Zy X Zy, where Zy, Zy are defined

Proof. Let
1, if z=0,
f(z) = { 0 if2>1 (2.25)
Assume that z, > 0, k =0,...,7. It is easy to see that

(=1)’

7
1%k

[07217~"72i;f] =

and
[20, 21, -, 2i; f] = 0.
Le., the even (odd) order divided differences of the function (2.25) are nonnegative (nonpos-
itive). Considering that
Ip(O,O;N,M)(Zh z) = f(21)f(22)

and
L v (21, 22) = (1= f(21))(1 = f(22))
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the rest of the proof is straightforward. O
The following algorithm defines the values of 2y, ..., 21, and 299, ..., Zom.

Algorithm

Step 0. Initialize t =0, =1 < g <m, L=(0,1,...,m —1—¢q) (In case of ¢ = m the set
L is empty.), U = (N,N —1,...,N —q). (In case of ¢ = —1 the set U is empty.)

Step 1. Let (210, - - ., 21m) = (arbitrary merger of the sets L,U). Let [ =0, u’ = M.

Step 2. If zign_yy € L, then let zop = I, 1" = [" + 1, u'*! = o, and if 214y € U,
then let 2oy = uf, ut™ = u'—1, [**1 = [*. Ift = m then stop. Else t «+ t+1 and repeat Step 2.

Theorem 2.6 Let the elements of the sequence (zjo,...,%m), j = 1,2 be defined by the
Algorithm above. Furthermore let (z1(m+1),--.,218) = (m—qg,m —q+1,...,N — (¢ + 1))
and (Zo(mi1ys - -5 22m) = (Mm—qgm—q+1,....M —(¢+1)).

Let f(z1,22) be a function on Zy X Zy, defined by (2.22). If the divided differences of
total order m + 1 of the function [ are nonnegative and q + 1 is even (odd) then Li(z, z2),
defined by (2.20), approzimates the function below (above). Ie.,

f(21,222> > (S)L[(Zl,ZQ), (21,22) S Z1 X ZQ. (226)

If the divided differences of total order m+1 of the function f are nonpositive then (2.26)
holds with a reversed inequality sign.

Proof. It is enough to prove that R;(z1,22) in (2.21) is nonnegative (nonpositive) for all
(21,22) € Z1 X Z3. The divided differences in (2.21) are of total order m + 1 hence they are
nonnegative. Regarding the terms

i1 i2—1

H(Zl — le) H (ZQ — Zzh) (7/1 + ig =m, il,ig Z 0) (227)
=0 h=0
and .
I (= — 221), (2.28)
h=0

they are zeros or they have exactly ¢+ 1 negative factors in case of (z1, 23) € Z; X Z. Hence
(2.27) and (2.28) are nonnegative (nonpositive) if ¢+ 1 is even (odd). From this follows that
the same is true for R;(z1, 29). If the divided differences of total order m + 1 are nonpositive
then the divided differences in (2.21) are nonpositive. The terms (2.27) and (2.28) remain
nonnegative (nonpositive) hence Ry(z1, z2) is nonpositive (nonnegative). O

The theorems above give us the following method of generating Bonferroni-bounds. Let
r(u,v; N, M) = p(0,0; N, M) or r(u,v; N, M) = q(1,1; N, M). In both cases I, .n,nm) (21, 22)
has nonnegative (nonpositive) divided differences of order m+-1 if m is odd (even). Hence the
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algorithm of Theorem 2.6 gives Lagrange polynomials R;(z1, z2) approximating the function
LNy (21, 22) below and above. Rj(z1, 22) fulfills the inequality (2.13) as the polynomial
P,(z1,29) or the inequality (2.15) as the polynomial Py(z1, 22), respectively. Taking the
expected value of P,(21,22) or Py(21, 22) and using the corresponding conversion formula of
(2.11) the Bonferroni bound is given. The method is illustrated by a detailed example in the
following section.

About the quality of the bounds of the method we have the following

Theorem 2.7 Assume that there exists a random vector with the support Z; (where Z; is
defined by the Algorithm), which has the binomial moments with the given values of Sy,
k+t < m. Then the Bonferroni-bound yielded by the Lagrange polynomial L;(z1, 2zo) (i.e.,
by the method above) is the best linear bounding formula of the terms Sy, k +1t < m.

