Rutgers University, School of Business - New Brunswick

Operations Management (33:623:386:04)

Fall 2000; Instructor: Adi Ben-Israel

Midterm Exam 1- Solutions

1 Linear Programming Formulation (40 points)

The Garden State Airline (GSA) must decide how many new cabin personnel (stewardesses & stewards) to hire and train over the next 6 months. The requirements are given in terms of flight-hours per month:

Month
Hours Needed
Month
Hours Needed

January
8,000
April
10,000

February
9,000
May
9,000

March
8,000
June
12,000

One month of training is required before a trainee becomes ``experienced'' (or a ``regular crew member''). During the month of training, each trainee requires 100 hours of actual in-flight experience and supervision. Therefore, for each trainee, 100 less hours are available for flight service by regular personnel. About 90% of trainees join the cabin crew after finishing their month of training.

Each experienced crew member can work up to 150 hours in a month, and GSA has 60 regular crew members at the beginning of January. In any month, if the total time available from regular personnel exceeds the month's flying and training requirements, then some crew members will work less than 150 hours, but all will get full pay. The pay is 3000 $/month for experienced crew members and 2000 $/month for trainees.

Each month, approximately 10 % of the experienced personnel quit GSA.

Formulate the hiring-and-training problem as an LP model, where the objective is to minimize cost. Use X(j) for the number of new personnel beginning training in month j, (j = 1,…,6). Define any additional variables that you need.

Solution

Definition of variables:

X(j) = the number of new personnel beginning training in month j, j=1..6

R(j) = the number of regular personnel working in month j, j=1..6

Relation between variables:

R(j) = 0.9 R(j-1) + 0.9 X(j-1) , j = 2..6  (labor balance equation)

R(1) = 60 (given)

Dependent variables:

Labor costs in month j = 3000 R(j) + 2000 E(j)

Hours available in month j = 150 R(j) – 100 X(j)

Formulation: 

Minimize ( (3000 R(j) + 2000 E(j))

s.t.

150 R(1) – 100 X(1) ( 8000 (January demand)

150 R(2) – 100 X(2) ( 9000 (February demand)

150 R(3) – 100 X(3) ( 8000 (March demand)

150 R(4) – 100 X(4) ( 10000 (April demand)

150 R(5) – 100 X(5) ( 9000 (May demand)

150 R(6) – 100 X(6) ( 12000 (June demand)

R(1) = 60 (regular personnel in January)

R(2) = 0.9 R(1) + 0.9 X(1) (regular personnel in February)
R(3) = 0.9 R(2) + 0.9 X(2) (regular personnel in February)
R(4) = 0.9 R(3) + 0.9 X(3) (regular personnel in February)
R(5) = 0.9 R(4) + 0.9 X(4) (regular personnel in February)
R(6) = 0.9 R(5) + 0.9 X(5) (regular personnel in February)
X(j) ( 0, j=1..6

Note: R(j) ( 0 follows from the labor balance equation

2  Linear Programming Sensitivity (30 points)
Consider the linear program

            Max    3 X1  +  2 X2  +   X3   +    X4

             s.t.

     (1)                X1  +  2 X2  +   X3   + 2 X4   <=   40

     (2)             2 X1  +     X2  -    X3   +    X4   <=   30

     (3)                X1  +  2 X2  +   X3   +    X4   <=   20

                         X1   ,     X2   ,   X3   ,      X4   >=     0

with 4 products and 3 resources. The decision variables X1, X2, X3, X4 are the amounts of the 4 products made. Constraints (1), (2) and (3) describe the consumption of  resources 1, 2 and 3 by the products; the available amounts of the resources are given by the right-hand sides (RHS’s) of the constraints (40, 30, and 20 respectively).. 

The problem was solved using Solver, giving the following results.
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Note that cell F6 contains the formula =SUMPRODUCT(B6:E6,B$11:E$11), and F7:F8 contain copies of F6.  Cell H3 contains =SUMPRODUCT(B3:E3,B11:E11).

(a) What is the optimal solution ? X1 = 16 2/3, X2 = 0, X3 = 3 1/3, X4 = 0

(b) What is the optimal objective value? 53 1/3

In parts (c)-(g), assume that exactly one number changes, and all other data remain the same. If  you do not have enough information, say insufficient information.

(c) How do the optimal solution and the optimal objective value change when the objective coefficient of  X1 increases from 3 to 103? The optimal solution does not change, the optimal value increases by                    100 times 16 2/3

(d)  How do the optimal solution and the optimal objective value change when the objective coefficient of  X2 decreases from 2 to (1? Both optimal solution and optimal value do not change.

(e)  How do the optimal solution and the optimal objective value change when the objective coefficient of  X3 increases from 1 to 4? Both optimal solution and value will change. The new optimal solution will have               X3 ( 3 1/3. The new optimal value > 53 1/3

(f)  How does the optimal objective value change when the RHS of  constraint (1) increases from 40 to 41?

The objective value will not change.

(g) How does the optimal objective value change when  the RHS of  constraint (3) increases from 20 to 21?  The objective value will increase by 1 2/3 (the shadow price of the resource 3).

In parts (h)-(j), explain your reasoning.

(h) The government offers you $1.50 if you change X2  from 0 to 1.  Should you accept the offer? 

Reject, because the offer is less than the reduced cost of X2 .

(i)  Mr. Smith offers to sell you one unit of resource 2 at the price of  $0.55.  Should you buy?

The shadow price of resource 2 is 2/3. Interpreting this as the maximum buying price, buy.

(j) Mr. Smith wants to buy one unit of resource 3 from you, and offers $2.00.  Should  you sell?

The shadow price of resource 3 is 1 2/3. Interpreting this as the minimum selling price, sell.

3  Graphical solution (30 points)
Consider the problem.

Maximize  3 x + 2 y

s.t.

(1)   3 x +  4 y  <= 120   (Resource 1)

(2)   – x +  2 y  <=   50   (Resource 2)

(3)   3 x  –     y  <=  60    (Resource 3)

(4)   3 x  + 2 y   <=  60    (Resource 4)

           x ,      y   >=    0

(a) Solve graphically. On your graph indicate:

(a1) the feasible set,

(a2) the optimal solution: all points on the line segment between (20,0) and (2.5, 26.25)

         (the last point is the intersection of the lines representing constraints 2 & 4)

(a3) the optimal value: 60
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