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Abstract. We describe a consensus-type algorithm for determining all the maximal complete bipartite (not
necessarily induced) subgraphs of a graph. We show that by imposing a particular order in which the
consensus type operations should be executed, this algorithm becomes totally polynomial. By imposing a
further restriction on the way the agorithm has to be executed, we derive an improved variant of it, the
complexity of which is bounded by a polynomia which is cubic in the input size, and only linear in the
output size, and show its high efficiency on numerous computational experiments on randomly generated
graphs with up to 1000 vertices and 6000 edges.
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1 Irwrod uctonN

T he prob Bm oftoverirgthe el g <t ofa gaph w ith a Emilly oftomp kte
b partite (rot recessmrily INuel ) Sbgaphs intiatel by Churg [ChuBl],
hasreceivel cordl erab E attertioningaph theory. k wasprovel in[Chusg0 ]

)
that the corjecture o8B ermori [B er8] asertirgthat n!Tl] A(N)

() isthe mirmunm runber oftomp kte b partite b gaphsthat cover
the el gesofa gaph w ith n verties istrie. IN[CE S83], Churg, £ 1l As
ari Sperner examirgl the samikr prob Em ofpartitiorirg the el ¢ <t oF
a gaph irto comp Ete b partite b gaphs. Amorgthe marycortrb utiors
to thisi rectionofrekarch we mertonTwa [Tw83], bzik[B K99], Tayur
[DK T97], Hochbaum [Hoc98], Luri gen[DL99].

k wasrotrel iNn[Ham 78] that to every coverirg ofthe el ¢ %t ofa
gaph G with a fmily Foftomp kte b partite b gaphswe canassc iate
a psu o-BookanEntion ie. a realvalel Btonw ith 0-1 varib ks
w ho= Kteralkbare iNore-to-ore correporierne w ith the comp kte b partite
b gaphsofi—, ard w ho maxanum eque lthe gab ility runber o6 T his
ob=rvaton kal to the egab EImen ofvarious Brksh etw eenprob Emsin
gaphstheoryarn p<ul o-B oo kartEntiors(se [HSA],[BBHS83],[BHS80],
[CH89] - Inpartcubkr, quadratt gaphswere de rel IN[HSA] asgaphs
w ith the property that amorgthe aswc iatel p<ul 0-B oo BanEntiorsthere
isat Bag ore whrh canbe repreriel asa degee two polbromil A,
the same ob ®rvatiornw ascertralinthe e b orationofthe dru tionmethod
[f HW 84] Br caluktirg the gab ility runber ofa gaph; it wasprovel IN
[HI w851], [HI W852], aru [ H88] that the grutibnmethod provi es
polbromil o Ltbrs Br niirg the gab ility rumber oftertainc hsesofF
gaphs. A, B illorret ari | iroux[Bll 85]have usi the sime ob ®rvation
to show that the prob Em ofmaxameirga cub © spermod ukr BntonNcan
be red el to that oF i irgthe weidhted sab ity rumber ofa b partite
gaph.

¢ vena polromialexpressonofa p<ul 0-B oo kanfntiont, it iseasy
to corgrut a gaph G whos gab ility rumber isequallto the ma>xanum ofF
T:ll oreover, every Emily B oftomp kte b partite sb gaphso¥G coverirg
itsel g =t de resa p<u 0-Boo kanftntionfs; acrh that the maxanum
valle oFf ard the maxamum valle oFfg are the sme, Br every fimily B
coverirgthe el ¢ <t oG - T he runber ofvariab ksofthe psu 0-B oo kan
Tntionfs beirgeque lto the rumb er oftomp kte b partite b gaphsofthe

= 1;where




HmilyB, it isc Barlyal vartageousto ( eterm ire EmillesB corasirgofthe
gnalks possh E runber oftomp kte b partite b gaphscoverirgthe el ¢g
<t oG - k isc Bar abo that inort er to achieve thisgallwe canredrit our
attertonto coverirgsw hch ue orlly maxanallb partite b gaphs.

T he gpallofthispaper isto 1 esribe analbprithm Br gereratirg althe
ma>amalcomp Ete b partite sb gaphsofa gaph.Let G = (V;E)bea gaph
w ithout bopsari mulkp b el ges havirgthe vertexst V = f1;2;sngan
the el @ =t E: Inthispaper we shallcallthe (ma>anal b partite { rot
recessrilymuea { abgaphsofa gaph, ts(maxanad b kques.

Thell axamalB i kque E rumeratior? rob Bm (M B EP) coragsin ni irg
allthe maxanalb t Iguesofa gvengaph.TheM BEPcarrot be @bel IN
pobromeltme w ith regpect to the irput e, Sre the e ofthe oupu
canbe exporertlly hrge. Ineel , cordl er Br examp b a comp kte gaph
w ith n vertres. Sinne each proper partitionofitsvertex st irto two b wts
inuesexact byore maxanalb £ Egue, the rumb er ofitsmaxana b © kgLesis
"l §1:AB retie that the exdterne ofanakbprithm r 9 Virgh BEP
pobrom el inthe irput sze orlyw oul mp b/ the exagtenie ofa po brom il
abprithm Br 9 Virgthe <-calkl Edg B kgue P rob Bm, ie_ the prob Bm
ofF riirga maxanum weicht b  Blgue ofaned g w eighted gaph - T hisw oul
cortrad £t the NP -comp kteressofthisprob Bm, provel IN[DK T97].

Inthispaperwe sall esrbeacorwerastype abprithm Brd eterm inirg
allthe ma>amallcomp kte b partite (rot recessril/ inuel ) sbgaphsofa
gaph_. We shall show that by mpogrg a partcubkr order inw hch the
corerasstype operatiorsshoul b e exec utel ,thisabprithm b ecomestota ly
pobrom i LBy mpogrga trther redrctiorornthew aythe abprithm hasto
heexec uel ,we salll erive anmprovel variart ofit,thecomp kExityofw hich
isboudel byapobromielwhrh iscw t inthe irnpu se,art orly lrear
iNnthe oupu ke, ari sow Kkshich et ¢ eny oNnrunerouscompuatioral
expermentsonrari om by cereratel gaphsw ith up to 1000 vertcesari 600
el ps. Inxction? wed evebp acormrastype abprithm BrM B ER, ¢ bl
reemb lrg the B hke ari Quire ¢ ks method s Br i irg althe prime
mp kansofa Bookantnton INnsctonN3we show how to ref ue the
cereralM B EPto the ec mka ooverirgthe el g <t ofa bipartite gaph
bybr Egues.We show inectiornd that byapp birgthe gepsofthecoreras
method iINa eci ¢ ord erwecarrel e the exporertialtime abprithm gven
iNsction? to ore oftotalpobromialcomp Bxaty. InsctioNn5we Brther
gream lre the operatibrsofthe modi el cormrastype abprithm ofthe
prevbusctioNnart show that thisvariert ofit prol wesaBthe ma>anal
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b © Bguesofthe givengraph iN0 (n3") time,w here n isthe rumber oferttes
ofthe gaph ard  isthe rumber ofitsmaxamalbt lgues. Afer desrb irg
iNsctibN 6 kveralc hsks ofgaphs Br whrh the abprithm provilesa
pobromielssLionto M B EPR, we preen insctioNn7the resuksofa hrge
<t oftompuatoralexperimertisw hih ¢ karly prove the et cieny ofthe
proposl proced ure.

