APPENDIX A

The Moore of the Moore—Penrose Inverse

1. Introduction

This Appendix is based on [76].
E. H. Moore (1862-1932) introduced and studied the general reciprocal during the decade 1910-1920.
He stated the objective as follows:

“The effectiveness of the reciprocal of a non—singular finite matrix in the study of prop-
erties of such matrices makes it desirable to define if possible an analogous matrix to
be associated with each finite matrix x'? even if x'? is not square or, if square, is not
necessarily non—singular.” [572, p. 197],

Moore constructed the general reciprocal, established its uniqueness and main properties, and justified its
application to linear equations. This work appears in [571], [572, Part 1, pp. 197-209).

The general reciprocal was rediscovered by R. Penrose [637] in 1955, and is nowadays called the Moore—
Penrose inverse. 1t had to be rediscovered because Moore’s work was sinking into oblivion even during his
lifetime: it was much too idiosyncratic, and used unnecessarily complicated notation, making it illegible
for all but very dedicated readers.

Much of Moore’s work is today of interest only for historians. One of the exceptions is his work on the
general reciprocal, that may still interest, and benefit, mathematical researchers. It is summarized below,
and — where necessary — restated in plain English and modern notation.

To illustrate the difficulty of reading the original Moore, and the need for translation, here is a theorem
from [572, Part 1, p. 202

(29.3) Theorem.

L[C ;Bl 11 532 11 I€12') .
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One symbol needs explanation: 4 stands for the number system used throughout, and 4 denotes a number
system of type C, that is a quasi—field with a conjugate and an order relation, see [572, Part 1, p. 174] for

details. All results below are for type C number systems, so this assumption will not be repeated. The
rest of the theorem, in plain Fnglish, is:

(29.3) Theorem.
For every matrix A there exists a unique matrix X : R(A) — R(A) such that
AX = Ppiay , XA = Pyany -
The plan of this appendix:

e Section 2 summarizes the results of Moore’s lecture to the American Mathematical Society in
1920 [571].
e Section 3 is a translation of the main results in [572, Part 1, pp. 197-209].

2. The 1920 lecture to the AMS

This is an abstract of a lecture given by E. H. Moore at the Fourteenth Western Meeting of the American
Mathematical Society, held at the University of Chicago in April 9-10, 1920. There were 19 lectures in

331



332 A. THE MOORE OF THE MOORE-PENROSE INVERSE

two afternoons; only the abstracts, written by Arnold Dresden (Secretary of the Chicago Section) appear
in the Bulletin. Dresden writes

“In this paper Professor Moore calls attention to a useful extension of the classical notion
of the reciprocal of a nonsingular square matrix.” [571, p. 394].

The details: Let A be any m x n complex matrix. Then there exists a unique n x m matrix Af, the
reciprocal of A, such that:

(1) the columns of AT are linear combinations of the conjugate of the rows of A,

(2) the rows of At are linear combinations of the conjugate of the columns of A,

(3) AATA = A.

If A is of rank r, then A is given explicitly as follows:

(r>2):
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where A ( gl a %k > denotes the determinant of the k% numbers A|g;, h;| and Z denotes the conjugate of
.

x.

The relation between A and A' is mutual: A is the reciprocal of A, viz.,

(4),(5): the columns (rows) of A are linear combinations of the conjugates of rows (columns) of Af,

(6) ATAAT — AT

The linear combinations of the columns of A (At) are the linear combinations of the rows of AT (A4)
and constitute the m—dimensional vectors y (n-dimensional vectors x) of an r—dimensional subspace M
(N) of C™ (C"). Let M (N) denote the conjugate space of the conjugate vectors ¥ (X). Then the matrices
A, At establish 1-1 linear vector correspondences between the spaces M, M and the respective subspaces
N, N;y = Ax is equivalent to x = Afy and X = ¥ A is equivalent to @ = vVAT.

3. The general reciprocal in General Analysis

The centerpiece of Moore’s work on the general reciprocal is Section 29 of [572], his treatise on General
Analysis, edited by R. W. Barnard and published posthumously. These results were since rediscovered,
some more than once.

