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1 Introd uc tion
T he problem ofcoveringthe ed ge set ofa graph w ith a family ofcomplete
b ipartite (not necessarily ind uced ) subgraphs, initiated by Chung [Chu81],
hasreceived c onsid erable attentioningraph theory.It w asproved in[Chu80 ]

that the conjec ture ofB ermond [B er78]assertingthat lim
n!1

½(n)
n

= 1; w here
½(n) isthe minimum numb er ofcomplete b ipartite subgraphsthat c over
the ed gesofa graph w ith n vertic es, istrue. In[CE S83], Chung, E rd Äos,
and Spencer examined the similar problem ofpartitioning the ed ge set of
a graph into complete b ipartite subgraphs.Amongthe many contributions
to thisd irec tionofresearch w e mentionTuza [Tuz83],Id zik [B IK 99],Tayur
[DK T 97],Hochb aum [Hoc 98],Lund gren[DLS99].

It w asnoticed in[Ham78] that to every c overing ofthe ed ge set ofa
graph G w ith a familyF ofcomplete b ipartite subgraphsw e canassociate
a pseud o-B ooleanfunction, i.e. a realvalued functionw ith 0 -1 variables,
w hose literalsare inone-to-one correspond ence w ith the c omplete b ipartite
subgraphsofF,and w hose maximum equalsthe stab ilitynumb er ofG :T his
observationlead to the establishment ofvariouslinksb etw eenproblemsin
graphstheoryand pseud o-B ooleanfunctions(see [HS79],[B B HS83],[B HS80 ],
[CH89]). Inparticular, quad ratic graphs w ere d e¯ned in[HS79] asgraphs
w ith the propertythat amongthe associated pseud o-B ooleanfunctionsthere
isat least one w hich canb e represented asa d egree tw o polynomial.Also,
the same observationw ascentralinthe elab orationofthe struc tionmethod
[E HW 84 ]for calculatingthe stab ilitynumb er ofa graph; it w asproved in
[HM W 85 1], [HM W 85 2 ], and [G H88] that the struc tionmethod provid es
polynomialsolutionsfor ¯nd ing the stab ility numb er ofcertainclassesof
graphs.Also,B illionnet and M inoux[B M 85]have used the same observation
to show that the problem ofmaximizinga cub ic supermod ular func tioncan
b e red uced to that of¯nd ing the w eighted stab ility numb er ofa b ipartite
graph.

G ivena polynomialexpressionofa pseud o-B ooleanfunctionf,it iseasy
to construc t a graph G w hose stab ilitynumb er isequalto the maximum of
f:M oreover,every family B ofcomplete b ipartite subgraphsofG c overing
itsed ge set d e¯nesa pseud o-B ooleanfunctionfB; such that the maximum
value off and the maximum value offB are the same,for every family B
c overingthe ed ge set ofG :T he numb er ofvariablesofthe pseud o-B oolean
functionfB b eingequalto thenumb er ofcomplete b ipartite subgraphsofthe
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familyB ,it isclearlyad vantageousto d etermine familiesB c onsistingofthe
smallest possible numb er ofcomplete b ipartite subgraphscoveringthe ed ge
set ofG :It isclear also that inord er to achieve thisgoalw e canrestric t our
attentionto coveringsw hich use onlymaximalb ipartite subgraphs.

T he goalofthispaper isto d escrib e analgorithm for generatingallthe
maximalcomplete b ipartite subgraphsofa graph.Let G = (V;E) b e a graph
w ithout loopsand multiple ed ges,havingthe vertexset V = f1;2 ;:::;ng and
the ed ge set E:Inthispaper w e shallcallthe (maximal) b ipartite { not
necessarilyind uced { subgraphsofa graph,its(maximal) bicliques.

T he M aximalB iclique E numerationP roblem (M B EP) consistsin̄ nd ing
allthe maximalb icliquesofa givengraph.T he M B EPc annot b e solved in
polynomialtime w ith respec t to the input size,since the size ofthe output
canb e exponentiallylarge.Ind eed , consid er for example a c omplete graph
w ith n vertic es.Since each proper partitionofitsvertexset into tw o subsets
ind ucesexac tlyone maximalb iclique,the numb er ofitsmaximalb icliquesis
2 n¡1¡1:Also notic e that the existence ofanalgorithm for solvingM B EP
polynomiallyinthe input size onlyw ould implythe existence ofa polynomial
algorithm for solvingthe so-c alled E d ge B iclique P roblem,i.e.the problem
of̄ nd inga maximum w eight b iclique ofaned ge w eighted graph.T hisw ould
contrad ic t the NP -c ompletenessofthisproblem,proved in[DK T 97].

Inthispaper w eshalld esc rib e a c onsensus-type algorithm for d etermining
allthe maximalcomplete b ipartite (not necessarilyind uced ) subgraphsofa
graph. We shallshow that by imposing a particular ord er inw hich the
consensustype operationsshould b e executed ,thisalgorithm b ecomestotally
polynomial.B yimposingafurther restric tiononthe w aythe algorithm hasto
b e executed ,w eshalld erive animproved variant ofit,the c omplexityofw hich
isb ound ed bya polynomialw hich iscub ic inthe input size,and onlylinear
inthe output size,and show itshigh e± c iency onnumerouscomputational
experimentsonrand omlygenerated graphsw ithup to 10 0 0 vertic esand 60 0 0
ed ges.Insec tion2 w e d evelop a consensustype algorithm for M B EP; closely
resembling the B lake and Quine classic method sfor ¯nd ing allthe prime
implicantsofa B ooleanfunction.Insec tion3w e show how to red uc e the
generalM B EPto thespecialcase ofcoveringthe ed geset ofa bipartite graph
byb icliques.Weshow insec tion4 that byapplyingthestepsofthe consensus
method ina spec ī c ord er w e canred uce the exponentialtime algorithm given
insec tion2 to one oftotalpolynomialcomplexity.Insec tion5 w e further
streamline the operationsofthe mod ī ed c onsensustype algorithm ofthe
previoussec tionand show that thisvariant ofit prod uc esallthe maximal
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b icliquesofthe givengraph inO (n 3̄ ) time,w here n isthenumb er ofvertic es
ofthe graph and ¯ isthe numb er ofitsmaximalb icliques.After d escrib ing
insec tion6 severalclassesofgraphsfor w hich the algorithm provid esa
polynomialsolutionto M B EP; w e present insec tion7the resultsofa large
set ofcomputationalexperimentsw hich clearly prove the e± c iency ofthe
proposed proced ure.

2 A consensus-type algorithm
We shalld escrib e b elow a method for solving M B EP ina w ay resembling
the consensusmethod ofB lake [B la37] and Quine [Qui55] for ¯nd ing the
prime implicantsofa B ooleanfunction. Ac cord ing to [K P 77], M algrange
hasd eveloped a c onsensusapproach to ¯nd ina 0 ¡1 matrixthe maximal
submatricesconsistingonly ofones{ a problem w hich isclearly equivalent
to the M B EPinthe case ofbipartite graphs.