2 Acormrastype abprithm

We halllesrbe bebw a methol Br @ VirgM B EP ina way reemb irg
the coreraismethod ofB hke [B h37] ari Quire [Quis5] Br niirg the
prime mp kanisofa Bookantntomn Accorirgto [KP 77, I abaree
hasd evebpel a coreramsapproachto ri ina 0 j 1 matrixthe maxamal
sbmatrrescoragirgorly ofores{ a prob Em whrh isc karly equiva bri
to the M B EP inthe cas ofhipartite gaphs.

Iloriertode reacorwmrasabprithm Br i irgthe maxamalb i kgues
we hallreel Dmede ritbrs.

Let G bea gaphari X ardt Y two d igoirt ronempty b stsofthe
vertex st w ith the property that every vertex inX isflirkel to every vertex
iNY byanel e-Thebi kgue of6 havirgthe b partitbNstsX arn Y will
hederotedl by (X ;Y ):

LetB, = (X 1;Y1)arli B, = (X ? ;Yz)betWOb-E l:{LESOfG :lﬁl\Yz 6 ;;
we Shallcal X[ X,;Y1\Y;) a cormrasofB; ani B, ; smmetrcally,
fary ofthe conitorsX ;1 \X; 6 ;; X1 \Y; 6 ;Y. \X,; 6 ;hol;we
salcalthe correporiirgbc Bgue (X ¢ \X ;Yo [ Y2); (Vo [ X5;X 1 \Yy);
KX1[Y;:;Y1\X,),acoreresofB; an B, - Inthisway, a pair ofo t kqLes
may have 0;1;2;3 or4 bt lguesasitsS(Oreras.

T he cormrastye abprithm w illgart with a colkctionC ofb t lgues
coverirgthe el g ®t ofa gaph G :Suh a coctibniseadly avaibb E, Br
irgane by amp l/corsl erirgalithe in vt utallel gesofthe gaph, view el
asbt kgues. A amibr graightBrward way ofobtairirgC istode re it as
the co Ectionofalthe darscertered inthe vertresofthe gaph G :

Usgrgthe above termirobgy we canrow de re a cormrasalbprithm
asa =quene oftrarsbrmatiorsonthe colkctioNnC . The method albw s
orly two trarsbrmatiorg the aborptionar the corgrasal juntion{
desrbel bebw {ard gopswhenrore ofthes sepscanbe app kel -

(1) Absorptiort Hthebr bgue (X ;Y1) INC cortairsthe bt lgue (X ;;Y;)
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iNC,ie_X,; (X an Y; pYy; thenremove (X,;Y;) fom C:

() Corwrssad juntiort Forarytwo br bguesB, = (X 1;Y1) ani
B, = (X;;Y;) INC, MRary ofthe coreraesofB; an B, exddsan isrot
abrbel byab Bqueakealy inC, it willbeaddel toC:

Two trivielob ®rvatiorsare inord er .F irs, ifthe co BctioNC coversthe
el g <t (ie-everyel g of6 iscortaired imat kas oreoftheb t bguesot),
thenthisproperty w illbe presrvel by both ofthe trarsbrmatiorsabove.
Secont, it isc Bar that the repeatel app kationofthe trarsbrmatiorsab ove
w illabaysprod uwe colctiorscorasirgoriyof r kguesoft -

The vall ity ofthe above ( esrbel albprithm ishasi onthe Tbw irg:

T heorem 1. HFC isa colktionof lguesofthe gaph G whch covers
the el <t oFG ; anl iF®isthe co B tionofhic Kkquesobtairel fom C by
repeatirgthe trarsbrmatiorsinthe corerastype abprithm desribel above
asmarytimesaspossb b, then®orsigsofalithe maxinalbic KgLesofG .

ProoE Fird ofall Bt usrotre that the abprithm termiratesater
a rite runber oFfdepsgne the totalrumber ofb £ lQuesofG is rite,
ant abr lgue whrhwasremovel fom C (b ecaux ofab 2rptior) canrever
re-erter C:

Let usassme that afer the term irationofthe abprithm the colction
C d oesrot cortainaBthe maxamalb ¢ lquesofG - Let thenB “= (X 7Y ©)
bhe a maxanallbr Elque ofG ; rot cortaired INC; ard havirg the mirmum
runber ofel gegssamorgalthe ma>analb k Blquesw hrh are rot INC - Sine
B“isa b Kque, rore ofthe stsX © art Y “canbe empty- Il oreover, at
kad ore ofthe= two sts 5y X 7 coragtsofiw o ebments gne otherw i
B=woul be anel g, ard woul be either ind or woul be abrbel bya
br kque INC:

Let uspartitionthe st X = irto two proper sb<tsX %ard X ®-CRarly,
XeYy™arm X ®Y ) arebt Kgueshavirgsrctly €ver el gesthanB 2By
the mirmality assmptionit Tbw sthat both ofthe= two bt lguesare
either cortairel ind®or in i el inb & lgueso 2 C karly, their coreres
X O[ X @Y =\Y ) iseither cortaired indor in Li el inore oftheb ¢ KgLes
oF2 How ever, thiscorerasisamp /B “:

k v sTom the above that ®:ortairsalthe maxinalb i Kuesoft :
CRarly/ it carrot cortainaryother b ¢ lque Sne that woul bheabrhel by
ore ofthe maxanallores. ¥



E>amp Bk 1_Cordler the gaph G = (V;E); havirgthe vertex st
V = fa;bcie;fgard theel et E = f@;b);@;9;@;0); 0 (bre); (Ghg
(e guel).

Figae 1:The gaph G

Let uscordl er the Tbw irg Emily o £ lguescoverirgthe el ¢ <t oF
G :C= 184;B,;Bag;where B, = (fag; ;i g); B, = (fog; feg); an
Bs= (fq; fa;b; fg): Startirgw ith C; the app kationofthe ab ove abprithm
w illresaut inthe v Mg geps

1.The orycorerassofB; ani B, isB, = (fog; fa;eg); whih we shall
ald toC:

2 .B, bergabrbel byB,;willbe removed fom C .

