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subroutine mdbgam(x,y,a,b,c,p,ier)

c specifications for arguments
integer ier
real x,y,a,b,c,p

c specifications for local variables
integer k
real cnew,cold,coldr,g1,92,px,py,s,sfx,sfy,xpnew,
1 xpold,xpoldr,ypnew,ypold,ypoldr

c first executable statement
xpoldr=1.
xpold=-x+a+b+1.
ypoldr=1.
ypold=-y+b+c+1.
coldr=b

cold=b*(b+1)/(2*(a+b+1)*(b+c+1))
s=coldr*xpoldr*ypoldr+cold*xpold*ypold
c calculate the bilinear series expansion of the laguerre polinomials
do k=3,40
¢ update the coefficient
cnew=cold*(k-1)*(k-1)*(b+k-1)/(k*(a+b+k-1)*(b+c+k-1))
cold=cnew
¢ update the laguerre polinom of x
xpnew=((2*(k-1)+(a+b+1)-x-2)*xpold-((k-1)+(a+b+1)-2)*xpoldr)/(k-1)
xpoldr=xpold
xpold=xpnew
¢ update the laguerre polinom of y
ypnew=((2*(k-1)+(b+c+1)-y-2)*ypold-((k-1)+(b+c+1)-2)*ypoldr)/(k-1)
ypoldr=ypold
ypold=ypnew
¢ sum up the product of the coefficient and the laguerre polinomials
S=s+cnew*xpnew*ypnew
enddo
¢ produce the final value of the bivariate gamma distribution function
gl=gamma(a+b+1)
g2=gamma(b+c+1)
sfx=exp(-x)*x**(a+b)/gl
sfy=exp(-y)*y**(b+c)/g2
call mdgam(x,a+b,px,ier)
call mdgam(y,b+c,py,ier)
p=pXx*py+s*sfx*sfy
return
end






Integrating the probability density function ¢(x,y;r] we get the cumulative
probability distribution function :

r \ ] —Lixt 4yt - T - e
DO(x,y;r)=5—e 277 E FHk—1I.K.'Hk—1'.U|~
=71 ‘

k=0

where, by definition:

H_ (x) = —2me—5 O(x).

Introducing
1
V 27tk!

we obtain the well known tetrachoric series expansion:

o _xt o _
Tr(x) = e I H1ix)l, k=0,1,...

o2

D(x,y;r) = E rka[:{]kajy]
k=0

where the , tetrachoric functions similarly can be calculated by recursion as the
Hermite polynomials.
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We can proceed in the following way, too:

1 Lo k
St 2T
D(x,y;r) = —e 2 —Hi 1 (x)H_(y)
X, Y, T = ggkka'k‘
1
1 —=(x2+y2) A oo phkl o L
= —e 2 Ho 0 JH o (y) + 1 22 ——Hy i (x)Hi(y)
2m k=1 k!
1
T —=ixtyt) 2@ 1k
= DO(x)DO(y) +=—¢ 2 ———Hy[x)Hyly).
P 1 gﬂk—l—Ik! S -
Here we can introduce the functions:
T Ho(x) if k ey
ey ; — X/, 1 even
::I_LLLI":":-] _ 12 le—1
ﬁ"'tHk[KL if k odd
I IHy) if k ev
: 1 . My, 1 EVen
j‘LLII'I|LJ| _ 24 k
ll_]j---k;]ijI‘y . af k odd
k

-r.

and substitute the —Hx(x)Hi(y) term by 36" (x)3¢" (y) ;

k!
1 .
1

r  ——= (x4t
O(x,y:r)=D(x)D(y) +—e 2 “ — Hp(x)Hy(y)
y; ) y) + 5= > T k() Hy

+ 1

k=0
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Recursive formulae for the calculation the values of the iHTL"":' and iH‘L“":' functions:

II. I y Il | Y = e
) o X (X)) = 3k 4 (x), if ko even
Hyq(x) = |
ILI LI p .
xH(x) —rHL (x ], if k odd
k—1
- acliil e (1t - .
Gt () Yy (y) — 5kd 5y, if K even
k41" o (11) A1) oy .
yH, (y) —rH, (v, if k odd.
X y r integration IMSLsubroutine new Series expansion
3.0 3.0 0.0 0.997270 0.997302 0.997302 2
3.0 3.0 0.5 0.997350 0.997382 0.997382 14
3.0 3.0 0.9 0.997879 0.997911 0.997910 46
3.0 3.0 095 0.998078 0.998109 0.998108 62
3.0 3.0 099 0.998370 0.998402 0.998372 62
3.0 3.0 0999 0.998539 0.998571 0.998460 62