Inord er to d e¯ne a consensusalgorithm for ¯nd ingthe maximalb icliques
w e shallneed some d e¯nitions.

Let G b e a graph and X and Y tw o d isjoint non-empty subsetsofthe
vertexset w ith the property that everyvertexinX islinked to everyvertex
inY byaned ge.T he b iclique ofG havingthe b ipartitionsetsX and Y w ill
b e d enoted by (X ;Y ):

Let B 1 = (X 1;Y1) and B 2 = (X 2 ;Y 2 ) b e tw o b icliquesofG :IfY1\Y 2 6= ;;
w e shallcall(X 1 [ X 2 ;Y1 \ Y 2 ) a consensus ofB 1 and B 2 ; symmetrically,
ifany ofthe cond itionsX 1 \ X 2 6= ;; X 1 \ Y 2 6= ;; Y1 \ X 2 6= ;hold ; w e
shallcallthe correspond ingb iclique (X 1 \ X 2 ;Y1 [ Y 2 ); (Y1 [ X 2 ;X 1 \ Y 2 );
(X 1 [ Y 2 ;Y1\X 2 ),a consensusofB 1 and B 2 :Inthisw ay,a pair ofb icliques
mayhave 0 ;1;2 ;3; or 4 b icliquesasitsconsensus.

T he consensus-type algorithm w illstart w ith a collec tionC ofb icliques
coveringthe ed ge set ofa graph G :Such a collec tioniseasily available,for
instance bysimply consid eringallthe ind ivid ualed gesofthe graph,view ed
asb icliques.A similar straightforw ard w ay ofob tainingC isto d e¯ne it as
the collec tionofallthe starscentered inthe vertic esofthe graph G :

U sing the ab ove terminology w e cannow d e¯ne a consensusalgorithm
asa sequence oftransformationsonthe collec tionC. T he method allow s
only tw o transformations, the absorptionand the consensusad junction{
d escrib ed b elow { and stopsw hennone ofthese stepscanb e applied .

(i)Absorption:Ifthe b iclique (X 1;Y1) inC c ontainsthe b iclique (X 2 ;Y 2 )
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inC,i.e.X 2 µX 1 and Y 2 µY1; thenremove (X 2 ;Y 2 ) from C:
(ii) Consensusad junction: For any tw o b icliquesB 1 = (X 1;Y1) and

B 2 = (X 2 ;Y 2 ) inC,ifanyofthe consensusesofB 1 and B 2 existsand isnot
absorb ed by a b iclique alread y inC,it w illb e ad d ed to C:

T w o trivialobservationsare inord er.First,ifthe collec tionC c oversthe
ed ge set (i.e.everyed ge ofG iscontained inat least one ofthe b icliquesofC),
thenthisproperty w illb e preserved by b oth ofthe transformationsab ove.
Sec ond ,it isclear that the repeated applicationofthe transformationsab ove
w illalw aysprod uc e c ollec tionsconsistingonlyofb icliquesofG :

T he valid ity ofthe ab ove d escrib ed algorithm isb ased onthe follow ing:

T heorem 1.IfC isa collec tionofbicliquesofthe graph G which covers
the ed ge set ofG ; and ifbC isthe collec tionofbicliquesobtained from C by
repeatingthe transformationsinthe consensustype algorithm d escribed above
asmanytimesaspossible, thenbC consistsofallthe maximalbicliquesofG .

P roof. First ofall, let usnotice that the algorithm terminatesafter
a ¯nite numb er ofstepssince the totalnumb er ofb icliquesofG is¯nite,
and a b iclique w hich w asremoved from C (b ecause ofabsorption) cannever
re-enter C:

Let usassume that after the terminationofthe algorithm the collec tion
C d oesnot containallthe maximalb icliquesofG :Let thenB ¤ = (X ¤;Y ¤)
b e a maximalb iclique ofG ;not contained inC; and havingthe minimum
numb er ofed gesamongallthe maximalb icliquesw hich are not inC:Since
B ¤ isa b iclique,none ofthe setsX ¤ and Y ¤ c anb e empty. M oreover, at
least one ofthese tw o sets,say X ¤; c onsistsoftw o elements,since otherw ise
B ¤ w ould b e aned ge,and w ould b e either inbC,or w ould b e absorb ed by a
b iclique inC:

Let uspartitionthe set X ¤ into tw o proper subsetsX 0and X 00:Clearly,
(X 0;Y ¤) and (X 00;Y ¤) are b icliqueshavingstric tlyfew er ed gesthanB ¤:B y
the minimality assumptionit follow sthat b oth ofthese tw o b icliquesare
either c ontained inbC or includ ed inb icliquesofbC:Clearly,their c onsensus
(X 0[ X 00;Y ¤\Y ¤) iseither contained inbC or includ ed inone ofthe b icliques
ofbC:How ever,thisconsensusissimplyB ¤:

It follow sfrom the ab ove that bC c ontainsallthe maximalb icliquesofG :
Clearlyit c annot containanyother b iclique since that w ould b e absorb ed by
one ofthe maximalones.¥
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E xample 1.Consid er the graph G = (V;E); havingthe vertexset
V = fa;b;c;d ;e;fgand the ed gesetE = f(a;b);(a;c);(a;d );(b;c);(b;e);(c;f)g
(see ¯gure 1).

Figure 1: T he graph G

Let usconsid er the follow ingfamilyofb icliquescoveringthe ed ge set of
G :C = fB 1; B 2 ; B 3g; w here B 1 = (fag;fb;d g); B 2 = (fbg;feg); and
B 3 = (fcg;fa;b;fg):Startingw ith C; the applicationofthe ab ove algorithm
w illresult inthe follow ingsteps:

1.T he only consensusofB 1 and B 2 isB 4 = (fbg;fa;eg); w hich w e shall
ad d to C:

2 .B 2 b eingabsorb ed byB 4 ; w illb e removed from C.

3.T he c onsensusesofB 1 and B 3areB 5 = (fag;fb;c;d g);B 6 = (fbg;fa;cg);
w hich w illb e ad d ed to C:

4 .B 1 w illb e removed from C; b eingabsorb ed byB 5:

5.T he consensusesofB 3 and B 4 are (fag;fb;cg) (w hich b eingabsorb ed
by B 5 w illnot b e ad d ed to C) and B 7= (fbg;fa;c;eg); w hich w illb e
ad d ed to C:

6.We remove B 4 and B 6from C; b oth b eingabsorb ed byB 7:

Any consensusofany ofthe remainingb icliquesB 3; B 5; and B 7 isab -
sorb ed by one ofthese b icliques,and cannot b e ad d ed to C:
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T herefore, the algorithm terminatesw ith the collec tionofallmaximal
b icliquesofG :bC = f(fag;fb;c;d g);(fbg;fa;c;eg);(fcg;fa;b;fg)g:

O bviously,the consensusad junctionand the absorptionoperationscould
have b eenapplied inanother ord er,but the resultingcollec tionbC { asshow n
by theorem 1 { w ould have b eenthe same. We should remark that the
ab ove consensusalgorithm may have anexponentialrunningtime,since as
it w illb e show ninthe example b elow ,it c anprod uce alongthe w aya large
numb er ofnon-maximalb icliques.How ever,asit w illb e seeninSec tion4 ,
byanad equate spec ī c ationofthe ord er inw hich the transformationsofthe
consensusalgorithm have to b e c arried out,the complexity ofthe algorithm
canb e guaranteed to b e totalpolynomialinitsinput ( numb er ofvertic es
and ofed gesofG ); and output (numb er ofmaximalb icliques).