Proof. Let us consider a lower bound. (The case of the upper bound can be proved in the
same way.) Zr is the set of the interpolation points, hence in (2.13)

m m—k

Pa(ZhZz) L[ ZbZz Z Z th21 Zz = Ir(u,’u;N,M) (Zl, 22) for (21722) € Zr.
k=0 t=0

If there exists a random vector (vy(A),vy(B)) that has values outside of Z; with zero
probability, then for this vector:

By

m—k

on (Vs (B) | = B [unaan (o (4) (5.

k=0 t=0
From this:
m m—k m m—k
Z ag s = 1r(u,v; N, M) iZchtSkt—r(quM)
k=0 t=0 k=0 t=0

Le., there exists a distribution with the given binomial moments where the Bonferroni-
inequality holds with equality, hence it cannot be improved. O

3 Bonferroni-type inequalities

Example 3.1 Let us construct an upper bound for p(0,0; N, M) where the mazimum of the
total order of the bivariate moments is m = 2. The m+ 1st divided differences of the function
f(z1,22) = L0080 (21, 22) are nonpositive, hence in the Algorithm g + 1 has to be even.
One possible choice of Step 1 can be:

(2’1072’117212) = (N70,N - 1)~
Step 2 gives the following values for the second components:

(220,2217222) = (M,(),M - 1)'
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Considering the coefficients of L;(z1, z2) in (2.20):

[2’10; 2205 f] = [NS M; Ip(o,o;N,M)] = [p(O,O;N,M)(Na M) =0

(2103 220, 2215 f] = [N M, 05 Iyo,0,n,01)] = 0 X

(2105 220, 221, 2223 f] = [N; M, 0, M — 1; Io,0,n,00)] = 0 X

(-1)
N
(1) (- _ 1

[Zlo,le;Zzo,Zm;f]:[N>0;M70§Ip(0,0;N,M)]= N X Vi :NM

x0=0

(210, 2115 2203 f] = [N, 0; M; Lpo,0,n,01)] =

(210, 211, 2123 2203 f] = [N, 0, N — 1; M; Lyo,0,n,00)) = (

Hence

1 11 1
N V)= M) = 1_NZ1—M22+]\%21)22‘

Taking the expected values of Iyo.0,nm) (VN (A), var(B)) and Py, (vy(A), va(B)), we have:

Lyo,0n0) (21, 22) < Py(21,22) = Li(21, 22) =

1 1 1
N.M)<1-— — - — —_— ) 2
p(0,0; N, M) < NHo = g0 + Nt (3.2)

Since in this case 11,0 = S10, fto1 = So1 and g1 = Sia, i.e., diy = by in (2.11), we get:

1 1 1
p(O, 0; N, M) S 1-— NSLQ — MSOJ + WSLI' (33)

Inequality (3.3) is the same as Inequality (1) in Galambos and Xu (1995).
If we would like to get a lower bound we can choose, e.g., the case

(21072117212) = (OaNa 1)

then Step 2 gives
(220, 221, 222) = (0, M, 1).

Following the same way as before we have the inequality

N +1 M+1 1 1 1
0,0 NM)>1-— _— — — . 3.4
p(0,0; N, M) > N H1,0 M Mo,1 + N/L2,o+ MM0,2+ NM'LLM (3.4)
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In order to get the bound in the terms of binomial moments we have to apply (2.11).

0070:1'1'010704—0:1'1'1:1
M+1 1
0071:1'1‘CL071—|—1'1'O,0’2:(— + )+(>:—1

5 M M
Cog=1"2-ap2=—
N+1 1 (35)
=1-1- 1.1- S ) =_1 .
Lo M0 , 920 ( N )+<N>
01,1:1'1'61,1=N
2
0270:2'1‘CL270:M.
Hence we have:
(0,0; N,M)>1-S S +ES —i—gS +LS (36)
PLY, U 1V, Z 1,0 0,1 N 2,0 M 0,2 NM 1,1 .

