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ON STRONG UNIMODALITY OF MULTIVARIATE
DISCRETE DISTRIBUTIONS

Ersoy Subasi Mine Subasi Andras Prékopa

Abstract. A discrete function f defined on Z" is said to be logconcave if f(Ax+(1—
Ny) > [f&)Mf ()] for x, y, Ax + (1 — \)y € Z". A more restrictive notion is
strong unimodality. Following Barndorff-Nielsen (1973) a discrete function p(z),z €
Z" is called strongly unimodal if there exists a convex function f(x), x € R™ such
that f(x) = —logp(x), if x € Z". In this paper sufficient conditions are given
that a discrete function is strongly unimodal. Six sufficient conditions are given for
the case of n = 3 and one for the general case. A three-dimensional example shows
that the logconcavity of a discrete function does not imply strong unimodality, in
general. Examples are presented.

Key words: Strong Unimodality, Logcancavity, Discrete Logconcavity.
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1 Introduction

A nonnegative function f defined on a convex subset A of the space R is said to be logconcave
if for every pair x,y € A and 0 < A < 1 we have the inequality

FOX+ (1= Ny) = [,

If f is positive valued, then log f is a concave function on A. If the inequality holds strictly
for x #y , then f is said to be strictly logconcave.

The notion of a logconcave probability measure was introduced in Prékopa (1971). A
probability measure P, defined on R", is said to be logconcave if for every pair of nonempty
convex sets A, B C R™ (any convex set is Borel measurable) and we have the inequality

P(AA+ (1= A)B) > [P(AP[P(B)]Y,
where the + sign refers to Minkowski addition of sets, i.e.,
M+ (1-XNB={Xx+(1-Ny|xe Aye B}

The above notion generalizes in a natural way to nonnegative valued measures. In this
case we require the logconcavity inequality to hold for finite P(A), P(B).

In 1912 Fekete introduced the notion of an r-times positive sequence. The sequence of
nonnegative elements ...,a_o,a_1,ag, ... is said to be r-times positive if the matrix

Qg ay Qa2

a_o2 a_1 Qo

has no negative minor of order smaller than or equal to .
Twice-positive sequences are those for which we have

a; a;
Qi—t  Qj—¢

= Q;Q5— — QjQ;—y Z 0. (1].)

for every i < j and t > 1. This holds if and only if a? > a;_ja;1; . Fekete (1912) also proved
that the convolution of two r-times positive sequences is r-times positive. Twice-positive
sequences are also called logconcave sequences. For this, Fekete’s theorem states that the
convolution of two logconcave sequences is logconcave.

A discrete probability distribution, defined on the real line, is said to be logconcave if
the corresponding probability function is logconcave.

In what follows we present our results in terms of probability functions. They generalize
in a straightforward manner for more general logconcave functions.
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Let Z™ designate the set of lattice points in the space. The convolution of two logconcave
distributions on Z™ is no longer logconcave in general, if n > 2.

Consider a discrete probability function p(z),z € Z™ is called strongly unimodal if there
exists a convex function f(x), x € R™ such that f(x) = —logp(x) if x € Z". (Barndorft-
Nielsen, 1973). If p(z) = 0, then by definition f(z) = oco. This notion is not a direct
generalization of that of the one-dimensional case, i.e., of formula (1.1). However in case of
n = 1 the two notions are the same (see,e.g., Prékopa 1995). It is trivial that if p is strongly
unimodal, then it is logconcave.

The joint probability function of a finite number of mutually independent discrete random
variables, where each has a logconcave probability function is strongly unimodal.

Pedersen (1975) gave the following two sufficient conditions for a discrete distribution on
72 to be strongly unimodal. Let p be a discrete probability function on Z2. It is sufficient
for p to be strongly unimodal if it satisfies one of the following conditions (a) or (b):

(a) Pi—1jPij—1 = DijPi-1j—1
Di—15Pij = Pij—1Di—1j+1

DPijPij—1 = Pi—1jPi+1j—1,

(b) pijpi—1j—1 = Pi—1jPij—1
PijPi—1j = Dij+1Pi—1j-1

DijPij—1 = Pit1iPi—1j—15

where p;; denotes the value of p on (i, j) € Z%.

Pedersen (1975) also proved that the trinomial probability function is logconcave and the
convolution of any finite number of these distributions with possibly different parameter sets
is also logconcave.