TakingasC the c ollec tionofallthe ind ivid ualed gesofK n;n (each view ed
asa complete b ipartite subgraph), w e c anapply the consensusmethod in
such a w ay that inthe ¯rst sequence oftransformationsw e prod uc e allthe
b icliqueshavingexac tly n vertic es.How ever,the numb er ofthose b icliques

is
n¡1P
i= 1

µ
n
i

¶µ
n

n ¡i

¶
= 2 n¡2 ; and therefore,the applicationofthe ab ove

algorithm w ith thisparticular ord er oftransformationsrunsinexponential
time.

O nthe other hand ,let V 0= fv01;:::;v0ng and V 00= fv001;:::;v00ng b e the ver-
tic esinthe tw o b ipartitionsofK n;n.B yformingthe consensusof(fv01g;fv001g)
w ith (fv01g;fv002 g); w e ob tainthe b iclique (fv01g;fv001;v002 g):Inthe next steps
w e shallform ina similar w ay the b icliques(fv01g;fv001;v002 ;v003g) and so on,
untilw e form (fv01g;V 00):Ina similar w ay w e shallprod uce allthe b icliques
(fv0ig;V 00);
i= 2 ;:::;n:T he numb er oftransformationsinthisproc essisofn(n¡1) con-
sensusad junctionsand 2 n(n¡1) absorptions.Formingnow the c onsensuses
ofone oftw o K 1;n'sw e ob taina K 2 ;n:T he c onsensusofthisK 2 ;n w ith another
K 1;n isa K3;n:Continuinginthisw ay,inn¡1 stepsofconsensusad junc tion
and 2 (n¡1) stepsofabsorptions,w e shallprod uc e K n;n;show ingthat w ith
a proper ord er oftransformations,the runningtime ofthe algorithm istotal
polynomial(and inthisparticular c ase polynomial).
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3 R ed uc tionto the b ipartite c ase
We shalld iscussinthissec tiona straightforw ard red uc tionofthe M B EP
to the specialcase of̄ nd ingthe maximalcomplete b ipartite subgraphsof
a b ipartite graph.It w illalso b e seenthat thistransformationw illmake it
possible to d e¯ne spec ī c versionsofthe generalconsensustype algorithm
d escrib ed inSec tion2 ,havingguaranteed totalpolynomialcomplexity.

Let usconsid er a b ipartite graph G = (L;R ;A); w here L and R are tw o
d isjoint setsofelementscalled nod es, and A isa set ofarcsofthe type (l;r);
w ith l 2 L and r 2 R :W ithout lossofgenerality w e shallalw aysassume
jLj·jR j, and w e shallcallL the left set ofnod es and R the right set of
nod es.We shallalso assume that the arcsare alw aysoriented from L to R :
A b ipartite graph G satisfyingthe ab ove assumptionsonthe card inalitiesof
itsb ipartitionsetsand onthe orientationofitsarcsw illb e simply called a
bigraph.Weshalld enote the totalnumb erjLj+ jR jofverticesofa b igraph by
n; the numb er jAjofitsarcsby m ,and the numb er ofitsmaximalb icliques
by ¯:

T w o non-emptysubsetsL0ofL and R 0ofR w illb e called stronglyad ja-
cent,d enoted asL0? R 0,if(l;r)2A for alll2L0and allr 2 R 0:

A b iclique ofG ind uced by tw o strongly ad jac ent subsetsL0 and R 0 of
L and R respec tively,w illb e simply d enoted by (L0;R 0):Also,w e shallcall
L0= L(B ) the left sid e ofB ; and R 0= R (B ) the right sid e ofB :T he set of
allmaximalb icliquesofthe b igraph G w illb e d enoted asB (G ):

G ivena graph G = (V ;E); w ith V = fv1;:::;vng; w e shallassociate to it
itsd ouble cover,i.e.a b igraph 2 G := (L;R ;A), w here L = fl1;:::;lng and
R = fr1;:::;rng are tw o d isjoint copiesofV; and w here the oriented arc set
A isf(li;rj); (lj;ri) :i; j2f1;:::;ng; (i; j)2Eg:

We remark that there isa one-to-one correspond ence b etw eenthe b i-
cliquesofG and the pairsofsymmetric b icliquesof2 G :Ind eed ,let uscon-
sid er a b iclique (X ;Y ) ofG and let usd enote the copiesofthe setsX and
Y inL and R asLX ; LY ; R X ; R Y ; respec tively.It iseasyto notice now that
there isa one-to-one correspond ence b etw eenthe b icliques(X ;Y ) ofG and
the pairsofsymmetric b icliques((LX ; R Y );(LY ;R X )):T hisremarkallow sus
to red uce the generalM B EPfor a graph G to the problem ofenumerating
the maximalb icliquesofthe d ouble cover 2 G ofG inlinear time.Inview
ofthisremark,the algorithmsto b e d esc rib ed b elow w illb e formulated only
for b igraphs,although it isclear that they could also b e presented d irec tly
intermsofarb itrarygraphs.
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Let B 1 = (L1;R 1); B 2 = (L2 ;R 2 ) b e tw o b icliquesofthe b igraph G :Since
L1\R 2 and L2 \R 1 are b oth empty,at most tw o consensusesofthe b icliques
B 1 and B 2 may b e d e¯ned ,namely the right consensus

B 1 _B 2 = (L1 [ L2 ;R 1 \ R 2 ) (1)

ifR 1 \ R 2 6= ;; and the left consensus

B 1 ^B 2 = (L1 \L2 ;R 1 [ R 2 ) (2 )

ifL1 \L 2 6= ;:Dulmage and M and elsohn[DM 58]pointed out that (1) and
(2 ) are the joinand the meet,respec tively,ofa d istributive lattic e.