Example 3.2 Consider bounds for q(1,1; N, M) in case of m = 3. The m + 1st divided
differences of 1,(1,1; N, M)(z1, 22) are nonnegative, hence if ¢+ 1 is odd (even) then the Al-
gorithm gives an upper (lower) bound. Regarding the upper bounds we consider the following
two cases:

(CL) (210,211,212,213) = (07N) 172) — (220,221722272’23) = (0, 1, M, 2)
(b) (21072117212, 213) = (07 I,N, 2) — (220, 2‘2172227223) = (07M7 1, 2)

The corresponding upper bounds are:

(a)

2 2
q(1L,1; N, M) < Sy — NSQI - NMSH,
(v)
(LLI;N\M)< S 2 S 2 S.
qll, L1V, SO T P12 T oL
This gives the result of Theorem 2 of Lee (1997):
(1,1: N, M) < '<S 2 G — 2 G Sy — =8 25) (3.7)
g, L3 IV, > man | o1 N T NP T P2 T o .

Lower bounds can be given by the application of the Algorithm for the following cases:

(a) (21072117212, 213) = (07 1, 273) — (220722172227223) = (0, 17273)
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(b) (2107211721272’13) = (07N7N -1, 1) - (2’2072’21,2227223) = (07M7M -1, 1)

The corresponding bounds are:

(a)
q(1,1; N, M) > Sy; — Sia — Say,
(b)
q(1,1; N, M) > N?;\/[SH - ]\W(]%4—1)512 — N]W(]Q\f—l)sm'
This gives the result:
3 2 2
q(1,1; N, M) > mazx (5'11 — Sy — Sa, WSH - mSu = N]W(N—1)521>

Example 3.3 If m = 4 then all m + 1st divided differences of 1,(1,1; N, M)(z1, 22) are
nonpositive.

(a) Applying the Algorithm for the case:
(21072’117212, 213, 214) = (0, L, N7273) = (220, 221, 222, 2237224) = (0,1, M, 273);

(b) and applying the Algorithm for the case:
(210, 211, 212, 213, , 214) = (0, N, 1, N — 1,2) = (200, 221, 222, 223, , 224) = (0, M, 1, M —
1,2),

we get the following lower and upper bounds, respectively:
(a)
(11N, M) > Si1 — Siz — St + =S5+ =Sy + ——8 (3.9)
qll, L1V, Z 911 12 217 P18 T pRsLT ro22s -
(b)

2NM — N + M —2) 2NM — M + N —2)

. < _ _
Q(LLN,M) < Su NM(M—l) S12 NM(N—l) So1
9 g4 % g4t
NMM—-1)"" " NM(N-1)"* " NM™*
(3.10)

Considering (3.9) it improves the classical lower bound S1; — S12 — Sa1, i-e.

3 3 4
q(1,1; N, M) > 511_512_521+M513+N531+ N

Sag > S11 — S12 — Sa1.
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It is also easy to see that (3.10) improves the upper bound of Galambos and Xu (1993):

2NM — N + M —2) 2NM — M + N —2)

1= NM(M —1) 512~ NM(N —1) S21
0 g4+ % g4+t
NM(M—-1)""" NM(N-1)""" NM"~%
2 2 4
= <S11 - Mslz — stl + ]\7]\/_1522>

6 M —2 N-—2

TNM(M—1) K 3 512_513>+( 3 Sm_smﬂ
<Su-— MSH - Nsm + NM522-

4 Extensions of the method

If in the inequalities (1.5), beside the at most m-order bivariate binomial moments, some
univariate moments of higher order are also allowed, then the Min and Max Algorithms
of Madi-Nagy and Prékopa (2004) can be applied. The connection between multivariate
discrete moment problems and multivariate Bonferroni-type bounds is also clarified there. If
more than two event sequences are considered, then the Min Algorithm of Madi-Nagy (2009)
can be used.

Another way of constructing more Bonferroni-bounds is the application of the reduction
formula of Corollary 2.1 in Galambos and Xu (1995) for the inequalities given by our Al-
gorithm. Lemma 1 in Simonelli (1996) can also be applied for our bounds to get further
inequalities. In those generalizations the order of the moments can be higher, however the
obtained formula remains simple enough to use in practice.
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