A function f(z),z € R™ is said to be polyhedral (simplicial) on the bounded convex
polyhedron K C R™ if there exists a subdivision of K into n-dimensional convex polyhedra
(simplices), with pairwise disjoint interiors such that f is continuous on K and linear on each
subdividing polyhedron (simplex). Prékopa and Li (1995) presented a dual method to solve a
linearly constrained optimization problem with convex, polyhedral objective function, along
with a fast bounding technique, for the optimum value. Any f(x) , defined by the use of a
strongly unimodal probability function p(z), is a simplicial function and can be used in the
above-mentioned methodology.

In Section 2 we give sufficient conditions for a discrete distribution on Z? to be strongly
unimodal. In Section 3 we give a counterexample, for the case of n = 3, to show that
logconcavity does not imply strong unimodality. In Section 4 we give sufficient condition for
a discrete distribution on Z" to be strongly unimodal. In Section 5 we present four examples
for strongly unimodal distributions on Z".
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2 Sufficient Conditions for a Discrete Distribution on
7Z? to be Strongly Unimodal

In this section we give sufficient conditions for a discrete probability function defined on Z3
that ensure its strong unimodality. The function f defined on R3 that we fit to the values
of —logp(.) is piecewise linear. We accomplish the job in such a way that we subdivide R?
into simplices with disjoint interiors such that the function f(x) is linear on each of them.
First we subdivide R? into unit cubes and then subdivide each cube into six simplices with
disjoint interiors. In each cube the same type of subdivision is used. On each simplex we
define f(x) by the equation of the hyperplane determined by the values of —log p(x) at the
vertices. Next we ensure that f(x) is convex on any neighboring simplices. The resulting
function f(x) is convex on the entire space.

Any cube in R? can be subdivided into simplices with disjoint interiors (such that the
vertices of the simplices are those of the cube) in six different ways. In view of this we
subdivide R? into simplices in six different ways as follows:

Subdivision 1.
Let T1.(i,5,k), ¢=1,2,...,6 be the simplices in R? defined by

Tii(i, 4, k) = conv{(i,5,k), i+ 1,5,k), (i + 1,5 + 1, k), (i + 1,5+ 1,k + 1)},
Tia(i, 3, k) = conv{(i, 5, k), i + 1,5,k), i+ 1,5,k +1),(i+ 1,7+ 1,k + 1)},
Tys(i, 3, k) = conv{(i,7,k), (i, j+ 1, k), (i + 1,7+ 1,k), (i + 1,5 + 1,k + 1)},
Ta(i, 4, k) = conv{(i, 4, k), (4,7 + 1,k), (4,7 + LLk+1),(i+ 1,5+ 1,k + 1)},
Tis(i, 7, k) = conv{(i, 5, k), (4,5, k+ 1), i+ 1,5,k +1),(i+ 1,7+ 1,k + 1)},
Tis(i, 5, k) = conv{(i, 5, k), (i, 5,k +1), (5,7 + L,k +1),(i+ 1,5 + 1,k + 1)}.

Subdivision 2.
Let Ty.(i,5,k), ¢=1,2,...,6 be the simplices in R?® defined by

T (i, 5, k) = conv{(i, 5. k), (i,5,k + 1), (i + 1,5,k + 1), (i + 1,5+ Lk + 1)},
TQ?(Z Js )_COTLU{(Z J )7(2 jak+1)7(27]+1ak+1)7(2+1j_l_l k+ )}7
Tos(i, 4, k) = conv{(i,7,k), (i,j + 1,k), (i,j + Lk +1),(i+ 1,5+ 1,k +1)},
Toa(i, j, k) = conv{(i, j, k), (i + 1,5,k), (i + 1,5,k + 1), (i + 1,j + Lk + 1)},
Tos(i, 4, k) = conv{(i,,k), (i + 1,5, k), (i, + 1,k), (i + 1,7 + 1,k + 1)},

Tos(i, 4, k) = conv{(i + 1,4,k), (4, + 1L,k),Gi+1,j+ 1,k), i+ 1, + 1,k +1)}.

Subdivision 3.
Let T3.(i,5,k), ¢=1,2,...,6 be the simplices in R? defined by

Ts1(i, 5, k) = conv{(i, j, k), (i, 5,k + 1), i + 1,5,k + 1), (4,7 + 1,k + 1)},
T32(i9j7 k) = COHU{(i,j, k)? (Z + ]-7j7 k + 1)7 <Z7.] + 17 k + 1)7 (Z + 17] + 1a k + 1)}7
Ty3(i, g, k) = conv{(i, j, k), (i + 1,7+ 1,k), (4,5 + Lk + 1), (i + 1,5 + 1,k + 1)},
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Tyu(i, 3, k) = conv{(i, j, k), (i, j + 1, k), i+ 1,5+ 1, k), (i,j + 1,k + 1)},
T35(7:7j7 k) = conv{(i,j7 k)v (2 + 1>j7k + 1)7 (Z + 17j7 k)7 (Z + 17.] + 17k + 1)}7
T36(i>j7 k) = CO?’LU{(i,j7 k)) (2 + ]-7.7 + 17k)7 (2 + 17j7 k)) (Z + ]-7.7 + 17]{: + 1)}