Let usconsid er a subset SofL and let usassociate to it itsneighb orhood
¡(S) inR :Similarly,let usassociate to anarb itrarysubset T ofR itsneigh-
b orhood ¢ (T) inL:W ith these notations,it isclear that for anynon-empty
subset SofL; the sets¡(S) and ¢ (¡(S)) are stronglyad jacent;the b ipartite
sub b igraph ofG ind uced by ¢ (¡(S)) and ¡(S) w illb e c alled the biclique
generated bySand d enoted B ¡(S) (or B (S)for short).Ina symmetric w ay,
for anynon-emptysubset T ofR ,the b ipartite sub b igraph ofG ind uced by
¢ (T) and ¡(¢ (T)) w illb e c alled the biclique generated by T and d enoted
B ¢ (T) (or B (T) for short).It isclear that d i®erent subsetsS0,S00ofL may
d e¯ne the same b iclique B (S0) = B (S00):It isalso clear that for every b i-
clique B = (L(B );R (B )); there exist subsetsS ofL such that B = B ¡(S)
(e.g.S= L(B )):

G ivena maximalb iclique B ofG ,w e shalld e¯ne the rank ½(B ) by

½(B ) = minjSj
B = B ¡(S)

(3)

and w e shalld enote the set ofallmaximalb icliquesofrankl asB l(G ):T he
rankofthe bigraph G ; d enoted ½(G ); isd e¯ned as½(G ) = maxf½(B ) :B
maximalb iclique ofG g:

T he b icliquesofrank one, w hich are the left centered stars B ¡(fxg);
x2L; w illplaya specialrole inthe method d escrib ed b elow .
R emark1.IfL0and R 0are non-emptysubsetsofL and R respec tively,

thenthe follow ingstatementsare equivalent:

(i) L0? R 0;
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(ii) R 0µ¡(L0);

(iii) L0µ¢ (R 0):

R emark 2 . IfL0, L00 and R 0; R 00 are non-empty subsetsofL and R ;
respec tively,thenthe follow ingrelationscanb e easilyestablished :

¡(L0[ L00) = ¡(L0)\ ¡(L00) (4 )

¡(L0\L00)¶¡(L0)[ ¡(L00) (5)

¢ (R 0[ R 00) = ¢ (R 0)\ ¢ (R 00) (6)

¢ (R 0\ R 00)¶¢ (R 0)[ ¢ (R 00) (7)

¡(L0) = ¡(¢ (¡(L0))) (8)

¢ (R 0) = ¢ (¡(¢ (R 0))): (9)

Note that a b iclique B ismaximalifand onlyifL(B ) = ¢ (¡(L(B )) and
R (B ) = ¡(L(B )):

4 A totalpolynomialversionofthe consensus
algorithm

Inthissec tionw e shallshow that by appropriately specifyingthe ord er in
w hich the c onsensusoperationshave to b e c arried out, the algorithm of
the prec ed ing sec tionb ecomestotally polynomial. O ther totally polyno-
mialalgorithmsfor generating d i®erent kind sofcomb inatorialob jec tsare
know ninthe literature,see e.g.P aulland U nger [P U 59], and T sukiyama,
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Id e,Ariyoshi,Shirakaw a [T IAS77],J ohnson,Y annakakis,and P apad imitriou
[J Y P 88](stable sets),Low ler,Lenstra,and R innooyK an[LLK 80 ](ind epen-
d ent setsinsome classesofind epend ence systems,and inparticular ind uced
c omplete k¡partite subgraphs).

T he new versionofthe consensusalgorithm { w hich w e shallcallthe
mod ular consensusalgorithm (M CA) assumesthe know led ge ofa familyC of
maximalb icliquescoveringthe arc set ofthe b igraph;asit w illb e seenb elow ,
such a familycanb e found inlinear time startingw ith anarb itrary covering
ofthe arcs.Startingw ith the givenfamilyC ofmaximalb icliques,w e selec t
tw o such maximalb icliquesB 0and B 00,form their consensuses

_
B and

^
B ; if

theyexist,and checkw hether theyare contained inC:Ifone ofthem,say
_
B ;

isnot inC; instead ofsimplyad d ing
_
B to C; w e shall̄ rst execute a sequence

ofconsensusoperationsinvolving
_
B and certainrankone b icliquesofG :At

eachsuchstep i;the b iclique
_
B iw illb e absorb ed bythe resultingnew b iclique

_
B i+ 1; and at the next step

_
B i+ 1 w illb e absorb ed by the new

_
B i+ 2 etc.T his

"mod ule"ofconsensusoperationson
_
B and itsd escend antsend sw henthe

sequence
_
B ;

_
B 1;:::; prod uc esa maximalb iclique

_
B ¤ :If

_
B ¤ isnot yet inC

w e includ e it.We repeat now allofthe ab ove stepsfor
^
B :At the end ofthe

sequence,if
^
B ¤ isnot inC w e ad d it,and repeat the ab ove complete mod ule

by startingw ith another pair ofb icliquesinthe family C0= C [ f
_
B ¤;

^
B ¤g.

T he processend sw henthe consensusofno pair ofb icliquesinthisfamily
lead sto the formationofnew maximalb icliques.

Inord er to d evelop the d etailsofthe algorithm,w e shalld e¯ne now the
mod ular consensusoperationsfor tw o b icliquesB 0and B 00ofa b igraph G in
the follow ingw ay:

²the right mod ular consensus

B 0t B 00= (¢ (R (B 0)\ R (B 00)); R (B 0)\ R (B 00)) (10 )

isd e¯ned ifR (B 0)\ R (B 00)6= ;

²the left mod ular consensus

B 0u B 00= (L (B 0)\L (B 00);¡(L (B 0)\L(B 00)) (11)
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isd e¯ned ifL (B 0)\L (B 00)6= ;.

Lemma 1. G iventhe collec tionofallleft centered stars (B ¡(fxg) :
x 2 L) ofa bigraph G = (L;R ;A) havingm = jAjarcs, the right mod ular
consensus B 0t B 00 ofany two bicliques B 0; B 00 of G canbe obtained by
performingat most n0right consensusad junctionsand n0absorptions,where
n0= maxfjLj;jR jg+ 1:T he ord er inwhich these operationsare carried out
hasno in°uence onthe result, or onthe complexity.

P roof. Ifthe collec tionofthe rank one maximalb icliques(B ¡(fxg) :
x 2 L) isgiven,thenthe right mod ular consensusB 0t B 00oftw o b icliques
B 0and B 00 c anb e ob tained inpolynomialtime by performingthe follow ing
right consensusad junctionsand absorptions:

- d etermine the right consensusB 0 = B 0_B 00
- initialize i:= 0
- for everynod e x 2L :

- ifR (B i)µ¡(fxg) then
- d etermine the right c onsensusB i+ 1 = B i_B (fxg)
- absorb B i byB i+ 1

- increase iby 1

Note that onthe one hand R (B 0 ) = R (B 1) = :::= R (B i); and onthe
other hand ,L(B 0 )½L(B 1)½:::½L(B i); w here allinclusionsare stric t.
Clearly,L(B i) ismaximalw ith respec t to the property that every vertexin
it isad jacent to everyvertexofR (B i); therefore B i= B 0t B 00:T he numb er
ofconsensusad junctionsand absorptionsinthisalgorithm cannot exceed n0;
respec tively.T he ord er inw hich the right c onsensusoperationsare performed
d oesnot in°uence neither the result,nor the complexityofthe proced ure.¥

Similarly to lemma 1,w e have:

Lemma 2 . G iventhe collectionofallright centered stars (B ¢ (fyg) :
y2 R ) ofa bigraph G = (L;R ;A) havingm = jAjarcs, the left mod ular
consensus B 0u B 00 ofany two bicliques B 0; B 00 of G canbe obtained by
performingat most n0left consensusad junctionsand n0absorptions, where
n0= maxfjLj;jR jg+ 1:T he ord er inwhich these operationsare carried out
hasno in°uence onthe result, or onthe complexity.
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R emark3. T he right mod ular c onsensusB 0t B 00 c anb e d etermined
d irec tly inO (m ) time.For each vertexx inL w e d etermine the numb er of
itsneighb orsinR (B 0t B 00).T hisnumb er equalsjR (B 0t B 00)jifand only
ifx2 ¢ (R (B 0t B 00)):A similar remarkhold sfor left mod ular consensuses.