3.ThecoreraresoiB; anl BzareBs= (fag; ;i g);Be= (Thg; a; @);
whrthwillbeadded toC:

4 _.B,willbe removel fom C;belrgaborhel byBs:

5.The cormrasofB sz an B, are (fag; ;@) (wWhrh beirgab s el
byBswillrot bealded to C)ari B-= (fog; fa;ceg); whrhwillbe
alded toC:

6-We remove B, ari Bg fom C;both beirgabrhel byB +:

Ary corerassofary ofthe remainirgh t lguesB 3; Bs; ari B isab-
el byore ofthee bt lgues arnl carvot beaddel toC:
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T herebre, the abprithm term iratesw ith the colctionofalmaxanal
b Bqeso s = fifag; b, i g); (hy; fa; Geg); (F; Ta; b; Fg)g:

0 bviously, the corerausal juntionar the ab @rptionoperatiorscoul
have b eerapp el INarother ord er,b ut the resukirgco Iactbn@{ asshow N
by theorem 1 { woul have beenthe same. We shoul remark that the
above cormrassalbprithm may have anexporeria lrumirgtime, 9ne as
it w illb e show Ninthe exampk bebw , it canprod uce abrgthe way a brge
runb er ofroRAmaxanalb c© kgues. How ever, asit w illbe feniNnSectiond ,
by arnad equate speci cationofthe ord er irw hch the trarsbrmatiorsofthe
corerassabprithm have to be carried out, the comp Exaty ofthe a bprithm
canbe guararteed to be totalpobromelinitsirpu ( rumber ofvertces
art ofel geso G ); ard ouput ( rumber ofmaxamalbr kques -

TakirgasC the co lctionofalithe in v e led geso K., (each view e
asa comp kte b partite b gaph), we canapp ¥/ the coreraismethol 1IN
arh a way that inthe rg¢ quene oftrarsbrmatiorswe prod ue althe
b lqﬁ}shq}/ﬂ’g exacqyn vertces. How ever, the rumber oftho= bt lgues

|s i NEi - " §2;an there®re,the app kationofthe above
i

al;prlthm w ith thispartc ukr ord er oftrarsbrmatorsrurs inexporerial
time.

0 nthe other hart , Bt V °= 2, :5vPgan V ®= R =5v®ybe the ver-
tresinthe two b partitiorsofK, , -B yﬁrm rgthe cortermsoﬂﬁ/ g; FVRY)
with (Fv9g; FvR); we obtainthe bt kque (FVdg; W v®): INnthe rext geps
we shallBm ina smikr way the b lgues (F9g; KB VEVR)) an = on
uniilwe Bm (F9g;V D: INna smibrwaywe shallprod ce althe bt kqes
(Y Y;
1= 2;:5n:T he rumber oftrarsbrmatiorsinthisprocessisofn(h 1) con
<rasal untiorsan 2n( jl) abrptors.Formirgrow the corgeraes
oforeofiwo K, "sweobtaima K; ,, -T he corersusofthisK, ., w ith arether
Kin 152 Kgn -Contiruirg inthisway, iNn j 1 depsoforervssal unton
art 2(n j1) depsofabrptors we hallprod ue Ky ; Sow irgthat w ith
a proper ort er oftrarsbrmatiors the rumirgtime ofthe abprithm istotal
pobromil(an inthispartcukr cak pobromih.



3 Reld utionto the b partite cae

We halll isussinthissctiona sraigtbrwan rel wtionofthe M B EP
to the pecelca oF i irg the maxanalcomp kte b partite b gaphsoF
a b partite gaph. k w ilab be fenthat thistrarsbrmatonw ilmalke it
posbh Btode re feci ¢ veraorsofthe gereralcormrastype akbprithm
lesrbel INSection? , havirgguararteel totallpo brom mlcomp Bxaty.

Let uscordi er a b partite gaph G = (L;R ;A);where L ard R aretwo
l igoin stsofekmeriscalbl rudes ani A isa st ofarcsofthe type (I;r);
with 12 L arda r 2R :W ithout bssofcererality we shallabaysassme
33 - Rpart we hallcallL the BE =t oFrodesari R the rigt st oF
rues. We shallale a=me that the arcsare abaysoriertedl fom L toR :
A b partite gaph G sitisfirgthe ab ove asamptiorsonthe carl iralitiesof
itsh partitoNstsari onthe orertatbNofitsarcsw illbe ampl/cal a
bigaph.We sha li erote the totalrunber j g+ R jJofertresofab igaphby
n; the rumber jAjoftsarcsbym ,ard the runber ofitsmaxanmalb t kqLes
by :

Two renempty Sb<tsLC L art R willbecalld grorglyad ja-
cert,deroted asL? RO if(l;r) 2 A 6rall2L°%ri allr 2R &

Abtlgwe ofG inMuel bytwo srorgl al pcent sbsstsL®an R°%oF
L ari R repectivel,willbe ampl/dervtel by (LORO):AB,we Shallcall
L°= L®B)the EEgle ofB;ar R°= R (B) the ridht Sie ofB :The st oF
allmaxanalb r lqguesofthe bigaph G willbe ( erotel asB (G ):

¢ venagaphG = (V;E);withV = fv;; 5v,g;we shallascte to it
itsdow b cover, ie.abigaph2G = (L;R;A),where L = f; 5 hgani
R = fry;srpgare two d igoirt copeso®V; ari w here the oreertel arc st
Aistliry; (gro :f J21;5ng; (§ P2EQg:

We remark that there isa ore-to-ore correporierne betweenthe b
¢ QuesofG anl the pairsofsmmetre bt lguesof.G - Ireedl , Bt uscon
derabriqgue X ;Y)ofc ann Et usd erote the copesofthe stsX ari
Y NLard R asLy ;Ly;Ryx;Ry;repectivel/ k iseas/to rotre row that
there Isa ore-to-ore correporierne hetweenthe br bques(X ;Y ) of6 an
the pairsofgmmetrr bt Bques((Lyx ;R v ); (Ly ;R x )T hisremarka bw sus
to red ce the cererallM B EP Br a gaph G to the prob m oferumeratirg
the maxanalb t lquesofthe d owb kB cover 2G ofG infirear time. INView
ofthisremark, the abprithmstobedesrbed bebw w illbe Brmukbtel orly
Br bigaphs akhough it isc Bar that they coul albo be preriel d rectly
iNntermsofarb itrary gaphs.



LetB; = (L1;R1);B; = (L;;R;)betwob i lquesofthe b igaph G -Sine
L:\R, ara L, \R; areboth empty, at mog two corersmsofthe b r kqLes
Biard B, mayhede rel , ramelythe rigt coreras

Bl_Bgz (Ll[Lz,Rl\Rz) (l)
MR 1\R,; 6 ;;an the FEcorwras

Bi1™B;, = (L1 \L;;R1[Ry) @)

L, \L; 6 ;:Dulhace ant || annel®hN[DI 53] poirtel out that (1) ard
) are the pinari the meet, repectivel, ofa ¢ idrb utive httre.

Let uscordi era sb<t Sofi an Et usassc |te to it itsreighb orhood
i(®INR :Smikrly, kt usaswc iate to anarbitrarysb st T oMR  itsreigh-
borhood ¢ (T) INL:W ith the= rotatiors it isc kar that Br ary renempty
sb =t SofL; the ®tsj (S) ani ¢ (j (S) are grorglyal pcent; the b partite
sbhigaph ofG INuel by ¢ (GS) and (S willbe calkl the bic kque
areratel by Sani ( eroted B; (S) (or B (S) Br Sort) - Ina s/mmetrc way,
Br ary ronempty sb <t T ofR , the b partite bb igaph o6 InMuel by
¢(M)an j@€ (T)) willbe calkd the b lgue gererated by T ari d eroted
B¢ (T) (or B (T) Br short) . k isc kar that d Perert sb tsS’, SPofi. may
le rethe smebrlgQe B(S) = B(SO: k isab ¢ kar that Br every b i
cligue B = (LB );R B)); there exast sbhktsSofL arhthat B = B, (S

(g9-S=LEB)):
6 vena maxamalbc lgue B ofG ,we shallde re the rark%(B) by
2B)= minij ©)
B=B;(®

art we shalld erote the <t ofaEmaxanalb r lguesofrark 1asB (G )T he
rark ofthe bigaph G ; derotel %(G); isde red as%(G) = maxF:@B) : B
ma>amalb r kque oG g:

The br lgquesofrark ore, whih are the BT certerel gars B, (fxQ);
x2L;willphya feciallrok inthe method desrbel bebw .