Subdivision 4.
Let Ty.(i,5,k), ¢=1,2,...,6 be the simplices in R? defined by

Tn(i,j, k) = (4,9,k), (4,5, k+1), (i + 1,5,k +1),(4,j + 1,k + 1)},

Tyo(i, g, k) = conv{(¢, 5, k), (i + 1,5,k +1),(4,j+1,k+1), i+ 1,j+1,k+1)},
Tus(i, j, k) = (1,5,k), (i, 7+ L,k),(4,j+ L,k+1),i+ 1,7+ L, E+ 1)},
Toa(ir . k) = conv{(i. k). (i + LK), (64 L+ LR GG+ 1+ Lk 4+ 1)},
Tys(i, 7, k) = conv{(i, 5, k), 0 +1,5,k), i+ 1,5,k +1),(i+ 1,7+ 1,k + 1)},
Tys(i, 3, k) = conv{(i, J, k), ( k),Gi+ 1,7+ 1L, k+1)}.

= conv{(i, j,

k),Gi+1,7,k+1),(t+1,j,k),
Subdivision 5.
Let Ts.(i,7,k), ¢=1,2,...,6 be the simplices in R? defined by

Ts k) = (1,7, k), (0,5, k+ 1), 0+ 1,5,k + 1), (i, + 1, k+ 1)},
T k) = (4,5,k), i+ 1,5,k +1), (6, + Lk+1),(i+ 1,5+ 1,k + 1)},
Ts3(1 ], k) = conv{(i,5,k), (i + 1,5+ 1,k),(i,7+ LkE+1),i+1,j+1,k+ 1)},
Ts k) = conv{(i,j,k), (i,5 + L, k), (4, i+ 1,k+1),(i+ 1,5+ 1,k)},
T k) = (t,7,k), i+ 1,5+ Lk),(i+1,5,k+1), G+ 1,j+1,k+ 1)},
Ts k) = (t,7,k), (i +1,5,k), 0+ 1, + 1,k), (i + 1,5,k + 1)}

= conv{(4, j,
= conv{(i, j,

Subdivision 6.
Let Te.(i,7,k), ¢=1,2,...,6 be the simplices in R? defined by

T61(2, J, k) = conv{(i, 4, k), (i,5,k+ 1), i+ 1,5, k+1),(i,7+ L,E+ 1)},

Te2(i, j, k) = conv{(i, j, k), 0 + 1,5,k +1), (4, + L,k+1), i+ 1,7+ 1, k+ 1)},
Tes(i, j, k) = conv{(i,j,k), (4,5 + 1, k), (i,7+ LkE+1), i+ 1,7+ 1,k+ 1)},
Tea(iy 3, k) = conv{(i, 7, k), (1,7 + L,k),(i+ 1,7+ 1,k),(i+ 1,7+ 1,k + 1)},
Tes(i, 3, k) = conv{(i, 7, k), (i + 1,5,k), (4, + L,k), (i + 1,5+ 1,k + 1)},
Tos(i,7,k) = conv{(i + 1,4,k), (i + 1,5+ 1,k), (4,5 + 1,k),(i+ 1,7+ 1,k + 1)}

Let Cy, ,t =1,2,...,6 be the collection of the simplices T}.(i, 7, k),c = 1,2, ...,6, (3,7, k) €
Z3. Let p be the probability function of a discrete probability distribution defined on R?
and p;ji, the value of p at (i, j, k) € Z3.

Theorem 1. If p satisfies one of the following conditions (a), (b), (c),(d), (e),(f) for all
(i,7,k) € Z3 , then it is strongly unimodal.