For a matrix A denote:
A the conjugate transpose of A,
R(A) the range of A.
For index sets I, J:
Apy or A[l, %] the submatrix of rows indexed by I,
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Ayg or Alx, J| the submatrix of columns indexed by J,
Ay the submatrix of A with rows in I and columns in J.
If A is non-singular, its inverse A~! satisfies,

AX =1, XA=1I.

Moore begins by constructing generalized identily matrices to replace the identity matrices above. This is
done in Lemma (29.1) and Theorem (29.2). The general reciprocal is then constructed in Theorems (29.3)
and (29.4), and its properties are studied in the sequel.

(29.1) Lemma.
Let A be a non—zero m x n matrix, and let AI 7 be a maximal non—singular submatrix of A.
(1) AL A, is Hermltlan positive-definite!.

2 (AE,A* J) is Hermitian, positive—definite.
3 I* is Hermitian, positive-definite.

4
5

)
(2)

(3) Ar

(1) (As )_ is Hermitian, positive-definite.

(5) Prea) == Aws (AE,A*J)_1 Af, (the generalized identity on R(A)).
(6) Preany == = AH (AI*Aﬁ) Ar.  (the generalized identity on R(AH)).
(7) PR(A)X =x for all x € R(A) .

(8) xH Pray = x" for all x € R(A) .
9) PR(AH)X =x for all x € R(AM) .
(10) x PR(AH) — xH for all x € R(AY) .
(11) Let

X = AL (AR AT Ary (A AL T AL,

1
:AI (A AI*) PR(A)[Ia*]
= Pprian[*, J] (AE,A*J)_l AH - (the general reciprocal of A) .
(12) X maps R(A™) onto R(A) .
(13) AX = Pyis) -
(14) XA = Prian)

(29.2) Theorem.
Let M be a finite dimensional subspace.
(1) There exists a unique linear operator? Py such that

Pyx=x, x'Py=x", forallxe M.
(2) Py is positive semidefinite, Hermitian and idempotent.
(3) M — R(P)
(4) For all x: Pyx € M, (x — Pyx) € M+.
BG)x L M < Pyx=0.
(6) For any matrix A

Ax =x, forallx e M
R(AHY c M

Ax =x, forallx e M
— Ax =0, forall x € M+

A= Py <— {

Moore calls it proper (i.e., the determinants of all prinicipal minors are non-zero), positive (i.e., the corresponding
quadratic form is non—negative) and Hermitian.
2Called the generalized identity matriz for the space M, and denoted by dar, [572, p. 199].
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(29.3) Theorem.
For every matrix A there exists a unique matrix X : R(4) — R(A") such that

AX = Priay, XA = Pyan) .

We call X the general reciprocal and denote it by Af.

(29.4) Theorem.
For every matrix A the general reciprocal Al satisfies:
(1) ATAAT = AT, AATA = A.
(2) rank A = rank At
(3) R(A) = R(AMT) | R(AT) = R(Al).
(1) AT — (AF)T A~ (AT}

(29.45) Corollary.
If A[ J| is a maximal nonsingular submatrix of A then:

(1) At = Proam)l, JJA7  Priayll, #] -
(2) XHAT = X?AI_}YJ .

(29.5) Theorem.

For any matrix A, the following statements on a matrix X are equivalent:
(a) X = Al
(b) R(X) C R(AY), AX = Ppa)
(c) R(X) Cc R(AHT), R(XH)C R(A), AXA=A.

(29.55) Corollary.

B O Bt 0O
j— T:
A {O C’} then A {O C’T} .

(29.6) Theorem.
Let the matrix A be Hermitian. Then
(1) At is Hermitian.
(2) If A is positive semi-definite then so is A'. O

Consider a square matrix A. Then for any principal submatrix Ajy,
A= AIIA} 1AL

More can be said if A is Hermitian positive semi—definite:

(29.7) Theorem.

Let A be Hermitian positive semi—definite. Then for any prinicipal submatrix Ay
(1) A AL A = Ap. .
(2) Awr Al A = Aur

(29.8) Theorem.
Let A be Hermitian positive semi—definite. Then the following statements, about a vector x, are equivalent.
(a) xHAx =0,
(b) x L R(4),
(c) x L R(AT),
(d) xHATx =0.