Remark1 . Hi%nri R Care ronempty Sbh<stsofi. arni R repectively,
thenthe T v irg fatemenisare equiva bri:

ML?RG



DR i LY;

(i) L R 9:

Remark? . HLC L®ar R% R ®are ronempty sbh<stsofL ani R;
repectively, thenthe Tbw irgrebhtiorscanb e eagly edab kel :

iCLLD= i NI LD @)
iCONLYTMi I i LD ©)
CROLRD=CRINERD ©®
CROARDINMERI[LERD )
iL)=iC GO ®
CRYI=¢GCRW: €))

Note that a bk Bigue B ismaxanalifari ordy ifLB)= ¢ (G (L (B)) ani
RB)=iL®B)):

4 Atotalipolromirlversmorofthecoreras
albprithm

INnthissctonwe hallshow that by appropriately sec rifirg the order IN
whch the corrsusoperatiors have to be carried ou, the albprithm ofF
the precel g =ctiboNbecomestotally pobromi L 0 ther totally po bro-
milabprithmsBr gereratirg d Rerert kird softomb iratorielob pctsare
krow Nninthe Bterature, e eg- Paullart Ureer [PU ], an T sknyama,
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B e, Arposhi, Shiralkaw a [T IAS77],) ohr®n Y arralkakis ari Papad m itriou
[JY P88] (dabh k =t9, Low br, Lerdra,ari R irmooy K an[LLK 80] (irdepen
l ert tsin®@me ¢ hsesofin eperi ene s/gems art iNpartculbr in wed
comp kte kj partite sbgaphg .

The rew versonofthe coreresabprithm { whrh we shallcalthe
mod ulbr corrasabprithm (I CA) asamesthe krow B e ofa EmilyC oF
maxamalb £ lguescoverirgthe arc st ofthe b igaph;asitw illbe erbebw ,
arha Emilycanbe Huri iNnBirear time Kartirgw ith anarb itrary coverirg
ofthe arcs. Startirgw ith the gven®milyC ofmaxanalbt lgueswe se/\lact

two sch maxinalb © kguesB Pard B ®, Hrm their cormrau=sB an B ; if
they exist,ard checkw hether they are cortaired inC : Hore ofthem , sy B ;
isrot iNC; irgeal ofampl/add irgB to C;we hall rs exec e a EqLENE
oformrasoperatiorsirvolirgB an certainrarkore b t lgueso 6 At
eachsrh gep kthebt Eque B ;w ilheabrbel bythe resukirgrew bt Eque
B i1;ar at the rext ¢ep B willhe abrbel bythe rew B, etc . T his
"mod Uk o orwrassoperatbrsoNB an itsi eserd artsent sw henthe
=qLene B ; B ;5 prod wesa maximalb i kque B » : !\fB = ISrot yet inC
weimbde itA_We repeat row aBofthe above fepsr B - At the erd ofthe
LqLene, ifB s isrot iINC we add it,ard repeat the ab ove comp kte mog\ule

by sartirgw ith arother pair ofb t kquesinthe EmilyC°= C [ 8 4B g-
T he processeni sw henthe coreraisofro pair ofb t lgesinthis Emily
kal sto the Brmationofrew maxanalb © kgLes.

Inort er to d evebp the d etailbofthe abprithm ,we hallde re row the
mod ulr corerasoperatiors Br two b & kquesB %an B ®ofa b igaph G in
the ©bw irgway:

=the ridnt mod ukr corerss
BtB®= CR BINRBM:RBINRBY) 10)
isie rel MR BY\R BD 6 ;
=Zthe BFEmod ubr coreras

BUB®= LBINLBD;iLBI\NLBD) (11)

10



isie rel iLEBY\LEBDS6 ;.

Lemma 1. 6 iventhe colkctionofall BE certeral gars (B ; (fxg) :
x2L)ofFabigaph G = (L;R ;A) havirgm = jJAjarcs the ridit mod ulbr
corerss Bt B®oFary two bic kquesB% B® oFG canbe obtairel by
perBrmirgat mog n°ridit corerssal juntiorsar nCabrptiors where
n°= maxf_j R P+ 1:The order inwhich thes operatiorsare carried out
hasrwo irt Lernne onthe resul, or onthe comp kxaty.

P roo®E Hthe colctionofthe rark ore maximalbt kques B ; (xQ) :
x 2 L) isgiven thenthe right mod ubr corerasB °t B ®ofiwo bt kues
BPard B®canbe obtairel inpobremialtime by perBrmirgthe T iry
richt corersssal untorsan abh rmptors

- d etermire the rightt cormresB’ = B° B®
- intakei=0
- Preveryroiex 2L :
- iR B ") i (Fxg) then
- d etermire the right cormrssB *1 = B' B (fxQ)
-abrh B'hyB *?
- INreaxk byl

Note that onthe ore hari R@B°) = RB?1) = === R@B; an onthe
other hari , LB%) Y2LB?') %2 2% LB %); where allin Lebrsare grict -
CRarl, LB ") ismaxanallw ith repect to the property that every vertex in
it isad jacert to every vertexofR B ¥); thereBre B = Bt B ®The rumber
oRorerasal juntiorsan ab Srptiorsinthisabprithm carvet exceed n®
repectively.T he ort er irw hich the right corsrsusoperatbrsare perbrme
d oesrwot irfLene reither the resul, ror the comp Exaty ofthe proced ure -2

Smikriiyto Bmma 1,we have:

Lemma 2 . ¢ venthe colikctionofallridtt certeral gars (B (FQ) :
y 2R) ofFabigaph G = (L;R;A) havirgm = JAjarts the BE mod ubr
coreres BOu B®ofary two b lquesBC B®oFG canbe obtairad by
perBrmirgat mod n° Efcorerasal juntiorsarn n°absorptiors where
n°= maxf_j R P+ 1:The order iNnwhich thes operatiorsare carried out
hasro irt Lernne onthe resulk, or onthe comp kxity.

11



Remark 3. T he right mod ubr cormrasB°t B®canbe d eterm ired
d wectly INO (m ) time _For each vertexx INL we ¢ etermire the rumber oF
itsreighorsink B°t BYD. Thisrunmber eque BR B °t BOjifani orly
ix2¢ R Bt BD):A amihbr remarkhol sHr EEmod ubr corgra=ss.