(a) C} is the collection of the simplices T1.(i,j,k),c=1,2,...,6 and

(1) pis1jrPijrik < DijkPit1j+1ks
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Dit1jkPijk+1 < DijkDit1jk+15
Dij+1kPijk+1 < DijkDij+1k+1,
Dit 1j+1kDitUjk+1 < Dik1jkDit 1j+1k+15
Dit1j+1kPij+1k+1 < Dij+1kPit1j4+1k+15
Dit1k+1Pij+1k+1 < Pijk+1Pit1j4+1k+15
Die1jkPit1j+1k+1 < DijkDij+1k+1,
Dij—1kPit1j+1k+1 < DijkDit1jk+1,
Dijk—1Pit1j+1k+1 < DijkPit1j+1ks
DijkPit2j+1k+1 < Pit1jkPit1j+1k+1;
DijkPit1j4+2k+1 < Pijr1kPit1j+1k+1;

DijkPit1j+1k+2 < Pijk+1Pit1j+1k+1-

(b) Cy is the collection of the simplices To.(i,7,k),c = 1,2,

(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)

Pit1k+1Pij+1k+1 < Pijh-+1Dit1j+1k+1,
Pit1jkPijk+1 < DijkPit15k+1,
Dijk+1Pij+1k < DijkPij+1k+1,
Dij+1k+1Pit 1k < DijkDit1j+1k+15
Dit1jk+1Pij+1k < DijkPit1j+1k+1,
Dit1j+1kPijk < Dit1jkPij+1k,
Dij—1kPit1j+1k+1 < DijkDit1jk+15
Dit1j4+2k+1Pijk < Pij+1kPit1j+1k+1,
Pi—1j4+1kPi4+1j+1k+1 < Dij+1kPij+1k+1,
Pit2j+1k-+1Dijk < Dit1jkPi+15+1k+15
Dit1j—1kPit1j+1k+1 < Dik1jkDi+1jk+15
Di—1jkPit1j+1k+1 < DijkPij+1k+1,

Dit1j—1kPijk < Dit1jkPij+1k-

(c) Cjs is the collection of the simplices Ts.(i,7,k),c = 1,2,

Dijk+1Pi+1j+1k+1 < Dijt1k+1Di415k+15
Dit1j+1kDit 1jk+1Pij+1k+1 < pijkpzz+1j+1k+17
Dij+1k+1Pij+1k < Pij41k+1Pit1j4+1k+1,
Dit1kPij+1k+1 < DijkPit1j+1k+1,

Dit1j+1kPi+1jk+1 < Dik1jkDi+1j+1k+1,

.., 6 and

..,6 and

RRR 47-2004
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Di—1jkPi+1jk+1 < DijkDijk+1

(31)

(32)  Pit2jkt1Dijk < Pit1jkDit1jk+15

(33)  pitajkr1Dijk < Pit1jkDit1j+1k»

(34)  pic1jkPitrj+1k < DijkDij+1k-

(d) Cy is the collection of the simplices Ty.(i,j,k),c =1,2,...,6 and

(35) Dijk+1Pit1j+1k+1 < Pij+1k+1Dit1jk+1,

(36)  Pit1jk+1Dij+1k < DijkDit1j+1k+15

(37)  Pir1jr1rPij1kr1 < Dij1kDit 1j41k415

(38)  Pit1kPijrik1 < DijkPit1j41k+1,

(39)  Pit1jkDij+1k < PijkDit1j+1k;

(40)  Pit1j+1kPit1jk+1 < Pit1kPit1j4+1k+1,5

(41)  pij-1kPiv1j+iktr < PigkDijk+1,

(42)  pic1jpPitrjee1 < PijkDijh+1,

( ) Dij+2k+1Pijk < Pij+1kPij+1k+1,

( ) Di—1jkPi+1j+1k+1 < DijkPij+1k+1,

(45)  pijkPit1j+2k+1 < Dij+1kDit1j41k+15

(46)  pijrPitajkr1 < Pit1jkDit1jk+15

(A7) pij—1kDit1jr1k41 < DijkDit1jk+1,

(48)  pijkDit2j+1k+1 < Dit1jkDit1j+1k+1-

(e) Cs is the collection of the simplices Ts.(i,j,k),c =1,2,...,6 and

49)  pikr1Pit1j 11kl < Pigrik1Pit 1kt
) Dit1j+1kDit 1jk+1Pij+1k+1 < pijkp12+1j+1k+17

51) Dit1j+1kPij+1k < Dijr1k+1Dit 1j+1k+1,
)

Dit1jkPit 1j+1k+1 < Pit1j+1kPit 1jk+1-

(f) Cs is the collection of the simplices Te.(i,j, k),c =1,2,...,6 and

(53) Dijk+1Pi+1j+1k+1 < Dij+1k+1Pi+1jk+1,
(54) Dij+1kPit1jk+1 < PijkPit1j+1k+1;
(55)  Pit1jkPij+1k+1 < PijkDit1j+1k+15
(56)  pit1j+1kDijk < Pit1jkDij+1k

(57) DijkPit1j4+1k+2 < Pit1jk+1Pij+1k+1;
(58)  Pic1jkPit1jk+1 < PijkDijh+1,
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(59)  Pij—1kPit1j41k41 < DijkDijkt1,

(60)  pijkDij+2k+1 < Dij+1kDij+1k+1,

( ) Di—1j+1kPit1j+1k+1 < Dij+1kDij+1k+1,
(62)  pijePit2jbr1 < Dit1jkPitr1jk+1:

( ) Dit1j—1kDit1j+1k+1 < Dit1jkDit1jk+1,
(64)

Di—1j+1kPi+1jk < DijkPij+1k-

Proof. We prove the sufficiency of (a). The proof of the sufficiency of (b), (c¢), (d), (e) and
(f) can be done in a similar way.

