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RRR 42-2004, December 2004
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Abstract.This report shortly summarizes the works –supported by RUTCOR and
DIMACS– of the two authors on the field of LAD and is devoted to the analysis
of large real valued databases. The common properties of these databases are the
large number of attributes, the non-existence of binary or categorical variables.
The large size of the problems requires special algorithmic approach because of the
phenomena of combinatorial explosion. The main topics of the report are: (i) the
analysis of elementary feature selection methods, (ii) a new general feature selection
method based on a polynomial, (iii) generation of LAD objects based on a restricted
enumeration tree method used for patterns, perfect patterns, i.e. patterns which are
alone a complete LAD theory, and discriminant generation.
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1 Introduction

This report is devoted to methods developed in a LAD environment for the analysis of large real
valued databases. The common properties of these databases are the large number of attributes,
the non-existence of binary or categorical variables. The large size of the problems requires special
algorithmic approach because of the phenomena of combinatorial explosion. Both the elaborated
methods and the numerical results will be discussed in the paper.

Four publicly available databases were used in this study: ovarian cancer (with
15154 attributes, http://clinicalproteomics.steem.com), large ovarian cancer (approximately 350
thousand attributes, http://clinicalproteomics.steem.com), lymphoma (with 7000 attributes,
http://www.genome.wi.mit.edu/MPR/lymphoma) and breast cancer (with 25000 attributes,
http://www.rii.com/publications/2002/v antveer.htm).

The structure of the paper is this: section 2 discusses the analysis and evaluation of elemen-
tary feature selection methods including the correlation of the elementary methods and the use of
them in composite strategies. Section 3 describes a new general feature selection method based on
a polynomial. A general methodology is elaborated in section 4 to generate LAD objects for large
databases when not all of the cases can be investigated because of the combinatorial explosion.
This method is applied to generate patterns, perfect patterns and linear discriminants.

2 Elementary feature selection methods

1. Pearson Correlation. The correlation of the classification vector and each attribute is
calculated. The Pearson correlation method orders the attributes to the decreasing order of
the absolute values of these correlations.

2. Average separation. For each attribute the center of gravity of both the positive and
negative observations are determined. A cut point is determined as the average of the two
centers. The better the attribute is, if this cut point separates the higher number of positive
and negative pairs of observations such that the positive (negative) member of the pair is in
the direction of the positive (negative) center.

3. Best separating cut point. Assume that observations i and j have the values xi and xj

at attribute x. Suppose that i is a positive and j is a negative observation. Further on let
us suppose that there is no other observation k such that its attribute value xk is between
xi and xj . Then any value strictly between xi and xj is called a separation cut point. Let
c be such a cut point. Denote by nu

c , and nl
c (pu

c , and pl
c) the number of negative (positive)

observations above, respectively below c. The value representing the quality of the cut point
c is v(c) = max{nu

c + pl
c, n

l
c + pu

c }. The value of the attribute is maxc{v(c)} . The better the
attribute is, the higher its value is.

4. Envelope Eccentricity. This method measures the overlapping of the region of the positive
and negative observations for each attributes. Let l+x and u+

x (l−x and u−x ) be the minimum
and the maximum of the values of feature x among the positive (negative) observations in
the dataset. Then the ratio

Ex =
min(u−x , u+

x )−max(l−x , l+x )
max(u−x , u+

x )−min(l−x , l+x )

characterizes the overlapping. The smaller its value is, the better the attribute is. If the ratio
is negative then the attribute perfectly separates the positive and negative observations. If
the two intervals coincide then Ex = 1 and it is the possible maximal value.
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5. Signal-to-Noise Correlation. The signal-to-noise correlation of an attribute is the absolute
value of the difference of the two centers mentioned at the average separation divided by
the sum of the standard deviations of values of this attribute at the positive and negative
observations.

3 Filters

For each dataset, all of the attributes were ranked by five different elementary feature selection
methods. These methods are: Pearson correlation, separation cut, best separating cut, envelope,
signal-to-noise. The final ranks of the attributes were formed from the ranks of the elementary
feature selection methods on the following 3 ways:

1. summing up of the 5 ranks,

2. summing up the best 3 ranks regardless that which one is the best 3,

3. summing up the ranks of the following: correlation, best-cut-separation, envelope.

The smaller the sum is, the better the attribute is. The first 2000 attributes of each dataset were
investigated. The 2000 attributes were divided into 40 groups such that the fist 50 formed the first
group, the second 50 formed the second group and so on. These 3 different orders are called filters.