Remark4 _ Havirgdesrbel how to obtainthe two mod ukr coren
s ifary,oftwo b t kquesB %art B @, bt usse row how to u= thes resulks
Br trarsbrmirga Emilyofh t EIguescoverirgthe el e «t ofa b igaph to a
Emillyofmaxanalb t lguesw ith the ssme property. HB isa bt lque ofG ;
themn@B tB)u@B tB)=B;R@B))ari BuB)t B uB)=B,LB))
are both ma>analb t BquesoTG ; cortairirgB ; anl it iseasy to check that
MRE)= iC@)oriFL@B)= ¢REB); then® tB)u @ tB) =
BuB)t(B uB):

k T v sthat gvena Emily C ofb r lguesthat coversthe arcsofthe
bigaph G ; we may ob taininpo brom e ltime a Emilly ofmaxanalb t kgues
that cover the arcsof6 by rephcirgeach bt lgue B INC eitherwith (B t
B)u@®B tB)orwith 8 uB)t (B uB):Note that gvena Emily C ofp
b t Bquesthat cover the arcso®G ; we may obtaininO (n p) a sb EmilyoF
at mog m br Eguesw ith the same property- A, the Emilyofalib r lgLes
ofrarkore canbe obtaired fom C imnpobremieltme.

M od ulkr cormrasabprithm (I CA)

=2Start witha colctionC ofat mog m b r lguesthat cover the arcsoF
the b igraph G

=2Rep hce the colctioNC by a colkctonofmaxamal bk kgues that
cover the arc so¥G ; asinR emark4

=For every pair oft igint bt kgtesB%ardt B® iNC d etermire their
BT ani right mod ubr corersses fary, art ald them to C; uks
akeal ycortairel iNC:

T hus the mod ubr corerasabprithm isa e kel versonofthe
cormrasabprithm which gartsw ith a colkctionC ofmaxanalb t kgues
coverirgthe arcso¥G ; ard INw hh the corerssoperatbrsare goye
inmod uksw hrh have to be comp kted be®re gartirgary other corgeras

12



operatbn.Beirga ec kel versonofthe corersusabprithm, thisabp-
rithm termiratesaf®er a rite rumber ofstepsprod uwirgthe colkctionof
allmaxanalbr kjLes.

1 a
) 4 2 b
3 c
3 4 d
G 2G

Figre?:ThegaphG ari itsdow Ecover 26

E>amp k2 _Cordaler the gaphG = (V;E)withV = f1;:S4gari
E=11;2); (1;4); 2;3;Q;4); (34)g: ksiow E cover isthe b igaph
26 = (L;R:A);where L = 11;2;34g;R = Rjbcig, A= f(L;b);@;d);
Q;a); Q3 Q;0): @b @) ¢a)¢:b);¢:9g (e gue?). The mod ut
bkr corerasabprithm w illcorag ofthe v g teps
1_Start w ith the T bw irgco Ectionof k© Egquesthat cover the arcso G ;
C=1,;:3B,g;whereB; = (;3;f1Q); B, = (Rg;fa; clg);
Bs= (f1;34g;Thg); B, = (g, fa;@):
2 -Rephceeachbic BqueB fom C bythemaxamabhcique BtB)u(B tB) :
B, = (f;3y;M;d0); B, = (Rg R, clg), Bs = (1;34g;Thg);
B:, = (R;ig, ;@)
3.The orlymod ubr corerasofB; an B; isSBs= (1;2;3y;fig)an we
ald ttoC:
4 _Both mod ubr corersuxesofB; are Bz are akeal ycortairel iNnC:
5.T he pair ofb ¢ BguesB 1;B, hasro mod ukr corerss.

13



6-Both mod ukr corersuesofB, are Bs are akeal ycortaired iNC:
7-T he pair ofb £ lquesB, ;B 3 hasro mod ukr coreras.
8 _Both mod ukr corersuesofB, are B, are akeal ycortairgl iNC:
9 _Both mod ukr corersuesofB, are Bs are akeal ycortairgl iNC:
10 _T he pair ofb i lquesB 3;B, hasre mod ubr corgras.
11_T he pair ofb ¢ EqLesB 3;B s hasorly ore mod ubkr corergsw heh is
akealy iNnC:
12 _The pair ofb ik lquesB ;B 5 hasoriy ore mod ubr corergaswhch is
akealy inC:

T he abbprithm termiratesw ith the co Ectiond= B 1; =sBsgofaMmax
malbr lguesof.G :

i ¢
T heorem 2 _T he mod ubr corersasa bprithm rursin0 = (m +nbg )
time.

P rooE Sineeachmaxamalb t lguecarbeobtairel imatmog 0 (n ) time;
the trarsbrmationofthe intialco EctioNC irto a cokctonofmaxamalb i
¢ kquesthat cover the arcso®6 carbeperbrmed imat mos 0 (m2) time.T he
operatiors(10) ara (11) app kel to maxanalbt kquesB%ari B®@proi ue
ma>xanalb r bqLes there®re at every gep ofthe abprithm the colkcton
C cortairsorly maxanalbr kgues. T he runber ofpairsot r kgLes us
fr cormras Frmationis0 ((?); art the rumber ofoperatiorsreed el Br
each pair ofb © Equesisoforier 0O (n + n).- Inort er to avoll d wp kates Br
each rew mod ubr corgrasit mug be checked w hether it hash eeralkeal y
cererated , ari ugrg b irary <arch tl3_iscanbe dore g0 (0 bg ) time.
T herefre, the totalcompbxity isO ~ “(m + nbg ™) :Sinme ~ - 2", it
Hhbvwsthat log; - 0 (n),art corequertly, the comp kxaty ofthe mod ubr
cormrasabprithm ishoudel by 0 (('n?):¥¢

Remark 5. We may obtaina computatioralimprovemert ofthe mod -
ubr corerasabprithm fwe Ntk ke the colkctioNC w ith the colkctionN
1B, (fxg) :x2Lgofallb r lguesofrarkore ofG -Arymaxanalb t kque B
ofG maybeobtairel byperbrmirga fquene ofrigt corerses
(1B ; (7x19)_B; (7 9))__=)_B; (1X,9); w here xy; =23X,9= L(B):T here-
Tre, the right mod ulr corgrsusoperatiorsare Sk ¢ iert to gererate a lithe
maxamalb r kqueso TG :
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5 I odubkr i rpu corerasabprithm (I ICA)

A sbgantlimprovemert iNnthe mod ukr corersusabprithm canbe ob-
tairel by rotrirgthat maryotfthe corgrsusal juntionoperatiorsprod Lce
the sme oupus art are there®bre red uriart- We shallshow bebw that
by awvirgproper care to the exact ord er inw hch the ma>amalb t kquesof
the colkctioNC are bgel ,we canredrrt the corersusal juntorsoriy to
tho= stuatiorsinw hch ore ofthe two "pareris™isa b t lgue ofrarkore.