We designate by L(c, 1,7, k), (i,7,k) € Z®, ¢ =1,2,...,6 the linear function on R? that
coincides with —logp(.) on the vertices of T.(7, j, k) and define

iy = | Lleigik) iy € Tici,j.k), (0,5 k) € 2°

Obviously, f coincides on Z* with —log p(.).

Claim: Conditions (1), ..., (12) ensure that the restriction of f to any two neighboring
simplices Ti.(4, 7, k), (4,7, k) € Z* with a common face is convex.

Proof of the claim: Right at the outset we need to define a function f and then for
that f we have to prove that for any two neighboring simplices it satisfies the convexity
property. On each simplex we define a linear function. In case of any simplex a linear piece
is determined by the vertices of the simplex and the corresponding values of —log p(.). The
collection of these linear pieces form the function f.

The function f is convex on any two neighboring simplices if for any

201 211 221 231 U1
zy = 202 y Z1 = 212 y Ly = 222 y 243 = 232 v Yo = Y2
203 213 223 233 Y3

such that zg, z1, z2, z3 € T1.(1, 5, k), (4,7, k) € Z3 and y is the vertex of a neighboring simplex
which is not belong to the current one, we have the relation

fly) f(zo) f(z1) f(z2) f(z3)
1 1 1 1 1
U1 201 211 221 231
Y2 202 Z12 2929 232
Z z z Z
Ys 03 13 23 33 >0 (2.1)
1 1 1 1

201 <11 R21 31
202 12 222 <32
203 213 223 233
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If zg, z1, 22, 73, y are the vertices of the simplices given in Subdivision 1, then we obtain
inequalities (1), (2),..., (12). In order to obtain one of the inequalities given in condition
(a) we consider the neighboring simplices T4, (4, j, k) and Ti5(1, 7, k). We take

z0 = (4,4, k), 21 = (141, 7, k), zo = (i+1, j+1,k), z3 = (i+1, j+1,k+1) andy = (i+1, j, k+1).

In this case inequality (2.1) can be written as

fy) f(zo) f(z1) f(z2) f(z3)
1 1 1 1 1
1+ 1 7 1+1 41 +1
J J Jjg Jj+1 jg+1
k+1 k k k k+1
>0, (2.2)
1 1 1 1
1 ++1 +4+1 2+4+1
7 7 J+1 541
k k k k+1

where f = —logp(.).

One can easily show that the determinant in the denominator in (2.2) is equal to 1. In
order to guarantee the convexity of f the numerator in (2.2) must be nonnegative. Therefore
we must have

) fz0) [f(z1) [(z2) f(z3)
1 1 1 1 1
i+1 i Q41 i+l i+l | =
J J g+l g+l
k+1 k k E k+1
fy) = f(z0) f(z0) f(z1) = f(z0) f(2z2) = f(z1) f(zs)— f(2z2)
0 1 0 0 0
1 1 1 0 0 >0
0 j 0 1 0
1 k 0 0 1
It follows that f(y) + f(z2) > f(z1) + f(z3) . This is, however, the same as

p(Y)p(ZZ) < p(Zl)P(Zs) OF  Dit1jk41Pi+1j4+1k < Dit1jkPit1j+1k+1-

So we obtain the inequality (4) of condition (a). All other inequalities can be obtained
by considering any neighboring simplices having a common face. Thus the claim is true.

As () is the collection of the simplices Ti.(i, 7, k), (1,7, k) € Z*, ¢ = 1,2,...,6 and f is
convex on any two neighboring simplices, it is convex on the entire space. Thus p is strongly
unimodal. O
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Remark 1. If p is a probability function on {0,1}3, then the conditions obtained from
condition (a) of Theorem 1 for p to be strongly unimodal are as follows:

(i) prorpo1r < Poorpiir,
(ii) prooPoor < Pooop1ot,
(iil) poorpoio < PoooPoir;
(iv) poripiio < poropiir,
(V) P1oopoio < PoooP110,
)

(Vi) pro1p110 < DPioopiil-

We can obtain similar conditions from (b), (c), (d), (e) and (f) of Theorem 1.
Remark 2. A function f: X = X; x Xy x ... x X, — [0, 00) is said to be multivariate
totally positive of order 2, MTP,, if for all x, y € X.

fxVy) f(xAy) > f(x)f(y),

where
xV Yy = (max(xl, y1>7 max(:l:z, y2)> max(mna yn)):

X Ay = (min(xq, y1), min(za, y2), ... min(x,, y,)).