The general reciprocal can be used to solve linear equations
Ax=Db,
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that are assumed consistent, i.e. b € R(A), or the way Moore expresses consistency: rank A = rank [A b}.

(29.9) Theorem.
Let A be a matrix, b a vector in R(A). Then the general solution of Ax = b is

ATb+{y:y L RAD}.

Note: Moore avoids the concept of null-space, and the equivalent form of the general solution, AT b +
N(A). Also, Moore does not consider the case where Ax = b is inconsistent. A. Bjerhammar [99], R.
Penrose [638] and Yuan-Yung Tseng® [828] would later use AT to obtain least-squares solutions. This has
become the major application of the Moore—Penrose inverse.

Suggested further reading
Bliss ([111], [112]), Parshall [628], Parshall and Rowe [629], Siegmund-Schultze ([768], [769]).

3Tseng, a student of Barnard at Chicago (1933), extended the Moore—Penrose inverse to linear operators.
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currents, 85
dual transfer matrix, 87
transfer matrix, 87
voltages, 85
elementary
matrices, 18
row operations, 18
elementary operations, 33
EP matrix, 139
EP, matrix, 139
equivalent matrices, 15
equivalent norms, 8
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Frdelyi g.i., 305
ergodic chain, 272
ergodic state, 272

essentially strictly convex norm, 115

estimable function, 255, 259
Fuclidean norm, 6

expected value, 255
extension, 76

extremal g.i., 320

extremal solution, 318

factorization

QR, 13, 229, 240

QR, 13, 231, 240

Cholesky, 104

full-rank

see rank factorization, 22

Fredholm integral operators, 300
Frobenius covariants, 54, 57
Frobenius norm, 16, 97, 189
full-rank factorization

see rank factorization, 22
function

convex, 115

strictly convex, 115

Gamma function, 286
gauge function, 122, 204
symmetric, 122
Gauss—Markov
model, 255
Theorem, 256
Gaussian elimination, 20
generalized
Green’s function, 312
power, 222
resolvent, 220
generalized inverse, 1
S—inverse, 144
S-—restricted, 77, 98
S’'—inverse, 149
a—3, 118, 130
{1, 2, 3}-inverse, 40, 159
{1, 2,4}-inverse, 40, 159
{1,2,5}-inverse, 138
{1, 2}-inverse, 39, 158
{1, 3}-inverse, 91, 97
{1, 4}—inverse, 97
{1}-inverse, 37
{1*,2, 5}-inverse, 135
{2}~inverse, 264, 265, 269
{¢,7,...,k}-inverse, 35
associated with «, 3, 118, 130
constrained, 79
Drazin inverse, 138, 145, 146
maximal g.i., 303
Moore—Penrose inverse, 159
quasi—commuting inverse, 152
reverse order property, 142, 154
strong spectral inverse, 152
Tseng, 300



geometric multiplicity, 11
grade, 29
Gram matrix, 25, 67
Gram—Schmidt orthogonalization process, 234
Gram—Schmidt orthonormalization process, 7, 13, 24
Gramian, 25
graph, 85, 296
branches, 85
connected, 86
incidence matrix, 85
nodes, 85
connected, 86
directly connected, 86
Green’s function, 311
Greville’s method, 234
group inverse, 138
computation, 139, 160, 161, 233
GSO, 7,13, 24, 234

Hadamard inequality, 26, 209, 210
Hermite normal form, 20, 22, 36, 230
computation, 20, 22

idempotent, 37, 50
ill-conditioned, 92
incidence matrix, 85, 87
inclination
coefficient, 205
dimension, 205
index, 136
of eigenvalue, 31
of nilpotency, 31, 153
inequality
Cauchy-Schwartz, 6, 124, 209
generalized Cauchy—Schwartz, 124
Hadamard, 26, 209, 210
Minkowski, 8
triangle, 6
Weyl, 192
inner product, 5, 295
standard, 6
integral
matrix, 33, &4
vector, 33, 84
interval linear program, 82
bounded, 82
consistent, 82
invariant factors, 33
inverse
Bott—Duffin, 79, 85, 131
Drazin, 146
generalized, 1
Moore-Penrose, 35, 97, 114, 316
weighted, 105
inverse graph, 296
irreducible Markov chain, 272
irreducible matrix, 34
isometry, 194
linearity of, 199
partial, 194, 199
iterative method, 241
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pth-order, 241