4 Correlations among the elementary feature

selection methods and the filters

An important observation is that the elementary feature selection methods and the filters are highly
correlated to each other in spite of the fact that they are defined with very different mathematical
formulae. The only exceptions are the envelope eccentricity and the best 3 filter. The correlations
for the individual problems are reported in Tables 1-4, their average is in Table 5. Finally, Table
6 shows the characteristic vectors of those correlations which are higher than 0.4. It is worth to
note that all of the correlations of the elementary feature selection methods without the envelope
eccentricity is above 0.69.

Ovarian P. C. B. Cut E. E. Sep. S2Noise all 5 best 3 3 sel.
P. C. 1 0.875763 0.398728 0.943862 0.989934 0.276745 0.127487 0.284815
B. Cut 1 0.311459 0.869304 0.88629 0.37176 0.183298 0.381385
E. E. 1 0.355642 0.433322 0.214107 0.085536 0.233169
Sep. 1 0.95192 0.34907 0.174797 0.352903
S2Noise 1 0.367968 0.20069 0.372466
all 5 1 0.513876 0.994164
best 3 1 0.454138
3 sel. 1
Table 1. Correlations of the elementary feature selection methods and filters in the case of the

ovarian problem.
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Huge O. P. C. B. Cut E. E. Sep. S2Noise all 5 best 3 3 sel.
P. C. 1 0.924035 0.359879 0.909475 0.997173 0.495969 0.061366 0.501827
B. Cut 1 0.338944 0.897143 0.933206 0.553481 0.075304 0.557442
E. E. 1 0.327359 0.376673 0.373137 0.036247 0.415307
Sep. 1 0.916434 0.526442 0.070885 0.520319
S2Noise 1 0.536707 0.073596 0.540944
all 5 1 0.204898 0.981104
best 3 1 0.165641
3 sel. 1
Table 2. Correlations of the elementary feature selection methods and filters in the case of the

huge ovarian problem.

Lymph. P. C. B. Cut E. E. Sep. S2Noise all 5 best 3 3 sel.
P. C. 1 0.528975 0.328139 0.670268 0.958732 0.436986 0.151315 0.438212
B. Cut 1 0.02991 0.333059 0.473622 0.403164 0.145559 0.432994
E. E. 1 0.161558 0.389441 0.273914 0.055152 0.325334
Sep. 1 0.743729 0.488305 0.183095 0.415073
S2Noise 1 0.54243 0.206078 0.517888
all 5 1 0.221707 0.969984
best 3 1 0.184443
3 sel. 1
Table 3. Correlations of the elementary feature selection methods and filters in the case of the

lymphoma problem.

Breast P. C. B. Cut E. E. Sep. S2Noise all 5 best 3 3 sel.
P. C. 1 0.706163 0.068721 0.638913 0.998021 0.604247 0.118482 0.550356
B. Cut 1 -0.07926 0.679859 0.701628 0.548728 0.116649 0.50916
E. E. 1 -0.05986 0.091444 0.188227 0.005783 0.30705
Sep. 1 0.642102 0.551176 0.114955 0.412629
S2Noise 1 0.61918 0.128329 0.564769
all 5 1 0.118851 0.946913
best 3 1 0.086582
3 sel. 1
Table 4. Correlations of the elementary feature selection methods and filters in the case of the

breast cancer problem.

Averages P. C. B. Cut E. E. Sep. S2Noise all 5 best 3 3 sel.
P. C. 1 0.758734 0.288867 0.79063 0.985965 0.453487 0.114662 0.443803
B. Cut 1 0.150262 0.694841 0.748687 0.469283 0.130203 0.470245
E. E. 1 0.196174 0.32272 0.262346 0.04568 0.320215
Sep. 1 0.813546 0.478748 0.135933 0.425231
S2Noise 1 0.516571 0.152173 0.499017
all 5 1 0.264833 0.973041
best 3 1 0.222701
3 sel. 1

Table 5. Average correlations.
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Averages P. C. B. Cut E. E. Sep. S2Noise all 5 best 3 3 sel.
P. C. 1 1 0 1 1 1 0 1
B. Cut 1 1 0 1 1 1 0 1
E. E. 0 0 1 0 0 0 0 0
Sep. 1 1 0 1 1 1 0 1
S2Noise 1 1 0 1 1 1 0 1
all 5 1 1 0 1 1 1 0 1
best 3 0 0 0 0 0 0 1 0
3 sel. 1 1 0 1 1 1 0 1

Table 6. Average correlations above 0.4.