It is easy to see that if for all a,b € C; we have p.py < PavePars , i-€., if p is MTPy on C,
then the conditions (1), ... , (6) in Theorem 1 are satisfied.

3 Logconcavity does not imply strong unimodality: A
Counterexample in Z°

Let & and & be two discrete random variables with support set S, where

S =1{(0,0,0),(1,0,0),(0,1,0),(0,0,1)}.

Let
Pri{& =(0,0,0)} = p1, Pr{& = (1,0,0)} = qi,
Pr{& =(0,1,0)} =ry, Pr{& =(0,0,1)} = sy,
Pr{& =(0,0,0)} = p2, Pr{& =(1,0,0)} = ¢,
Pr{& =1(0,1,0)} = ry, Pr{& =(0,0,1)} = so,

and all other probabilities equal to 0. We consider the convolution & + &. Let p be the
probability function of & + &. The random variable & + & has the support set:

S ={(0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1), (0, 1,1), (2,0,0), (0,2,0), (0,0,2)}
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and the corresponding nonzero probabilities are:
Pr{& +& = (0,0,0)} = pips,
Pr{& + & = (1,0,0)} = p1g2 + p2au,
Pr{& +& =(0,1,0)} = pira + pary,
Pr{& +& =(0,0,1)} = p1s2 + pasi,
Pri{& +&=(1,1,0)} = qira + qor1,
Pri{& +& = (1,0,1)} = 152 + g251,
Pri{& +& =(0,1,1)} = rys9 + rosy,
Pr{& + & =(2,0,0)} = 1o,
Pri{& +& =1(0,2,0)} = ryrg,
Pri{& + & =(0,0,2)} = s159.

We show that the probability function p is logconcave. Let X,y,z € S, z=Xx+ (1-MNy €
S, 0< A< 1. We show that

p(z) > p(x)"p(y)' "
If x=(0,0,0), y =(0,1,0), A =1/2 then z = (0,2,0) and we have:

p<07 Oa O) = P1pP2, p(07 17 O) = P172 + pary, p(07 27 0) =Tira.
It follows that
p(0,1, 0)2 —p(0,0,0)p(0,2,0) = (p172 +p27“1)2 — P1p2T172
= piry + pory + piparira > 0.
The logconcavity of p for other points in S can be shown similarly. Thus p is logconcave.
The probability function p does not satisfy any of the conditions presented in Theorem

1. We show it in connection with condition (a). The others can be handled similarly. Let
us recall the inequality (4) of condition (a):

Dit 1j41kPit1jk+1 S Dik 1jkPit 1+ 1h+1-

If we take (i+ 1,7+ 1,k) = (1,1,0), then we obtain (i + 1,7, k+1) =(1,0,1), (i+1,j,k) =
(1,0,0) and (¢ + 1,7+ 1,k + 1) = (1,1,1). Therefore, the value on the right hand side of
inequality (4) is equal to

Dit1jkPit1j+1k+1 = P1oop1ir = 0
and the value on the left hand side of inequality (4) is equal to

Dit1j+1kDi+1jk+1 = Pr1oP1o1 = (qir2 + qor1)(qiS2 + q251).
Thus, (4) becomes
(12 + q2r1)(q152 + q251) < 0.

This is, however, a contradiction, since all g;, r; and s; probabilities are positive. Therefore
p does not satisfy (4) and condition (a) is not satisfied. Thus p is not strongly unimodal.
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4 A Sufficient Condition for a Discrete Distribution on
Z" to be Strongly Unimodal

In this section we give a sufficient condition for a discrete probability function defined on
Z™ that ensures its strong unimodality. The function f defined on R" that we fit to the
values of —logp(.) is piecewise linear. In view of this we need a subdivision of R" into non-
overlapping convex polyhedra such that f(x) = —log p(x), x € Z" is linear on each of them.
We consider one special subdivision of R" into simplices and give a sufficient condition for
a discrete function on Z" to be strongly unimodal. Let Sy, ..., S, designate the subdividing
simplices of R™ with disjoint interiors defined as follows:

81 — {(il,ig, ...,in), (Zl —|— 1,i2, ...,in), (Zl —|— 1,i2 —I— 1,i3, ...,in), ceey (Zl + 1, ,Zn + 1)},