R emark 4 .Havingd escrib ed how to ob tainthe tw o mod ular consen-
suses,ifany,oftw o b icliquesB 0and B 00,let usseenow how to use these results
for transforminga familyofb icliquescoveringthe ed ge set ofa b igraph to a
familyofmaximalb icliquesw ith the same property.IfB isa b iclique ofG ;
then(B t B )u (B t B ) = B ¢ (R (B )) and (B u B )t (B u B ) = B ¡(L(B ))
are b oth maximalb icliquesofG ; c ontainingB ; and it iseasy to checkthat
ifR (B ) = ¡(L(B )) or ifL(B ) = ¢ (R (B ); then(B t B ) u (B t B ) =
(B u B )t (B u B ):

It follow sthat givena family C ofb icliquesthat c oversthe arcsofthe
b igraph G ; w e mayob taininpolynomialtime a familyofmaximalb icliques
that c over the arcsofG by replacingeach b iclique B inC either w ith (B t
B )u (B t B ) or w ith (B u B )t (B u B ):Note that givena family C ofp
b icliquesthat c over the arcsofG ; w e may ob taininO (m p) a subfamily of
at most m b icliquesw ith the same property.Also,the familyofallb icliques
ofrankone canb e ob tained from C inpolynomialtime.

M od ular c onsensusalgorithm (M CA)

²Start w ith a collec tionC ofat most m b icliquesthat c over the arcsof
the b igraph G

²R eplace the c ollec tionC by a collec tionofmaximalb icliquesthat
c over the arcsofG ; asinR emark4

²For every pair ofd istinc t b icliquesB 0 and B 00 inC d etermine their
left and right mod ular c onsensuses,ifany,and ad d them to C; unless
alread y contained inC:

T hus, the mod ular consensusalgorithm isa spec ialized versionofthe
consensusalgorithm w hich startsw ith a c ollec tionC ofmaximalb icliques
coveringthe arcsofG ; and inw hich the consensusoperationsare grouped
inmod ulesw hich have to b e completed b efore startinganyother consensus

12



operation.B einga spec ialized versionofthe consensusalgorithm,thisalgo-
rithm terminatesafter a ¯nite numb er ofstepsprod uc ingthe collec tionof
allmaximalb icliques.

Figure 2 : T he graph G and itsd ouble cover 2 G

E xample 2 .Consid er the graph G = (V;E) w ith V = f1;::;4 g and
E = f(1;2 ); (1;4 ); (2 ;3);(2 ;4 ); (3;4 )g:Itsd ouble cover isthe b igraph
2 G = (L;R ;A); w here L = f1;2 ;3;4 g; R = fa;b;c;d g,A = f(1;b);(1;d );
(2 ;a);(2 ;c);(2 ;d );(3;b);(3;d );(4 ;a);(4 ;b);(4 ;c)g (see ¯gure 2 ).T he mod u-
lar consensusalgorithm w illconsist ofthe follow ingsteps:
1.Start w ith the follow ingcollec tionofb icliquesthat c over the arcsof2 G ;
C = fB 1;::;B 4 g; w here B 1 = (f1;3g;fd g); B 2 = (f2 g;fa;c;d g);
B 3 = (f1;3;4 g;fbg); B 4 = (f4g;fa;cg):
2 .R eplace each b iclique B from C bythe maximalb iclique (B t B )u(B t B ) :
B 1 := (f1;3g;fb;d g); B 2 := (f2 g;fa;c;d g); B 3:= (f1;3;4 g;fbg);
B 4 := (f2 ;4 g;fa;cg):
3.T he onlymod ular consensusofB 1 and B 2 isB 5 = (f1;2 ;3g;fd g) and w e
ad d it to C:
4 .B oth mod ular consensusesofB 1 are B 3 are alread y c ontained inC:
5.T he pair ofb icliquesB 1;B 4 hasno mod ular c onsensus.
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6.B oth mod ular consensusesofB 1 are B 5 are alread y c ontained inC:
7.T he pair ofb icliquesB 2 ;B 3 hasno mod ular c onsensus.
8.B oth mod ular consensusesofB 2 are B 4 are alread y c ontained inC:
9.B oth mod ular consensusesofB 2 are B 5 are alread y c ontained inC:
10.T he pair ofb icliquesB 3;B 4 hasno mod ular consensus.
11.T he pair ofb icliquesB 3;B 5 hasonlyone mod ular c onsensus,w hich is
alread y inC:
12 .T he pair ofb icliquesB 4 ;B 5 hasonlyone mod ular c onsensus,w hich is
alread y inC:

T he algorithm terminatesw ith the collec tionbC = fB 1;:::;B 5g ofallmax-
imalb icliquesof2 G :

T heorem 2 .T he mod ular consensusalgorithm runsinO
¡
¯ 2 (m + n log2 ¯)

¢

time.

P roof.Since eachmaximalb iclique c anb e ob tained inat most O (m ) time;
the transformationofthe initialcollec tionC into a collec tionofmaximalb i-
cliquesthat c over the arcsofG c anb e performed inat most O (m 2 ) time.T he
operations(10 ) and (11) applied to maximalb icliquesB 0 and B 00 prod uce
maximalb icliques, therefore at every step ofthe algorithm the collec tion
C c ontainsonly maximalb icliques. T he numb er ofpairsofb icliquesused
for consensusformationisO (̄ 2 ); and the numb er ofoperationsneed ed for
each pair ofb icliquesisoford er O (m + n).Inord er to avoid d uplicates,for
each new mod ular consensusit must b e checked w hether it hasb eenalread y
generated , and using b inary search thiscanb e d one inO (n log2 ¯) time.
T herefore, the totalcomplexity isO

¡
¯ 2 (m + n log2 ¯)

¢
:Since ¯ · 2 n, it

follow sthat log2 ¯ ·O (n),and consequently,the complexityofthe mod ular
consensusalgorithm isb ound ed by O (̄ 2 n 2 ):¥
R emark5.We may ob taina computationalimprovement ofthe mod -

ular c onsensusalgorithm ifw e initialize the c ollec tionC w ith the collec tion
fB ¡(fxg) :x2Lg ofallb icliquesofrankone ofG :Anymaximalb iclique B
ofG may b e ob tained by performinga sequence ofright consensuses
(:::(B ¡(fx1g)_B ¡(fx2 g))_:::)_B ¡(fxpg); w here fx1;:::;xpg = L(B ):T here-
fore,the right mod ular c onsensusoperationsare su± cient to generate allthe
maximalb icliquesofG :
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5 M od ular input consensusalgorithm (M ICA)
A substantialimprovement inthe mod ular consensusalgorithm canb e ob -
tained bynotic ingthat manyofthe c onsensusad junc tionoperationsprod uce
the same outputs,and are therefore red und ant.We shallshow b elow that
by givingproper c are to the exac t ord er inw hich the maximalb icliquesof
the collec tionC are listed ,w e canrestric t the consensusad junctionsonlyto
those situationsinw hich one ofthe tw o "parents"isa b iclique ofrankone.