Jacobian matrix, 265, 280
Jordan

block, 30

normal form, 30, 57, 146, 151

Kalman filter, 294
Kirchhoff, 86
current law, 86, 132
voltage law, 86, 132
Kronecker product, 46

LE, 255
least extremal solution, 318
least upper bound, 126
least—squares solution
constrained, 94
minimum-norm, 96
length, 6
linear
regression, 255
statistical model, 255
ridge regression estimator, 262
linear equations
approximate solution, 91
ill-conditioned, 92
least—squares solution, 91
linear estimator, 255
best unbiased, 255
unbiased, 255
linear manifold, 162
orthogonal representation, 162
linear operator
adjoint, 297
bounded, 296
carrier, 296
closable, 298
closed, 296
closure, 298
dense, 297
domain, 296
extension, 297
graph, 296
inverse graph, 296
non—negative, 298
normally solvable, 298
null space, 296
orthogonal projector, 298
range, 296
restriction, 297
self-adjoint, 298
symmetric, 298
linear transformation, 9
extension, 76
intrinsic property, 15
inverse, 9
inverse image, 9
invertible, 9
matrix representation, 9
nonsingular, 9
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null space, 9

range, 9

restriction, 76
Lowner oredring, 69
LUE, 255

Markov chain, 271
absorbing, 272
closed set, 272
ergodic, 272
irreducible, 272
recurrent, 272
regular, 272
state

absorbing, 272
aperiodic, 272
ergodic, 272

leads, 271 mean square error, 263
null, 272 minimal polynomial, 31
period, 272 minimum-norm least—squares solution, 96

probabilities, 273
recurrent, 272
transient, 272

SUBJECT INDEX

set intersection, 88

singular value decomposition, see SVD, 13

singular values, 12
square root, 104, 198
stochastic, 271
transfer, 87

unit, 33, 84

volume, 25, 27, 107, 177, 187

matrix norm, 11

corresponding to a vector norm, 17

Frobenius, 16, 97, 189

multiplicative, 11

spectral, 17, 181

unitarily invariant, 17
matrix norms

unitarily invariant, 204
maximal g.i., 303

constrained, 99, 227
minimum-norm solution, 94
Minkowski functional, 122

states Minkowski’s inequality, 8
communicate, 271 Moore—Penrose inverse, 35, 97, 114, 159, 185, 316
stationary distribution, 273 computation, 42, 159, 184, 185, 223, 232-234, 242, 248
matrices Greville’s method, 234
convergent, 18 iterative methods, 241
diagonable, 52 limit form, 101, 141
EP, 139 Noble’s method, 232
EP,, 139 Schulz method, 248
equivalent, 15 MSE — mean square error, 263
equivalent over Z, 33 multiplicative norm, 11
idempotent, 37, 50 multiplicity
ill-conditioned, 92 algebraic, 31
normal, 65 geometric, 11
orthogonally similar, 14
positive definite, 11, 70 naive least—square estimator, 259
positive semi—definite, 11, 70 Newton’s method, 264, 265, 269
range—Hermitian, 139 nilpotent, 31
similar, 14 nilpotent part, 150
unitarily equivalent, 15 Noble’s method, 93, 232, 233
unitarily similar, 14 nonnegative matrix, 33
matrix norm, 6, 295
admittance, 87 £p, 8,123
condition number, 181 consistent, 16
function, 58, 217 e.s.c., 115, 129
incidence, 85, 87 ellipsoidal, 7, 127
index, 136 equivalent, 8
integral, 33, 84 essentially strictly convex, 115
invariant factors, 33 Fuclidean, 6
irreducible, 34 matrix, 11, 17
nilpotent part, 150 of homogeneous transformation, 126
nonnegative, 33 projective, 127
permutation, 19 Tchebycheft, 124
perturbation, 212 unitarily invariant, 123
polar decomposition, 196 weighted Fuclidean, 7
reduced row—echelon form, 20 normal form
reducible, 33 Hermite, 20, 22, 36, 230