82 - {(il,’ig, ...,in), (Z1 + 1,i2, ...,’in), (Zl + 1,@272'3 + 1, ...,in), ceey (Zl + 1, ,Zn + 1)} y

Sn = {(i1,72, oy in), (11 + Loy oyin), (11 + 1,09y ooy i1, 0n + 1), o, (40 + 1, ooy + 1)},

Sni1 = {(i1, 09, oyin), (1,92 + 1, o i), (i + 1,0 4+ 1,43, oy i)y ooy (i1 + 1, oyin + 1)}

Sm — {(il,ig, ...,in), <i17 ...,Z'nfl,l'n + 1), (Zl + 1,i2, ...7’in,1,’in + 1), ceey (’ll + 1, ,’Ln + 1)} .

Note that [Si| = ... = |[Su| = n+ 1 and S; and S; have a common facet if they have n
common vertices.

The sufficiency condition for an n-dimensional discrete probability function to be strongly
unimodal is given by the use of any two neighboring simplices with one common facet.

Let p be the probability function of a discrete distribution on Z" and p(iy, is, ..., ;) the
value of p at (i1, 1z, ...,1,) € Z" .

Let C denote the collection of all simplices Sy, ..., S, vertices of which are lattice points.

Theorem 2. Suppose that p satisfies the following conditions for all (i1,1i, ...,1,) € Z™:

(i1 4 €1y eony by + €0)P(in + 01,y ol + 0py) <

p(min{iy +&1,91+01 }, ..., min{i, +&,, i + 0, })p(max{iy +£1,41 + 1 }, ..., max{i, +e,, in+ 9, })
(4.1)
where
e1+..+e,=n—-1
2?218]'5]' :TL—Z, n > 2

€j,(5j € {0, 1}, j = 1,...,71



RRR 47-2004 PAGE 13
and
p(ll - 1, 7:2, ,Zn)p(ll + 1, ,ln + 1) S p(il, ,’Ln)p(Zl,Zg + 1, ...,in + 1)
p(il,ig, ceey Zn — ]_)p(Zl + ]_, ceey Zn + ]_) S p(il, ceey Zn)p(ll + ]_, ceey in—l + 17in) (4 2)

pin 4+ 2,00 + 1, ooy i + 1)p(in, oy in) < plin + 1,40, ooy in)p(in + 1, .00, + 1)

p(Zl + 1, ceny Z‘n,1 + 1,/&” + 2)p(21, ceny Zn) S p(il, ceey Z'nfl, Zn + 1)]?(21 + 1, ceny 7/71 + 1)
Then p is strongly unimodal.

Proof. We use the similar idea which is used in the proof of Theorem 1.
Let L(c, iy, g,y in), (11,92, .. i) € Z™, ¢ = 1,2,...,n! denote the linear function on R"
which coincides on the vertices of C' with —logp(.) and define

fy) = { L(c,iy, iz, ..., 1) ifye Selit, i, oy in), (i1, 02, ..., in) € Z"
00 ify ¢C
It is easy to see that f coincides on Z™ with — log p(.).

Claim:Conditions given in Theorem 2 ensure that the restriction of f to any two neigh-
boring simplices S; and S; with a common facet is convex.

Proof of the claim: On each simplex we define linear piece by the equation of the hyper-
plane determined by the vertices of the simplex and the corresponding values of —logp(.).
Similar to three-dimensional case the collection of these linear pieces form the function f.
We also need to show that the function f is convex on any two neighboring simplices §; and
S;.

For the sake of simplicity we consider §; and Sy . Let

201 211 Znl Y1
Zy = : , Z1 = : yoeey Zp = : , Y= :
20n Zin Znn Yn
and assume that zg,2z1,...,2, € &1 and y € S;. The function f is convex on these two

neighboring simplices if the following condition is satisfied for any zg,z,...,2z, € &7 and
y € 822

f(y) f(zo) f(z1) f(z2) ... [(zn)
1 1 1 1 .. 1
A1 201 211 291 . Znl
o T T 2 >0 (4.3)
1 1 1 1
201”11 21 Znl

20n

Z1n

Zon

ZTZ’I’L
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where f = —logp(.).
Let us take

Zy — <i17i27 ...,’in), VA (’i1—|—177;2, ...,in), Zy = (i1+1,’i2+1,i37 ...,’in), ey Ly = (7;14-1,2'24—1, 7Zn+1)

and y = (i1 + 1,42,93 + 1,44, ...,7,). Then (4.3) can be written as

) fa) f@) f@) .. fla)
1 1 1 1 1
nw+1 4 11+1 41 +1 ... 41+1
19 19 19 1o+1 ... 941
13+1 i3 13 13 o3+ 1
4 14 14 14 v g+ 1
In in in In e i1

>0 (4.4)
1 1 1 1
11 11 +1 o1 +1 .0 1 +1
19 19 1o+1 ... 941
is i is .. s+ 1
14 1y 1y oo+ 1
in in In e dp 1

where f = —logp(.).