The underlying reason of the high correlations is the fact that if the values of two elementary
feature selection methods are considered as points of a plane, then the obtained cloud of points
is around a line. This phenomenon is illustrated on Figure 1, in the case of elementary feature
selection methods, Best Cut and Pearson Correlation. The equation of the regression line is
0.154187 BestCut + 0.74389 = PearsonCorrelation.

Figure 1. Geometric background of the high correlations.

There is another geometric evidence for the high correlations. Assume that the attributes are
indexed to 1 to n where n is the number of attributes. All databases have the property that there
are intervals of the indices of the attributes such that the behavior of all feature selection methods
is different from the rest of the database. This means that all the feature selection methods are
acting to the information encoded into some parts of the database at the same time. In the other
parts of the databases the behavior can be described as a noise with a fixed expected value.
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Figure 2. Elementary filters for the ovarian cancer dataset.

Figure 3. Part of the huge ovarian database. For the sake of better visibility, the values of the
Pearson correlations and best cut separation have been increased by 1 and 0.2, respectively.

5 Experiments to measure the effectiveness of el-

ementary feature selection methods

The aim of the computational experiments was to check hypotheses on whether or not the feature
selection methods are collecting important information about the classification problem in question.
The first hypothesis is directly connected to the logical analysis of data while the second one is
independent from the further data processing.

5.1 Measurements based on LAD

Hypothesis 1. If the elementary methods are selecting attributes which contain important in-
formation about the classification problem, then the results obtained by LAD, i.e. the errors on
the test sets, must have a worsening tendency in position of the above mentioned groups of 50
attributes if LAD uses the attributes of a single group only.
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If the hypothesis is true, then the slope of a regression line fitted to the errors obtained on
the different groups of the attributes must be positive. Similarly, the group of the first 50 must be
one of the best groups. On the other hand, the very best group cannot have a high index.

The results of these ”static” groups can be compared with the results of a dynamic group
formed on the following greedy way. Initially, a positive integer is determined that how many times
must be separated each positive-negative pair of observations. First that attribute is selected, which
separates the most pairs. In each further step that attribute is selected which separates the most
pairs among those, who are not separated as many times as it is required. This method is called
iterative separation.

A similar method is the iterative correlation. The first attribute is the one with the highest
correlation to the classification vector. In any further iteration that attribute is selected which
gives the highest correlation to the residuum of the previous linear regression.

The classification method used in the experiments is a simple system where the underlying
set covering problems of LAD are solved by the well-known greedy algorithm.

The results are reflecting the average values of 5 folding calculations which were repeated 10
times. Table 1 summarizes the results. The column of the ”Position of the 50 obtained by iterative
separation/correlation” contains the potential position of the group of 50 attributes selected by
the iterative separation/correlation method if it were among the 40 groups.
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Figure 4. Slope of the regression line for the LAD error percentage.

Conclusions. The hypothesis is justified in the case of the first 3 datasets. The negative
slope contradicts the hypothesis in the case of the breast cancer problem. Similarly, here the
positions of the first 50 and the iterative separation are against the hypothesis as well. We strongly
believe that the explanation is that the breast cancer dataset contains almost no information about
the classification problem which can be used by LAD. We do not exclude the possibility that the
breast cancer database does not contain usable information even for other classification methods.

5.2 Measurements based on distances

Assume that the observations are the points of the n-dimensional Euclidian space, and all of the
points of the space are observations, belonging to either the positive, or the negative class. It is
also assumed, that for real life problems the boundary of the two classes are not dense in any
n-dimensional subset of the space. Then a classification method my interpreted geometrically
as follows. The boundary of the two classes is approximated by a surface depending on the
classification method. All the points of the Euclidian space lying on one side of the surface are
classified by the method as positive observations and all the points on the other side are classified
as negative observations.

Intuitively it is evident that if the distance from the known members of the positive class to
the known members of the negative class is higher then it is easier to find the approximate surface.
Therefore, the following hypothesis can be formulated.

Hypothesis 2. If the elementary methods are selecting attributes which contain important
information about the classification problem, then the average distances must have a shortening
tendency on the order of the above mentioned groups of attributes.

If the hypothesis is true, then the slope of a regression line fitted to the average distances
obtained on the different groups of the attributes must be negative. Similarly, the group of the
first 50 must be one of the best groups. On the other hand, the very best group cannot have a
high index.
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Conclusions. The best 3 filter supports the hypothesis.

Figure 5. Slope of the regression line for the distances.

6 A general feature selection method

An attribute with a cut point is considered the better if it separates the higher number of positive
negative pairs of observations such that the positive observations are on one side of the cut point
and negative observations are on the other side. The results of these section are based on this
assumption. On the other hand, it will be shown in the next section, that other type of cut points
can be useful, too.