Let usremind that a b iclique B issaid to have rank l ifthe minimum
card inality ofa set Ssuch that B = (¢ (¡(S)); ¡(S)) isl:

T he algorithm to b e d escrib ed inthissec tionisessentially b ased onthe
follow ing

Lemma 3.T he right mod ular consensusofa biclique ofrank l and ofa
biclique ofrank 1 isa biclique ofrankat most l+ 1:

P roof.Let B 0= B ¡(A); jAj= l; b e a b iclique ofrankl; and let
B 00= B ¡(fxg) b e a left centered star ofG ; such that R (B 0)\ R (B 00) 6= ;:
T henB 0t B 00= (¢ (¡(A[ fxg)); ¡(A[ fxg)); and it follow sthat
½(B 0t B 00)·l+ 1:

Conversely,let B = B ¡(A);jAj= l+ 1 b e a b iclique ofrankl+ 1 ofG :Let
a b e anarb itraryelement ofA and let A0= A¡fag:Note that b oth ¡(fag)
and ¡(A0) are nonempty,since ¡(fag)\ ¡(A0) = ¡(A); and therefore b oth
b icliquesB ¡(fag) and B ¡(A0) are w ell-d e¯ned .Clearly,the rankofB ¡(fag)
is1 and the rankofB ¡(A0) isat most l:Note also that ifthe rankofB ¡(A0)
isstric tlylessthanl; thenit follow sfrom the ¯rst part ofthe proofthat the
rankofB isat most l:T herefore,½(B ¡(A0)) = l; c ompletingthe proof.¥

T he ab ove lemma show sthat w e c anreplace the mod ular c onsensusalgo-
rithm byanac celerated versioninw hich w e onlyprod uce consensusesusing
pairsofmaximalb icliques,at least one ofw hich isa left centered star.Fol-
low ingthe B ooleanliterature onsimilar consensusalgorithms,w e shallcall
thisac c elerated technique a mod ular input consensusalgorithm.

Asb efore,w e shalld enote by B l(G ) the c ollec tionofmaximalb icliques
ofrankl.Let usalso d enote

l[
i= 1
B i(G ) by Cl:W ithinthe framew orkofusing

the input consensusalgorithm for construc tingthe list ofmaximalb icliques
ofrank l ofa b igraph, w e shallproceed suc c essively by creating the lists
B 1(G );B 2 (G );:::etc.Assume that at a c ertainstep w e have construc ted all

15



the maximalb icliquesup to rank l¡1; and a part ofthose ofrank l; say
B 0l(G ):T he listsw e shallmake use ofto c onstruc t the remainingb icliquesof
rankl(ifany) are B 1(G ); B l(G ); Cl and B 0l(G ):

Now w e canstate the
M od ular input consensusalgorithm (M I C A)

²Start w ith the c ollec tionC ofb icliquesofrankone ofG :fB ¡(fxg) :
x2Lg

²Assumingthat the b icliquesofrank1;:::;l¡1 w ere construc ted ,c on-
struc t the b icliquesofranklbysequentiallyformingallthe right mod -
ular c onsensusesofb icliquesofrank l¡1 and b icliquesofrankone,
and ad d them to C;unlessalread y there.

T heorem 3.G ivena bigraph G , the mod ular input consensusalgorithm
prod ucesallthe maximalbicliquesofG :

T he valid ity ofthistheorem follow sfrom the valid ity ofthe mod ular
consensusalgorithm and lemma 3.

E xample3.Consid er thegraph G and itsd ouble c over 2 G asinE xample
2 .
1.Start w ith the collec tionofb icliquesofrankone of2 G :
B 1(2 G ) = fB 1;B 2 ;B 3g; w here B 1 = (f1;3g;fb;d g); B 2 = (f2 g;fa;c;d g);
B 3 = (f4 g;fa;b;cg); initialize C asB 1(2 G ):
2 .Initialize B 2 (2 G ) as;:
3.T he right mod ular consensusofB 1 and B 2 isB 4 = (f1;2 ;3g;fd g) and w e
ad d it to B 2 (2 G ):
4 .T he right mod ular consensusofB 1 and B 3 isB 5 = (f1;3;4g;fbg) and w e
ad d it to B 2 (2 G ):
5. T he right mod ular c onsensusofB 2 and B 3 is(f1;3;4 g;fbg) and it is
alread y contained inB 2 (2 G ):
6:U pd ate C asB 1(2 G )[ B 2 (2 G ) = fB 1;:::;B 5g:
7.Initialize B3(2 G ) as;:
8.T he right consensusesofanyb iclique inB 1(2 G )and anyb iclique inB 2 (2 G )
isalread y inC:
T herefore,the algorithm terminatesw ith the collec tionC = fB 1;:::;B 5g ofall
maximalb icliquesof2 G :
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T he c omplexityofthe mod ular input c onsensusalgorithm isgivenbythe
follow ingresult w hich isproved inthe Append ix:

T heorem 4 .T he mod ular input consensusalgorithm runsinO (n 2 ¯ log¯)
time.

O ne maynotice that since log¯ = O (n); the complexityofthe algorithm
isalso O (n 3̄ ):T henumb er ¯ ofmaximalb icliquesofa b igraph isnot polyno-
mialinthe size ofthe b igraph.Ifthe numb er ofb icliquesofa b igraph w ould
b e polynomialinthe numb er ofitsnod es,thenthe problem ofd etermining
the maximum size clique ofa graph w ould also b e polynomially.T hisfollow s
immed iately from the one-to-one correspond ence w hich canb e established
b etw eenthe cliquesofa graph G = (V ;E) w ith V = fv1;:::;vng and the
b icliquesofthe b igraph G 0ob tained by ad d ingthe arcs(li;ri); i= 1;:::;n;
to the d ouble c over 2 G (see e.g. [DK T 97]).Consequently, the c omplexity
ofthe mod ular input consensusalgorithm issmaller by a fac tor ¯ thanthe
complexity ofthe mod ular c onsensusalgorithm.