It is easy to show that the determinant in the denominator in (4.4) is equal to 1. Therefore

the convexity of the function f is ensured if the determinant in the numerator of (4.4) is
nonnegative, i.e.,

fy) fz0) f(z1) f(z2) ... [f(zn)

1 1 1 1 1
u+1l o u+1 45+1 .0 u+1

o o by iy 1 ... iyt 1

. . . . . >0
23—|—1 13 13 13 23—|—1 —

14 14 T4 14 g+ 1

in, in in in, coip 1
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One can easily show that this is the same as

Fy) = f(z0) f(z0) flz1)— f(20) f(z2)— f(z1) ... f(zn)— flzn—1)
0 1 0 0 0
1 i 1 0 0
0 i 0 1 0
1 is 0 0 0 >0
0 is 0 0 0
0 in 0 0 1

From the inequality given above we obtain f(y) + f(z2) > f(z1) + f(z3). This is equivalent
to p(y)p(z2) < p(z1)p(z3) or

p(Z1+1, /L'Q, i3+1, i4, ey Zn)p(21+1, 7;2+1, ig, ceey Zn) S p(21+1, Zé, ey Zn)p(Z1+1, ig-'-l, 7;3+1, i4, cey Zn)

So we have obtained one of the inequalities in (4.1). All other inequalities can be obtained
in a similar way. Therefore we see that inequalities (4.1) and (4.2) ensure the convexity of f
on any two neighboring simplices.

As (' is the collection of Sy, ..., S, and f is convex on any two neighboring simplices S;
and §j, it is convex on the entire space. Thus p is strongly unimodal. O]

5 Examples

The properties of the distributions presented in the examples of this section can be found in
Johnson, Kotz and Balakrishnan (1997).

Example 1. The negative multinomial distribution has the following probability func-
tion:

(k_1+Zz lxz k pz
H(Ez

p(xlvx%"'?xn) - (

2 =0,1,2,... i= 1,2,...

7

Y pi=10<p <1 i=12..n
i=0
Note that conditions (4.1) are equivalent to the M T P, conditions. This can be shown in a
similar way which is used in Section II for the sufficiency conditions for a discrete probability
function on Z3 to be strongly unimodal. Since the negative mulinomial distribution is MT P,
( Karlin and Rinott, 1980), p satisfies the conditions (4.1) of Theorem 2.
The negative multinomial distribution is strongly unimodal if

n—1—-2x14+z0+...+z, >0,

n—14+xi+z9+..+xH_1 — 22, > 0.
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Example 2. The multivariate hypergeometric distribution has the following probability
function:

n—1 m; m—m7 — ... — Mp_1
Hi:l ( ZT; ) ( k’—[L‘l—...—iL'n_l )

m

k
0<z;, <my, +1=12,...n—1

n—1 n—1
in <k, Zmi <m.
i=1 i=1

One can easily show that p satisfies conditions (4.1) and (4.2) of Theorem 2. Thus, the
multivariate hypergeometric distribution is strongly unimodal.

p(T1, Ty ey Ty) =

Example 3. The multivariate negative hypergeometric distribution has probability func-
tion:

ET(m)I(m—my — ... —my1+k—21 — .. —251)
Ck+m)D(m—my — ... — ) (k—21 — oo — Tpq)!

p($17x27 al‘n) -

0<z;, <my, +1=12,...n—1

n—1 n—1
in <k, Zmi <m.
1=1 =1

Since p satisfies conditions (4.1) and (4.2) of Theorem 2, it is strongly unimodal.
Example 4. Consider the Dirichlet (or Beta)-compound multinomial distribution

Multinomial(k; py, ..., pn_1) /\ Dirichlet(ayq, ..., @y 1)

The probability mass function of this compound distribution is:

( - ET ()Mo +k —x1 — ... —2p1) ﬁfaz—kxz
p Il,x2,.,.,xn—1 - F(k+a)r(an>(k—x1 —In 1>' P (az)xz

n—1 n—1

an:a—Zai, ingk, x; > 0.

=1 i=1

The function p satisfies conditions (4.1) and (4.2) of Theorem 2. Thus, it is strongly
unimodal.
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