E. Boros in [1] raised some general principles of the evaluation of cut points of real valued
features. Let c be a cut point. Denote by pu

c and nu
c the number of positive and negative obser-

vations above c, respectively. Let p and n be the number of positive and negative observations.
Denote by x and y the proportion of positive and negative observations above cut point c, i.e.
xc = pu

c

p and yc = nu
c

n . A perfect cut point is such that either all of the positive observations are
above, and all the negative observations are under it, or vice versa, i.e. either xc = 1 and yc = 0
or xc = 0 and yc = 1. An attribute is considered as good, as good its best cut point.

Let us consider a general cut point evaluation function f(x, y) which evaluates all of the cut
points based on the above mentioned proportion. It is supposed that function f is continuously
differentiable on the domain [0, 1]× [0, 1] and its values are between 0 and 1. The higher the value
of f , the better the cut point is. It is also supposed that at the points (1, 0) and (0, 1) it has
maximum, and similarly it has a minimum at the points (0, 0) and (1, 1). It is claimed that the
second order conditions must prove the maximality and minimality, respectively, of the function
in the above mentioned points. Then the following equations must be satisfied.

1. f(1, 0) = f(0, 1) = 1

2. f(0, 0) = f(1, 1) = 0

3. ∂xf(0, 0) = ∂xf(1, 1) = ∂xf(1, 0) = ∂xf(0, 1) = 0

4. ∂yf(0, 0) = ∂yf(1, 1) = ∂yf(1, 0) = ∂yf(0, 1) = 0

5. ∂xxf(1, 0) < 0, ∂xxf(0, 1) < 0,

∂xxf(1, 0)∂yyf(1, 0)− (∂xyf(1, 0))2 > 0, ∂xxf(0, 1)∂yyf(0, 1)− (∂xyf(0, 1))2 > 0
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6. ∂xxf(0, 0) > 0, ∂xxf(1, 1) > 0,

∂xxf(0, 0)∂yyf(0, 0)− (∂xyf(0, 0))2 > 0, ∂xxf(1, 1)∂yyf(1, 1)− (∂xyf(1, 1))2 > 0

For any function with the above properties, the corresponding attribute evaluation function
is g(a) = maxcf(xc, yc).

In what follows f is determined in polynomial form. There is no polynomial up to degree
3 with the above mentioned properties. There are infinite many polynomials of degree 4 such
that their coefficients satisfy the 12 equations contained in requirements 1-4. This polynomials are
determined by 3 quantities, say a, b, c. Their form is this:

(3+a)x2+(2+b)xy+(3+c)y2−2(1+a)x3−(6+b)x2y−(6+b)xy2−2(1+c)y3+ax4+4x3y+bx2y2+4xy3+cy4

Because of the symmetricity of the polynomial the double constraints contained in requirements 5
and 6, respectively, are the same. These are in the case of requirement 5:

a ≥ −3, (6 + 2a)(6 + 2c) ≥ (2 + b)2

and in the case of requirements 6:

a ≤ 3, (−6 + 2a)(−6 + 2c) ≥ (2− b)2.

Figure 6. The polynomial in
case of a=b=c=0.

f1 Pearson Correlation
f2 Best-Cut Separation
f3 Envelope Eccentricity
f4 Separation
f5 Signal-to-Noise
f6 Poly filter (a=0, b=0, c=0)
f7 Poly filter (a=2.9, b=1, c=0.5)
f8 Poly filter (a=2.9, b=3, c=0.5)
f9 Poly filter (a=1, b=-2, c=1)
f10 Poly filter (a=-2.9, b=-1, c=-0.5)
f11 Poly filter (a=-2.9, b=-3, c=-0.5)
f12 Poly filter (a=0.5, b=1, c=2.9)
f13 Poly filter (a=0.5, b=3, c=2.9)
f14 Poly filter (a=-0.5, b=-1, c=-2.9)
f15 Poly filter (a=-0.5, b=-3, c=-2.9)
f16 Poly filter (a=0, b=3.9, c=0)
f17 Poly filter (a=0, b=-3.9, c=0)

Table 10. Abbreviation used in table 11 and 12

Each elementary feature selection method maps the attributes into the real numbers. Thus
each elementary feature selection method determines a real vector having the dimension of the
number of attributes. With the exception of the envelope eccentricity this number is the better if
its value is the higher. Therefore in the following calculations the value Ex of envelope eccentricity
was substituted by 1− Ex. The higher the correlation of the vectors of two methods is, the more
similar the methods are. Table 11 contains the average correlations on the four databases of the
five elementary feature selection methods and 12 different polynomial methods. Table 12 contains
1 where the correlation is above 0.7 and zero otherwise.
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On a 0.7 correlation level four out of the five investigated elementary feature selection
methods can be approximated by an appropriate polynomial. The only exception is the envelope
eccentricity, where the correlation level of the best approximation is 0.31.