Let usremini that a br lgue B issal to have rark | ifthe mirmum
cart ity ofa «t SarththatB = ¢ ( (9); i (9) sl:

The abprithm to bedesrbel INthissctonNniseserinlybasl onthe
Thvirg

Lemma 3.T he riditt mod ubr corersssofa b lgue ofrark lard ofa
bic lqgue ofrark 1 isa bk Bque ofrarkat mod 1+ 1:

ProoE Let BO= B, (A); j;AJ= I;beabi Eque ofrarkl; ani bt
B®= B.(fxg) be a B certerel sar ofG; sththat RBY\NREBD 6 ;:
ThenB°t B®= (¢ (j(A[ TQ)); i (A[ Txg)); ani it Tbw sthat
LBOtBY - 1+ 1:

Corversl, ktB = B; (A); JAJ= I+ 1beabr Bgwe ofrarkl+ 1 ofG -Let
a beanarh itrary ebmert ofA ari bt A°= A j fag: Note that both j (fag)
an j (A9 are rorempty, grie i (g) \ i (A9 = j (A); ani therefre both
b BquesB ; (fag) ani B; (A9 arewellde rei . CRarly, the rarkofB ; (fag)
isl ard the rarko®B ; (A9 isat mog 1-Note abo that ifthe rarkoB ; (A9
isdrrtly kssthanl; thenit Tbw sfom the rd part ofthe proofthat the
rarkofB isat mos I:T here®re, B ; (AY) = I; comp ktirgthe proo £ ¥

T he above Bmma show sthat w e canrep hce the mod ukr corgrsusa bp-
rithm by anaccebkratel versonirw hchwe orlyprod ue corgraesudrg
pairsofmaxanalb ¢ lgues at kag ore ofwhih isa Efcerterel gar.Fol
bw irg the B oo Ban Bterature onamibr corerasabrithmswe hallicall
thisacce brated techrigue a mod ubr irpu corersssa bprithm

Ashetbre,we shalld erote by B (G ) the colctionofmaxamalb & lgues

ofrark l. Let usab ( erote _[IlB iG) by Cy-W ithinthe Ffamew ork ofudrg
3

the ipu corerausa bprithm Br corgrutirgthe ks ofmaxanalb t kgues
ofrark 1 ofa bigaph, we shallproceed srcesavely by creatirg the Ies
B1(G );B,(G); =-etc . Astme that at a certaingep we have cordgrutel all
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the ma>anallbr lguesw to rark 1l j 1; and a part oftho= ofrark I; sy
BAG ):T he Keswe shallmake u= ofto corgrut the remairirgb & lquesof
rark | (ifary) are B1(G ); By(G ); Cy art B{G ):

Now we cangate the

M od ubr irput corwrasabprithm (M 1CA)

=Start w ith the colkctionC ofb k lguesofrarkore ofG 18 ; (fxQ) :
Xx2Lg

2Asmmirgthat the b r lguesofrarkl; =51 j 1 were corgrutel ,con
drut the b © lguesofrark by sqlertia By Hrm irga Bthe right mod -
ubr coreraesofht lguesofrark |l j 1 anl bk Eguesofrarkore,
art ald them to C; urkssakeal y there.

T heorem 3.6 iena bigaph G , the mod ukbr Iput corerasa bprithm
prod Lcesa Mthe ma>amallbk lguesofG :

T he valil ity ofthistheorem Tbw s fom the valil ity ofthe mod ukr
corerasabprithm ardi Bmma 3.

E>amp k 3.CordlerthegaphG ari itsi owh Bcover?G asirt >xamp b
2 -
1 _Start w ith the co Bctionof ¢ lquesofrarkore oF.G :
B1(QG)= 184;B;;Bzg;where B, = (f1;3; M50 09); B, = (K g;Ta; Gl g);
Bz= (g, fa;b;@); intalke C asB,(2G):
! .IntakeB,(G)as;:
3.The right mod ukr corerssofB; anl B, isB, = (1;2;3y;fig)ari we
ald toB,(Q2G):
4 _The right mod ulbr corersusofB; ani Bz isBs= (1;349;fog) ari we
ald ttoB,(G):
5. The right mod ukr corerssofB; ant B3z is(f;34g;fg) ani it Is
akealycortairel iNB,;(QG):
6:Update C asB,(G)[ B, @G)= #B,;:5B=0:
7-IntakeB3(G)as;:
8_Theright corerssesofarybr lqgue inB ;G )ar aryb kque imB; (26 )
isaleal y iNC:
T herebre, the albprithm term iratesw ith thecolctionC =1 1; :sBsgofall
ma>amalb r kquesof.G :
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T he comp kxaty ofthe mod ukr irpu corerssa bprithm isgvenby the
Thbw irgresul w hrh isproved inthe Apperi <

T heorem 4 _T he mod ubr irput corersssa bprithm rursin0 (N2~ bg )
time.

0 re may rotce that gne bg = 0 (n); the comp kxity ofthe abprithm
isabl 0 (N ):The rumber™ ofmaximalh t kquesofa b igaph isret po bre-
m i linthe sze ofthe b igaph . Hthe rumber o £ lguesofa b igaph woul
be polbrom e linthe runber oftsrud es thenthe prob Bm ofl eterm iniry
the maxanum sze ¢ lgue ofa gaphwoul abB bepolromie /. ThistThw s
mmel ately fom the ore-to-ore correporderne w hch canbe egab khel
betweenthe ¢ lguesofa gaph 6 = (V;E)withV = fv;;5v,g ani the
bt Bquesofthe bigaph G Cobtaired by add irgthe arcs(l;;ry); 1= 1;=3n;
to the dowb B cover 2G (e eg- [DKTI97) - Cormqrertly, the comp bxaty
ofthe mod ukr irpu corerasabprithm issnalkbr by a fctor  thanthe
comp bxaty ofthe mod ukr corerasabprithm

6 Some ¢ hksesofb igaphs®Brwherh M BEP
carve o led polromall/inthe rmpu ke

Asit was=eninthe irtrod ution the rumber o & kguesofa b igaph can
be exporeriblinitsse. k isab obvbusthat the fimily ofthe dow Ek

coversoFgaphshavirg maxamalc lguesofsze 0 (n) hasanexporeriial
runber ofmaxamalb © lgues. 0 Nthe other hart , rumerousc hsesofye

caly drutuel gaphsare krow Nto have po brom mlrumb ersofmaxanal
¢ lgues ¢ karly, the d ob B coversofthes gaphsw illaBhave pobrom il
runbersofmaxanallb £ lgues. T hereBre { inview oftheorem 2 { we have

apobromelssblioNn®r M B EP: Inthissctonwe sallpresr two sch

et lc hses.

61 Bowel degeebigaphs

Let ¢ be a pogtive intecer ari kBt i be the Emily ofallb igaphsw hos
rod e ( egeesare bourtel byd - T hert

Theorem 5_M B EP ispobromiialbr bourial degee bigaphs.
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ProoE Let G be a bigaph havirgaBlruele (egeeshourtiel by the
corgart d - T he theorem ishasi ontwo fcts.Fird, the rumber ofarcsof
thish igraph isat mos nd - T he scord #ct cornerrsthe runb er ofmaxamal
b lquescortainirga gvenarc, [ty Xy X 2 L; y 2 R); oFfthe bigaph
G : CRarly, each ofthes maxinalbt kgues sty (LSR O w illbe sch that
Lo ¢ () ar RO j (Fxg): Sirne LO( etermiresRk ®ari grne at mos
2% j1lchoresofthe st L%re possb B, it Tbw sthat the rumb er ofmaxanal
b i BqLescortairirg xy isat mog 2¢ §1:

The two 1 esabove show that the totalrumber  ofmaxamalb i lgues
ina bourtel degeebigaph isat mog nd2? -From theorem 4 it bw sthat
the comp kxity ofthe mod ubr irpu coreresisO (0~ bg );whih Brour
¢ hssofgaphsisO (n3bgn): ¥

62 Corvexbigaphs

Let G beabigaph. G iscalkl R j ©nvex (ke [ b67) rfthe rod esin
R canbe ordered iNngcrh a way that j (fxg); Br ary x 2 L; isanirterval

coragirg ofa B fiy); Yico: 15 =25 YioO:

Theorem 6.The rark %2(B) oFfary ma>danalbk klgue oFanR-corvex
bigaph G isat mod ?2; ari therebre M B EP canbe Vel inpobromial
time.

