
�� � �� �� � � � 	� �
 �� � � � ��

�
 	 � � � �� � � �� ���� � �� �� � � � 	� �
 �� � � � ��

�
 	 � � � �� � � �� ��

�� �� � �� � � � � � � � � �� � � � � � � 	 � � � � � � � � �
�� �� � �� � � � � � � � � �� � � � � � � 	 � � � � � � � � �


� � �� � � � � �� �� � �� � � � � �� �

�� � �� �� �� � � �

 � � � � �! �" # $% � � & " � � � �' �() * � + � � � $ � & , *- �) ! * � . " � � +� �/ " 0� � �1 # $ �" ' &� # , # 21 � � *- ' #� # � �' �

34 56 74 8 5 9: 4 8 ; <: ; ;: = > 9 > ? : 4 @ 5: A B 8 C 5 9 A D: E 6 ; 94 F 84 E GH 5 9 ? 9I 8 5 9: 4J

K 6 E 9 A 8 56 E 5: 5 B 6 L M 5 B N 9 7 5 B E 8 O : PK 6 E 9 A 8 56 E 5: 5 B 6 L M 5 B N 9 7 5 B E 8 O : P

Q 7: P6 C C: 7 R4 E 7 S C Q 7 T U: H 8Q 7: P6 C C: 7 R4 E 7 S C Q 7 T U: H 8

November 30 – December 1, 2009, RUTCOR
1



�� � �� � � � � �� 	 � 
 
 � � �� � � � � � �� � � � � � � � � � 	� � � �� �� �� � � 
 � � � �

�� � �� � � � � �� � � � 
 � � � �� � � �  � � �� � � � � � � � � � � 
 � �� �� �� �� 
 � � � �

� � � � � �� � � � � � �� � � � � � �� � � � � � � � � � � � �� � � � � �� � � � 	� � 
 � � � �� �� �� � �� ��

� � � � � � ��

November 30 – December 1, 2009, RUTCOR
2

�� � �� � � � � �� �� �� � � � � �� � � � � � �� � � � � � � � � � � � � � � � �� �� � � 
 � � � �

 � � �� � � � � ��  � � � 
 � � � � �� � � � � � �� � � � � � � � ! � �" �� � � � # �� �� � � 
 � � � �



� �� � � � � �� � � � � � 	 �
 � � � �� � � � �� �

� � � � � � � � � �

� �� �� � �� �� �� �� � �� � ��  � � � � � � �! � " " � � �  � � � #$ �� � � � � � � � � � "� �� �  
321 ,, ηηη .,, 321 ϑϑϑ

% & � �'  � � � � � � ( � ) & � � � ) �� � �
 � � ) �� � ) � � � �

3*+ , - . / - 0 1 23 4 - 5 - . / - 0 67 8 2 2 97 : ; < = > :

? 
 � � � � 
 � @ A � � 
 � �  � � & � �'  � � � � � � ( � ) & � � � ) �� � � 
 � � ) �� � ) � � � �



� �� � � � � �� � � � � � 	 �
 � � � �� � � � � � �

� 
 � � �

� & � �  � � � � � 
 �

� & � � �� � �
 � � � � � � ( � �

4*+ , - . / - 0 1 23 4 - 5 - . / - 0 67 8 2 2 97 : ; < = > :

� & � �
�

� & 	 � � �� � � �� �  � � & � � �� � �
 � � � � � � ( � �

� � 	 � & � �'  	 � � � � 
 � � � ( � �� � �
 � � � � � � ( � �



� � � �� � � � � �� � � � � � 	 �
 � � � �� � � � � � �

� � � � & � 
 � � � � 
 � @ A � � 
 � �  � � & � �'  � � � � � � ( � ) & � � � ) �� � �
 � � ) �� � ) � � � ' � �� � �

�� � & � �� � � � � ( �� � 	 � � �� � � �� A ( � �  � � � ( 


5*+ , - . / - 0 1 23 4 - 5 - . / - 0 67 8 2 2 97 : ; < = > : 5*+ , - . / - 0 1 23 4 - 5 - . / - 0 67 8 2 2 97 : ; < = > :

' � & �� � �

� � & � � � � � ( � � � � ( � � � � & � A � � � � � ( � � � 	 � � 
 � � � �� � ) � � �  � � & � � �� � � � � �� � � � � � 	 � 
 � � � �� � � � � 
 �



� � � �� � � � � �� � � � � � 	 �
 � � � �� � � � �� �

% �� � � & � �$ " $ � � � �� � � � � # � # � � � �� � �  � � � #$ � � �� �$ � � � � ��  � � & � � �� � � � � �� � � � � � 	 �
 � � � �� � � �

' � & �� � � � A A ( � � & � � ( ( ' � � � 	 � � �� � � � � � � � � ( �  � � & � � � �� � � �� A ( � � � � � ( 
 �

� � �� � � � � � � � � � & 
 � 	 � 
 �

6*+ , - . / - 0 1 23 4 - 5 - . / - 0 67 8 2 2 97 : ; < = > : 6*+ , - . / - 0 1 23 4 - 5 - . / - 0 67 8 2 2 97 : ; < = > :

� � �� � ��  � 	 � � � � � ' � �� � �



� � � �� � � � � �� � � � � � 	 �
 � � � �� � � � �� �

� � � � � ( ( � ' � �� � �

' & � �� �

7*+ , - . / - 0 1 23 4 - 5 - . / - 0 67 8 2 2 97 : ; < = > : 7

� � 	 � & � � � ( � � 
  � � & � � � �� � � �� A ( � �  � � � ( 
 � � 
 � ( � ) � � � � ) � ( )� ( � �� 	 � � � & � � ( (  ' � � � �� )� �
 � � �



�

*+ , - . / - 0 1 23 4 - 5 - . / - 0 67 8 2 2 97 : ; < = > :



9

*+ , - . / - 0 1 23 4 - 5 - . / - 0 67 8 2 2 97 : ; < = > :



6 2

*+ , - . / - 0 1 23 4 - 5 - . / - 0 67 8 2 2 97 : ; < = > :



6 6

*+ , - . / - 0 1 23 4 - 5 - . / - 0 67 8 2 2 97 : ; < = > :



subroutine mdbgam(x,y,a,b,c,p,ier)
c                                  specifications for arguments

integer          ier
real             x,y,a,b,c,p

c                                  specifications for local variables
integer          k
real             cnew,cold,coldr,g1,g2,px,py,s,sfx,sfy,xpnew,
1                 xpold,xpoldr,ypnew,ypold,ypoldr

c                                  first executable statement
xpoldr=1.
xpold=-x+a+b+1.
ypoldr=1.
ypold=-y+b+c+1.
coldr=b
cold=b*(b+1)/(2*(a+b+1)*(b+c+1))
s=coldr*xpoldr*ypoldr+cold*xpold*ypold

c calculate the bilinear series expansion of the laguerre polinomials
do k=3,40

c update the coefficient
cnew=cold*(k-1)*(k-1)*(b+k-1)/(k*(a+b+k-1)*(b+c+k-1))
cold=cnew

c update the laguerre polinom of x

6 8
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c update the laguerre polinom of x

xpnew=((2*(k-1)+(a+b+1)-x-2)*xpold-((k-1)+(a+b+1)-2)*xpoldr)/(k-1)
xpoldr=xpold
xpold=xpnew

c update the laguerre polinom of y
ypnew=((2*(k-1)+(b+c+1)-y-2)*ypold-((k-1)+(b+c+1)-2)*ypoldr)/(k-1)
ypoldr=ypold
ypold=ypnew

c sum up the product of the coefficient and the laguerre polinomials
s=s+cnew*xpnew*ypnew

enddo
c produce the final value of the bivariate gamma distribution function

g1=gamma(a+b+1)
g2=gamma(b+c+1)
sfx=exp(-x)*x**(a+b)/g1
sfy=exp(-y)*y**(b+c)/g2
call mdgam(x,a+b,px,ier)
call mdgam(y,b+c,py,ier)
p=px*py+s*sfx*sfy
return
end
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Integrating the probability density function                   we get the cumulative 
probability distribution function :

where, by definition:

Introducing
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Introducing

we obtain the well known tetrachoric series expansion:

where the

�

k tetrachoric functions similarly can be calculated by recursion as the
Hermite polynomials.



�
� � �� � � � � �� 	 
 � � � �  �� � � � �� � � 
 	 � � �

We can proceed in the following way, too:

Here we can introduce the functions:
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Recursive formulae for the calculation the values of the          and           functions:
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Thank You for the Attention!Thank You for the Attention!
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