set inclusion, 88 Jordan, 30, 57, 146, 151
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Smith, 33, 84 QR factorization, 13, 231, 240
normal matrix, 65 quasi—commuting inverse, 152
norms

dual, 130 Radon transform, 282
null space, 9, 21, 96, 296 range, 9, 21, 96, 296
null state, 272 range—Hermitian matrix, 139

rank factorization, 22, 27, 28, 42, 44, 51, 64, 76, 101, 106,
on., 7 109, 139, 147, 159, 187, 231, 233

basis, 7 reciprocal
Ohm’s law, 86, 132 subspaces, 205
orthogonal, 7 vectors, 205

Q, 227 recurrent chain, 272

complement, 10, 295 recurrent state, 272

direct sum, 10, 295 reduced row—echelon form, 20

projection, 64 reducible matrix, 33

projector, 64 regular chain, 272
orthogonally incident subspaces, 205 regular value, 308
orthogonally similar matrices, 14 residual, 91, 240, 241
orthonormal, see also o.n., 7 resolvent, 60, 220

equation, 60, 220
partial isometry, 194, 199 generalized, 220
PD, 11, 70 restriction, 76
Penrose equations, 35, 135, 305, 316 reverse order property, 142, 154
period of state, 272 ridge regression estimator, 262
permutation rotund convex set, 125

even, 19 RRE — ridge regression estimator, 262

inverse, 19

matrix, 19 Schmidt approximation theorem, 189, 192

odd, 19 Schulz method, 248

sign, 19 Schur complement, 26, 34, 159, 178
permutation matrix, 19 set inclusion matrix, 88
perturbation, 212 set intersection matrix, 88

acute, 213 similar matrices, 14
pivot, 160 singular value decomposition, see SVD, 13

operation, 160 singular values, 12
Pliicker coordinates, 28, 187, 211 B, 224
polar decomposition, 196 {W, Q}, 227
polynomial generalized, 224, 227

characteristic, 30 Smith normal form, 33, 84

minimal, 31 smooth convex set, 125
potential, 81, 86 solution
principal a—approximate, 119

angles, 207 approximate, 91

idempotents, 54, 57 basic, 107

vector of grade 7, 29 least—squares, 91
projection, 5 minimum-norm, 94

orthogonal, 64 Tchebycheft, 124
projective spectral

bound, 126 condition number, 182

norm, 127 decomposition, 54, 57, 71, 104
projector norm, 17, 181

¢—metric, 115 radius, 17

orthogonal, 64 spectrum, 11, 58
PSD, 11, 70 spherical coordinates, 285
pseudo inverse, 309 spline approximation, 329
pseudo resolvent, 308 square root of a matrix, 198

Hurwitz construction, 308 standard
pseudoinverse, 1 basis, 5

inner product, 6
Q-orthogonal, 227 standard basis, 10

QR factorization, 13, 229, 240 star order, 73
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stationary
point, 132
value, 132
stationary distribution, 273
stochastic matrix, 271
strictly convex function, 115
strong spectral inverse, 152
subspaces
orthogonally incident, 205
reciprocal, 205
totally inclined, 205
SVD, 13, 179, 183, 185-187, 229, 262
history, 185

Tchebycheff
approximate solution, 124
norm, 8, 124
Tihonov regularization, 100
TLS, 190

total least squares, 190
totally inclined subspaces, 205
transient state, 272

tree, 88

triangle inequality, 6

Tseng generalized inverse, 300

unit matrix, 33, 84

unitarily
equivalent matrices, 15, 180, 199
invariant matrix norms, 204
invariant norm, 17, 123
similar matrices, 14

vector
integral, 33, 84
length, 6
norm, 6, 123
principal, 29
vectors

reciprocal, 205
volume, 25, 27, 107, 177, 187
k—volume, 29

Wedderburn decomposition, 149, 151
weighted
{1, 2}-inverse, 104, 105, 228
inverse, 105
least squares, 109
Weyl inequalities, 192
{W, Q}-singular values, 227

{W, Q}—weighted {1,2}-inverse, 104, 105, 228
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