P rooEDe re

1= Xrgl_a(Bx) mirnfi:y; 2 i (xg)g 1)
ard
U= Xr2n|_|03n)max1_:j Y20 ((Xg)g: 13
Leta2L B)besrhthat 1= minfi:y; 2 i (ﬁg)g-ard Btb2L (B); srh
that u= maxfy:y; 2 (fog)g:Sinme R B) = i (xg) = j (ag) \
x2LB)

i(fg)=R B; (fa;bg));wehave B = B, (fa;bg)-T herebre,2"(B) -2:¥

Arnbopud/,we canie reanL j onvex bigaph. Ina smmetric way
with»@B)wemayabde re »{B)as
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2B ) 5.0 :I l)J| J 14)
Smikrly to theorem 6,we have:

Theorem 7.The rark %48 ) ofary maxamalbi kque oFanL-corvex
bigaph G isat mod ?; ari therebre M B EP canbe @2bal inpobromial
time.

7 Compuatoraliresulls

We have runa bhrge runber oftegsudrg asirpu the dow B coversofF
rariom by cereratel gaphsw ith 20 to 1000 vertcesary 100 to @00 el gps.
We have runexperimertsinthree batches

T he pupo< ofthe expermertiswasto d etermire thle_comp Bxity coef
“ciertsw hith appear inthe worst cae evalatiorso® ‘(M + n bg )
Br the mod ubr corersusabprithm ard 0 (N2~ bg ) Br the mod ubr irpu
corerassalbprithm

T he resuksofthes experimertisare preriel iNtab ksl - 4 . INnthex
tab Bs n; m repren repectively the rumber ofvertresan el gesinthe
rariom Iy cereratel gaphs whik — repreristhe rumber ofmaximalb i
¢ lguesintheir d o b covers. We have derotel by kg ani k repectively,
the rumber oftomparirsh etw eenpairsofh © kguescereratel ¢ urirg the
exec utioNnofthe two abprithms. Smikrl, g ari g represrt the runber
oftorerassoperatorse>ecuel by the two abprithms.

Basl onthe runber ofoperatbrskn + gqum execuel INthesk exper-
mertshy the mod ulbr corerssabprithm M C A; we have ( etermirgl an
approxanate valle ofthe corgart ¢ appearirg inthe word cas bouri
G ' (n + n bg ") onthe rumber ofoperatibrs. INa amikr way,basd on
the rumber ofoperatbrskn + gm execuel INthes experimenishy the
mod ukbr ipu corerssabprithm M 1C A; we have d eterm ired anapprox
imate va e ofthe corgart ¢ appearirginthe wors ca bourt en’™ bg~
onthe runber ofoperatiorsreel ef -

0 re ofthe mog suprigrgcon Lsorsofthes calubtiors asit canbe
<enintab ksl - 4, isthat the valesofthe corganisg ar ¢ remairad
practcallyunharged abrgthes experimerts b oth ofthem beirgextremely
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bv inallthe experimerts w ithout ary exeptiorn. For examp B, ¢ main
taired a valle very c b= to 2 7 inallthe 20 expermentsirvolirg gaphs
with 20 vertresari 100 el ges. ksvalle wasab aysveryc b= to 18 inall
the 20 expermentisirvolirg?5vertresan 135 j 157el es. T he cordart
¢ bhehavel iNa very amikbr way, mairtairirga vale c b to 17 inalthe
experimentsintab B 1, veryc b= to 1 3 inallthe expermenrtsintab k2 ;
¢ b= to 0 8 INallthe experimertsintab k 3ar to 0 13 inalexperimerts
iNntab k4 :

Arwther irteregirgcon Lsonfom thex experimertsisthe ¢ kar com-
puatoralsperority ofthe abprithm M IC A; incomparimnw ith M C A:
Asa matter ofF#ct, the ratio ofthe rumber ofoperatiorsrequirel by the
two abprithmsvarkesbhetweern?0 art 6 ,d eperd rgonthe gaph.