6 Some classesofb igraphsfor w hich M B EP
c anb esolved polynomiallyinthe input size

Asit w asseeninthe introd uc tion,the numb er ofb icliquesofa b igraph c an
b e exponentialinitssize.It isalso obviousthat the family ofthe d ouble
coversofgraphshaving maximalcliquesofsize O (n) hasanexponential
numb er ofmaximalb icliques.O nthe other hand ,numerousclassesofspe-
c iallystruc tured graphsare know nto have polynomialnumb ersofmaximal
cliques; clearly, the d ouble coversofthese graphsw illallhave polynomial
numb ersofmaximalb icliques.T herefore { inview oftheorem 2 { w e have
a polynomialsolutionfor M B EP:Inthissec tionw e shallpresent tw o such
specialclasses.

6.1 B ound ed d egree b igraphs
Let d b e a positive integer and let Fd b e the family ofallb igraphsw hose
nod e d egreesare b ound ed by d :T hen:

T heorem 5.M B EPispolynomialfor bound ed d egree bigraphs.
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P roof. Let G b e a b igraph having allnod e d egreesb ound ed by the
constant d :T he theorem isb ased ontw o fac ts.First,the numb er ofarcsof
thisb igraph isat most nd :T he second fac t c oncernsthe numb er ofmaximal
b icliquescontaining a givenarc, say xy (x 2 L; y 2 R ); ofthe b igraph
G :Clearly, each ofthese maximalb icliques,say (L0;R 0) w illb e such that
L0µ ¢ (fyg) and R 0µ ¡(fxg):Since L0 d eterminesR 0 and since at most
2 d¡1 choicesofthe set L0are possible,it follow sthat thenumb er ofmaximal
b icliquescontainingxy isat most 2 d ¡1:

T he tw o id esab ove show that the totalnumb er ¯ ofmaximalb icliques
ina b ound ed d egree b igraph isat most nd 2 d :From theorem 4 it follow sthat
the complexityofthe mod ular input c onsensusisO (n 2 ¯ log¯); w hich for our
classofgraphsisO (n3logn):¥

6.2 Convexb igraphs
Let G b e a b igraph. G iscalled R ¡convex (see [G lo67]) ifthe nod esin
R c anb e ord ered insuch a w ay that ¡(fxg); for any x 2 L; isaninterval
consistingofallfyi(x);yi(x)+ 1;:::;yj(x)g:

T heorem 6.T he rank ½(B ) ofany maximalbiclique ofanR -convex
bigraph G isat most 2 ; and therefore M B EP canbe solved inpolynomial
time.

P roof.De¯ne

l= max
x2L(B )

minfi:yi2 ¡ (fxg)g (12 )

and

u= min
x2L(B )

maxfj:yj2 ¡ (fxg)g: (13)

Let a 2L (B ) b e such that l= minfi:yi2 ¡ (fag)g and let b2L (B );such
that u= maxfj:yj2 ¡ (fbg)g:Since R (B ) =

T
x2L(B )

¡ (fxg) = ¡ (fag)\

¡ (fbg) = R (B ¡ (fa;bg)); w e have B = B ¡ (fa;bg).T herefore,½ (B )·2 :¥
Analogously,w e cand e¯ne anL¡convex b igraph.Ina symmetric w ay

w ith ½(B ) w e mayalso d e¯ne ½0(B ) as
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½0(B ) = min
B = B ¢ (T)

jTj (14 )

Similarly to theorem 6,w e have:

T heorem 7.T he rank ½0(B ) ofany maximalbiclique ofanL-convex
bigraph G isat most 2 ; and therefore M B EP canbe solved inpolynomial
time.

7 Computationalresults
We have runa large numb er oftestsusing asinput the d ouble coversof
rand omlygenerated graphsw ith 2 0 to 10 0 0 vertic esand 10 0 to 60 0 0 ed ges.
We have runexperimentsinthree b atches.

T he purpose ofthe experimentsw asto d etermine the complexity coef-
¯cientsw hich appear inthe w orst case evaluationsofO

¡
¯ 2 (m + n log2 ¯)

¢

for the mod ular consensusalgorithm and O (n 2 ¯ log¯)for the mod ular input
consensusalgorithm.

T he resultsofthese experimentsare presented intables1 - 4 .Inthese
tables,n; m represent respec tively the numb er ofverticesand ed gesinthe
rand omly generated graphs,w hile ¯ representsthe numb er ofmaximalb i-
cliquesintheir d ouble covers.We have d enoted byk1 and k2 respec tively,
the numb er ofcomparisonsb etw eenpairsofb icliquesgenerated d uringthe
executionofthe tw o algorithms.Similarly,q1 and q2 represent the numb er
ofconsensusoperationsexecuted by the tw o algorithms.

B ased onthe numb er ofoperationsk1n + q1m executed inthese exper-
imentsby the mod ular c onsensusalgorithm M C A; w e have d etermined an
approximate value ofthe constant c1 appearing inthe w orst case b ound
c1¯ 2 (m + n log2 ¯) onthe numb er ofoperations.Ina similar w ay,b ased on
the numb er ofoperationsk2 n + q2 m executed inthese experimentsby the
mod ular input c onsensusalgorithm M I C A; w e have d etermined anapprox-
imate value ofthe constant c2 appearinginthe w orst case b ound c2 n 2 ¯ log¯
onthe numb er ofoperationsneed ed .

O ne ofthe most surprisingconclusionsofthese calculations,asit c anb e
seenintables1 - 4 , isthat the valuesofthe c onstantsc1 and c2 remained
prac tic allyunchanged alongthese experiments,b oth ofthem b eingextremely
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low inallthe experiments, w ithout any exception. For example,c1 main-
tained a value very close to 2 :7inallthe 2 0 experimentsinvolvinggraphs
w ith 2 0 vertic esand 10 0 ed ges.Itsvalue w asalw aysvery close to 1:8 inall
the 2 0 experimentsinvolving2 5vertic esand 135¡157ed ges.T he constant
c2 b ehaved ina verysimilar w ay,maintaininga value close to 1:4 inallthe
experimentsintable 1,very close to 1.34 inallthe experimentsintable 2 ;
close to 0:8 inallthe experimentsintable 3and to 0.13inallexperiments
intable 4 :

Another interestingconclusionfrom these experimentsisthe clear com-
putationalsuperiority ofthe algorithm M I C A; incomparisonw ith M C A:
Asa matter offac t, the ratio ofthe numb er ofoperationsrequired by the
tw o algorithmsvariesb etw een2 0 and 60 ,d epend ingonthe graph.