7 Generation of LAD objects by a restricted enu-

meration tree

Assume that there are some LAD objects, e.g. patterns of different kinds or discriminants, to
be generated. These objects are generated by iterative methods such that in each iteration one
Boolean variable or an attribute is selected. The temporary effect of the selected Boolean variable
or attribute depends on the previously selected Boolean variables and attributes. Generally, the
effect can be represented by a numerical value.

Example. In generation of positive patterns, i.e. the pattern must take value 0 on all
negative observations and 1 on some positive ones, the effect can be measured with the weighted
sum of the negative and positive observations refused by the newly selected Boolean variable but
not refused by the previously selected ones. Obviously, the weight of the number of the refused
negative (positive) observations must be nonnegative (nonpositive), if it is claimed that higher the
weight is, the better the variable is. If two weights are (1,0) then we obtain a greedy method for
selecting patterns of low degree, while in the case (1,-1) the method tries to generate a pattern
satisfied with many positive observations.

We suggest the following method if the above mentioned circumstances hold. The generation
is organized in a restricted enumeration tree. In each node of the tree it is allowed to select not
only the best Boolean variable or attribute, but the k best ones (k 2), each of them defining a new
branch of the tree. It is allowed that the selected Boolean variables or attributes must satisfied
certain constraints. If less than k of them satisfy this constraint then we shall have less then k
branches at this node. It is also allowed that if none of them satisfy the constraint then the node
becomes a leaf. Computational experiments showed it is also useful to restrict the maximal depth
of the tree. E.g. if k=2 and the maximal allowed depth is 10 than the enumerated tree is a binary
one having at most 210 leaves.

7.1 Pattern generation

Assume that the database contains either binary variables or the non-binary (the categorical and
numerical) variables have been binarized. The traditional way of pattern generation is to check
all of the products of length at most k, where k is a small positive integer. If the database has
many attributes (more than 1000 binarized variables), then to enumerate even every 3-tuples of
attributes cannot be carried out within a reasonable time. It worth to note, that there are many
medical databases having much more attributes. In this case the traditional methods are unable
to generate patterns of higher degree which might be important for the problem. Then it is very
natural to apply the restricted enumeration tree method.
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Tree Max Min Min Degree
Dataset Side width depth hom prev 1 2 3 4 5 6
breast 0 6 6 0.95 0.75 0 0 19 202 150 0
breast 1 6 6 0.95 0.6 0 3 36 0 0 0
lymphoma 0 10 8 0.95 0.6 0 1 224 149 0 0
lymphoma 1 8 8 0.95 0.85 1 23 291 1853 6274 13702...
ovarian 0 8 8 0.95 0.6 0 60 200 460 711 0
ovarian 1 5 5 0.95 085 0 25 125 287 455 0
l. ovarian 0 3 8 0.95 0.75 0 0 6 81 221 282
l. ovarian 1 3 8 0.95 0.6 0 5 27 67 80 0

Table 13. The number of patterns found by restricted enumeration.

7.2 Perfect patterns

A positive (negative) pattern is called perfect, if it is satisfied by all of the positive (negative)
observations and refuses all of the negative (positive) observations. If the attributes in a perfect
pattern are numerical ones, then their cut points must have the property that one class is completely
on one side of the cut point. It is a natural approach to apply the restricted enumeration tree
method for those binary variables which are defined by these cut points.

Perfect patterns have been generated for the investigated datasets. The numbers of the
found perfect patterns obtained in a restricted enumeration tree is in Table 13.

Notice, that perfect pattern generation is an important subproblem of LAD where not
traditional well-separating cut points are useful.

Tree Max Degree
Dataset Side width depth 2 3 4 5 6 7 8
breast 0 6 6 0 0 0 48 21897 0 0
breast 1 6 6 0 0 1 1745 32180 0 0
lymphoma 0 8 8 1 443 382 0 0 0 0
lymphoma 1 8 8 0 2 513 8180 96578 87147 0
ovarian 0 8 8 0 0 995 15831 30303 0 0
ovarian 1 8 8 3 148 2079 1820 0 0 0
l. ovarian 0 2 8 0 0 0 0 0 7 177
l. ovarian 1 2 8 0 0 0 0 0 0 73

Table 14. The number of perfect patterns found by restricted enumeration.
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