How ever, it isc Bar that the mog importart conn Lsorofthe experiments
isthe extreme ex ciernny ofil 1C A inhari lrgvery brge gaphs. k soul
bealdel that the compuatioraltimesrequirel evenby the brges gaphs
expermertel w ith were extremely reasrab k.
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E 5|3 Ofb(log b +mb) = Knton
g8 - * vl w2 ne nlogb + - - Olblogb) | Kn+an
1 o
5 [c|e|88] g [ BE ge|8¢s
1 20[100] 600 3496 361 2.774 137 15 1.374 35
2 20]100| 646 4007 418 2.762 158 16 1.438 35
3 20]100] 482 2110 233 2.625 109 12 1.419 27
4 20[100] 688 4457 474 2.735 178 18 1.510 35
5 20[100] 478 1969 229 2.537 125 14 1.630 22
6 20100 434 1713 189 2.610 90 11 1.329 26
7 20[100] 574 3216 330 2.777 128 14 1.348 34
8 20[100] 580 3226 337 2.746 128 14 1.333 35
9 20]100] 682 4418 466 2.749 168 17 1.444 36
10 [20]100) 574 3168 330 2.750 126 14 1.327 35
11 ] 20100} 538 2688 290 2.679 129 13 1.463 29
12 120|100} 574 3208 330 2.772 128 14 1.356 34
13 [20]100] 624 3754 390 2.765 141 16 1.348 37
14 ]120|100) 542 2815 294 2.735 117 13 1.319 33
15 ]120]/100] 488 2129 239 2.600 110 13 1411 27
16 [20]100| 498 2205 249 2.594 125 13 1.553 25
17 [20]100| 582 3237 339 2.740 131 14 1.358 34
18 ]20]100) 562 2905 316 2.668 142 15 1.529 29
19 [20]100) 514 2420 265 2.649 115 12 1.374 29
20 ]20]|100] 670 4269 450 2.749 165 16 1.443 36
Mean| 567 3070 326 2.701 133 14 1.415 31.631
Stdev] 72 830 82 0.074 22 2 0.087 4.349
Tab B 1: Comparative aralyasofil C A=M 1C A Br rariom gaphsw ith
n=20;m = 100
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3.2 52 52<
~-E |5€ ERRS ERRS
= Qg S c 9 S c 9
23 |55 2 g2 2 g2
ER- el =0 < =0 <
—_ %] %]
3 %) % g — 2 g ~ |2~
gl g v R sw 5@
= |5|g|& £E | 2% EE |28
(3] o * *
T =T eS| we | v £ 2T e Olblogb) | K;n+Q;n
5 lelelB2) 2 | 5e 2el8e
1 25[157] 1672 17373 2791 1.938 620 57 1511 52
2 25(146| 1174 7133 1375 1.816 370 37 1.358 37
3 25[130]| 800 2667 638 1.699 209 23 1.202 26
4 25]139]| 932 4222 866 1.786 279 30 1.342 29
5 25]155] 1622 13520 2626 1.780 501 48 1.270 54
6 25[142] 1008 4339 1013 1.676 280 30 1.231 33
7 25[135]| 776 2866 600 1.776 228 24 1.354 24
8 25]151] 1292 10295 1665 1.954 446 43 1.463 42
9 25[140| 962 3720 923 1.639 260 27 1.206 31
10 | 25]154( 1336 10920 1781 1.930 458 44 1.446 44
11 ] 25]155( 1728 15162 2981 1.773 535 51 1.261 57
12 | 25]143] 1062 6586 1125 1.938 359 36 1.479 33
13 | 25]156{ 1596 14501 2543 1.861 555 52 1.430 50
14 | 25]156] 1506 12138 2264 1.805 488 48 1.348 49
15 | 25]157] 1836 19958 3365 1.897 643 58 1.408 59
16 | 25]146( 1252 7315 1564 1.736 364 36 1.244 41
17 | 25]146{ 1142 6365 1301 1.766 345 35 1.311 37
18 | 25]144] 1020 4698 1037 1.708 301 31 1.303 32
19 | 25]147| 1242 8303 1539 1.848 391 39 1.348 40
20 | 25]|138] 1014 4742 1025 1.754 295 30 1.285 32
Mean|147] 1249 8841 1651 1.804 396 39 1.340 40.085
Stdev| 8 | 317 5130 830 0.093 129 11 0.093 10.473
Tab B2 : Comparative aral/asofil C A=M 1C A Br rardiom gaphsw ith
n=125
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¢ 2
o) > £
3 |.% g 2%
- E 5 e S o 8
> ®© Qg T > c 9
QT 5 5 o 9go®
£ o O a = S 0<
— %) I
£ 5 2
$1 g8 | 52| 29
o Q T 0 S w
- £ o £ Q E a E
s 2| 25| 58| 88 & =Gbrond]
g 5 5] vS £ 3 % 3 tblogb
2 *® i sZ| ns s
o O
5l [ e ]85] &£ | B
1 100 | 1000 [11802f 11541 1282 0.803
2 100 | 1000 [12368f 12783 1367 0.842
3 100 | 1000 |11742] 11408 1271 0.799
4 100 | 1000 |12042| 12032 1316 0.818
5 100 | 1000 [11922f 11812 1298 0.812
6 100 | 1000 [11970f 12046 1317 0.824
7 100 | 1000 {11940 11913 1309 0.818
8 100 | 1000 |11728| 11428 1278 0.801
9 100 | 1000 |11744] 11471 1279 0.803
10 100 | 1000 |11906f 11840 1301 0.815
Mean]11916| 11827 1302 0.813
St dev] 192 416 28 0.013
Tab kB 3: Compuatiorsw ith M IC A Br rariom gaphsw ithn = 100;
m = 1000
¢ 2
o) S £
3 |.% 5 2%
. |z¢8 S.8%
> ®© Qg T 3 ¢ 9
23 S5 225>
£ o o S S £0<
— %] I
[} < [
g £ ] 8
S| g |8 57 | 5@
=|2| & |E 82 | 332
5| 2| 3|34 §8 | §8 |g-Kmam
Els I - w2 blogh
g Tlt Tf o2 = =
W ©
51 c | 1221 8 | &£
1 1000 | 6000 [ 6438 4622 6435 0.136
2 1000 | 6000 [ 6114 4436 6111 0.137
3 1000 | 6000 | 6284 4491 6282 0.136
4 1000 | 6000 | 6518 4607 6516 0.135
5 1000 | 6000 [ 6398 4584 6396 0.136
6 1000 | 6000 [ 6372 4558 6369 0.136
7 1000 | 6000 [ 6370 4565 6368 0.136
8 1000 | 6000 | 6274 4522 6272 0.136
9 1000 | 6000 | 6244 4513 6242 0.137
10 | 1000 | 6000 | 6258 4481 6256 0.136
Mean| 6327 4538 6325 0.136
St dev| 115 59 115 0.001
Tab B4 : Compuatiorsw ithM IC A Br rariom gaphsw ithn = 1000;
m = &00
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8 Apperiix

inthe Tbw irgwe shalprovi e the psul o-col Br the mp Emertationof
the mod ukr IpuU corervusalbprithm - INnthisimp kmerntaton a b ¢ kgue
B isrecoriel asa st j (X );whereX isa <t ofmirimum ke arththat B =
B; (X ):Thevarousitsofht kguesusd inthe processare Exxogaphcally
ord ered w ith repect to the correpon g xtsj X ):

T he mp EmertationNnuxesthe Ty iIrgprocel resan fNtors

PHu archesifa bk blgwe B isina certainid ofmaxanalb © kgues
PHuri returstrie B isinthe k4, an Bk otherw is;

add anekmert B to a b>x@ogaphrallyorieredl I L : uesHBuri N
order to determire B 1IsSiNL ani iFbud retursEk,ald wd atesthe
i L; by irmrtirgthe ebkmert B inL; w hik mairtainirgthe bx@ogapht
on er;

irterc hssa 2 Q witha B4 L :createsa rew Exxogaphtally ord eref
i< by mergrgthe I2sQ ar L:

M od ubr rpu corerasabprithm

Step 1
begnN
intiate 1 = 1;
de reCy = B1(G);
eru ;

Step 2
w hilk B (G ) isrot emptyd o
b eagn
=1+ 1;
iritiate B{G ) to empty k;
Br everybt Bgue BCinB,(G)do
Br every bt lque B@inB (G ) d o
MR BI\REBD 6 ; then
B =B%B®
B rot Hurd INCy;; then
ald B toB{(G);
Cy = irterc Rss@ G ); Cy;1);
B|(G):: BRG),
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ern ;
de reC = Cy;

T heorem 4 _T he mod ubr irput corersusa bprithm rusin0 (02~ bg )
time.

P roo® Let n be the rumber ofrod esina b partitbNst ofG ; m the
runber ofarcso®G ,r the rarkofG ; | the sze ofthe =t By(G ); ard  the

P_  _
runber ofma>xanalb r lquesofthe b igaph G :CRarly, (= ardr -n:

T he comp Bxatiesofthe hast procel ureswe perﬁrmhére the Tbw iIrg:

intate:0 (1);

Hurd byb irary archarmnekmert of=e uira ks ofxzev:0 (ubg Vv);

add anekment ofxe uto a k2 ofe v (w ithout d Lp kates {the same
asBuri - 0 (ubg Vv);

de rea g ofe uvasa gvenlid Q ofLe U0 (U;

irtersctionoftwo stsofxe u 0 (U ;

shtofa st ofxeul (J;

irterc hsstwo lesofxe uan v; repectively: 0 (Lt v):

Next w e evaLate the comp kxatesofthe two feps.

Thecomp bxatyofStep 1 10 (iritiate + nbur + ad d )+ 2 @opy) =
O+ 2ntbgn+12n)=0 (n® bgn):

The comp bxaty ofFStep 2 Is

P _ _

0( (@(ritmtetn (Sb<et+ irtersctiorr Buri+add + rterc hss de re))) =
|51 i i _ac . _

0C @+ny2n+n'bg i+ bg  +n(C+ P+ )= 0(@+2n'+
E1

nn~bg +rn +n + )=00" bg)-
T hereBre, the comp kxity ofthe acce bratel akbprithm isO (0!~ bg ):
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