How ever,it isclear that themost important conclusionofthe experiments
isthe extreme e± ciency ofM I C A inhand lingverylarge graphs.It should
b e ad d ed that the c omputationaltimesrequired evenby the largest graphs
experimented w ith w ere extremelyreasonable.
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1 25 157 1672 17373 2791 1.938 620 57 1.511 52
2 25 146 1174 7133 1375 1.816 370 37 1.358 37
3 25 130 800 2667 638 1.699 209 23 1.202 26
4 25 139 932 4222 866 1.786 279 30 1.342 29
5 25 155 1622 13520 2626 1.780 501 48 1.270 54
6 25 142 1008 4339 1013 1.676 280 30 1.231 33
7 25 135 776 2866 600 1.776 228 24 1.354 24
8 25 151 1292 10295 1665 1.954 446 43 1.463 42
9 25 140 962 3720 923 1.639 260 27 1.206 31

10 25 154 1336 10920 1781 1.930 458 44 1.446 44
11 25 155 1728 15162 2981 1.773 535 51 1.261 57
12 25 143 1062 6586 1125 1.938 359 36 1.479 33
13 25 156 1596 14501 2543 1.861 555 52 1.430 50
14 25 156 1506 12138 2264 1.805 488 48 1.348 49
15 25 157 1836 19958 3365 1.897 643 58 1.408 59
16 25 146 1252 7315 1564 1.736 364 36 1.244 41
17 25 146 1142 6365 1301 1.766 345 35 1.311 37
18 25 144 1020 4698 1037 1.708 301 31 1.303 32
19 25 147 1242 8303 1539 1.848 391 39 1.348 40
20 25 138 1014 4742 1025 1.754 295 30 1.285 32

Mean 147 1249 8841 1651 1.804 396 39 1.340 40.085
St dev 8 317 5130 830 0.093 129 11 0.093 10.473
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Table 2 :Comparative analysisofM C A=M I C Afor rand om graphsw ith
n = 2 5
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1 100 1000 11802 11541 1282 0.803
2 100 1000 12368 12783 1367 0.842
3 100 1000 11742 11408 1271 0.799
4 100 1000 12042 12032 1316 0.818
5 100 1000 11922 11812 1298 0.812
6 100 1000 11970 12046 1317 0.824
7 100 1000 11940 11913 1309 0.818
8 100 1000 11728 11428 1278 0.801
9 100 1000 11744 11471 1279 0.803
10 100 1000 11906 11840 1301 0.815

Mean 11916 11827 1302 0.813
St dev 192 416 28 0.013
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Table 3:Computationsw ith M I C Afor rand om graphsw ith n = 10 0 ;
m = 10 0 0

O
ut

pu
t 

pa
ra

m
et

er

ex
pe

ri
m

en
t

n 
= 

# 
of

 v
er

tic
es

m
 =

 #
 o

f e
dg

es

be
ta

 =
 #

 o
f m

ax
im

al
 

bi
cl

iq
ue

s

K
2 

= 
# 

co
m

pa
ri

so
ns

  
(in

 th
ou

sa
nd

s)

Q
2 

= 
# 

co
ns

en
su

se
s 

(in
 th

ou
sa

nd
s)

1 1000 6000 6438 4622 6435 0.136
2 1000 6000 6114 4436 6111 0.137
3 1000 6000 6284 4491 6282 0.136
4 1000 6000 6518 4607 6516 0.135
5 1000 6000 6398 4584 6396 0.136
6 1000 6000 6372 4558 6369 0.136
7 1000 6000 6370 4565 6368 0.136
8 1000 6000 6274 4522 6272 0.136
9 1000 6000 6244 4513 6242 0.137
10 1000 6000 6258 4481 6256 0.136

Mean 6327 4538 6325 0.136
St dev 115 59 115 0.001
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Table 4 :Computationsw ith M I C Afor rand om gaphsw ith n = 10 0 0 ;
m = 60 0 0
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8 Append ix
Inthe follow ingw e shallprovid e the pseud o-c od for the implementationof
the mod ular input consensusalgorithm.Inthisimplementation,a b iclique
B isrecord ed asa set ¡(X ); w here X isa set ofminimum size such that B =
B ¡(X ):T he variouslistsofb icliquesused inthe processare lexicographically
ord ered w ith respec t to the c orrespond ingsets¡(X ):

T he implementationusesthe follow ingproced uresand functions:

found searchesifa b iclique B isina certainlist ofmaximalb icliques;
found returnstrue ifB isinthe list,and false otherw ise;
ad d anelement B to a lexicographic ally ord ered list L :usesfound in

ord er to d etermine ifB isinL and iffound returnsfalse,ad d upd atesthe
list L; by insertingthe element B inL; w hile maintainingthe lexic ographic
ord er;
interclassa list Q w ith a list L :c reatesa new lexicographicallyord ered

list bymergingthe listsQ and L:

M od ular input consensusalgorithm

Step 1
b egin

initiate l:= 1;
d e¯ne Cl := B 1(G );

end ;

Step 2
w hile B l(G ) isnot empty d o

b egin
l:= l+ 1;
initiate B 0l(G ) to emptylist;
for every b iclique B 0inB 1(G ) d o

for every b iclique B 00inB l(G ) d o
ifR (B 0)\ R (B 00)6= ;then

B := B 0t B 00;
ifB not found inCl¡1 then

ad d B to B 0l(G );
Cl := interclass(B 0l(G ); Cl¡1);
B l(G ) := B 0l(G );
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end ;
d e¯ne C := Cl;

T heorem 4 .T he mod ular input consensusalgorithm runsinO (n 2 ¯ log¯)
time.
P roof.Let n b e the numb er ofnod esina b ipartitionset ofG ; m the

numb er ofarcsofG ,r the rankofG ; ¯ l the size ofthe set B l(G ); and ¯ the
numb er ofmaximalb icliquesofthe b igraph G :Clearly,

rP
l= 1
¯ l = ¯ and r ·n:

T he complexitiesofthe b asic proced uresw e perform are the follow ing:
initiate:O (1);
found byb inarysearch anelement ofsizeuina list ofsize v:O (ulog2 v);
ad d anelement ofsizeuto a list ofsize v (w ithout d uplicates) {the same

asfound :O (ulog2 v);
d e¯ne a list ofsizeuasa givenlist Q ofsizeu: O (u);
intersec tionoftw o setsofsizeu: O (u);
subset ofa set ofsizeu: O (u);
interclasstw o listsofsizeuand v; respec tively: O (u+ v):
Next w e evaluate the c omplexitiesofthe tw o steps.
T he c omplexityofStep 1 isO (initiate + n¤(found + ad d )+ 2¤c opy) =

O (1 + 2 n 2 log2 n + 2 n) = O (n 2 logn):
T he complexity ofStep 2 is

O (
rP
l= 1
(initiate+ n¯ l(subset+ intersec tion+found + ad d + interclass+ d e¯ne))) =

O (
rP
l= 1
(1+ n¯ l

¡
2 n + n

¡
log2 ¯ l+ 1 + log2 ¯

¢¢
+ n (̄ + ¯ l)+ ¯ l+ 1)= O (r+ 2 n 2 ¯ +

n 2 ¯ log¯ + rn¯ + n¯ + ¯) = O (n 2 ¯ log¯).
T herefore,the complexity ofthe ac c elerated algorithm isO (n 2 ¯ log¯):
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