0.0 0.0 0.999 0.492850 0.492882 0.492881 5688



Proof of Relations Connected with the Tetrachoric Series and its Generalization
Author(s): M. G. Kendall
Source: Biometrika, Vol. 32, No. 2 (Oct., 1941), pp. 196-198
e
The generalized tetrachoric expansion can be obtained by an expansion of (8) in terms
of the p’s and the application of the foregoing procedure. For instance, with three variates
we have ( )r

exp (= putsty) = & (Protits+ Paalals+ Pistyts)

PEP Bpll

— — 1\ 4k gi+1 gk+1
(=1 !k!.’.f# i,
and on integration

SN

=& piﬂlffﬁl 2 Hyppma(la) f(ry) Hypyy(ho) f(Rg) Hyyy oy (hs) fBg),

which will also be found to be convergent.




[Note. Since writing this paper, under the impression that the results were new, I am
indebted to Dr A.C. Aitken for pointing out that similar results have been given by him in
lectures for a number of years. Among published work, reference may be made to:

(a) P. 175 of Aitken & Turnbull’s Theory of Canonical Matrices (Blackie, 1931), where
a more direct method of deriving the characteristic function of the multivariate normal
distribution has been given;

(b) A paper on ‘Fourfold sampling with and without replacement’ by A.C. Aitken &
H.T. Gonin (19357 Proc. Roy. Soc. Edinb. 55, 114), where the tetrachorie expansions are
discussed and new series associated with the correlated binomial and the correlated hyper-
geometric distributions are derived.

As the work of the Edinburgh school on this subject may not, however, be generally
familiar, the Editor has suggested that this short paper should be published, together with
the foregoing references, in order to bring the recent developments before a wider statistical
audience. M.G.K.]
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So by the notation QQ = {*]1’ ,Jn} we have:
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fp) =Pmi=x),i=123 fp N (x y) = P& = x 2= y)




fp () Cr (x)= (- N)" 157" (x)

Nf (x) = f(x)- f(x- 1)

(N T X -k
C/ (x)_k:O ) kk!( /)

¥
c! (x)ci (x)da(x)=/59aP,

0
a(x)

-/ /X
da(x)=2—"", x=o012 , />0
¥




Craa(X) = (X-1- /)C/(X)- /1C4(X),

C/(x)e1, C/(x)=-/+x
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(y+0)f 1427243 (x40, y+1) =

= /5 fF/)1+/2,/2+/3(X, y)+ /3fF/>1+/2’/2+/3(X+l y) %y = 012

X, Y)

[1+] 5.1 o+] K Ja40 [ ot]
Folt202%/3 (1 k) foLt 2273

x=0y=0
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0505(11) = (05 O 1+ 04+92% 42594 4 4904 1 8104 115100 16004 122524 L, 0205013
21 “T3r T ar bl 6! 71 8!

F=0°(11) = 0.548812+ 2>0.05488 1+ 0.225013= 0.883587

2 3 4 5 6 7 8
FPO'5’O'5(1,1):(e' 05 | 0.56-0,5)2_'_(059- 0.5)2 04+ 04 +90.4 +250.4 +49 04 +810'4 +1210.4 +1690'4 N » 0.883587
21 3! 41 51 6! 7! 8!
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Let us regard again the random variables:

P(Xl = XX, = y) =

m,ho,h3

min(x,

xx = Mm + hy
/72+

S
!

min(x,y)

s=max(x- n;,y- ng)

y) n, n,

P

s=max(x- n;,y- n) X-S y-sS

g

N +Nn,+ng

min(x,y) nl n3 n2

s=max(x-n,y-ng) X~ S Y-S S

h3

P’ g

P
g

P(h,=x- s,h,=y- s|h,

N3- y+S

X+y- s

n,
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n=2n=1,n=3 p=029q=038
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Thank You for the Attention!

H ppy B rthd y!



