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Abstract. We consider probabilistically constrained problems, in which the multivariate random

variables are located in the right-hand sides. The objective function is linear, and its optimization is

subject to a set of linear constraints as well as a joint probabilistic constraint enforcing that the joint

fulfillment of a system of linear inequalities with random right-hand side variables be above a prescribed

probability level p. To deal with such complex problems, we describe a solving method based on the p-

efficiency concept for discretely distributed random variables, and also propose some alternative

formulations applicable to both discrete and continuous probability distributions, and involving the

substitution of the joint probabilistic constraint by a set of individual constraints, the Boole’s inequality,

the binomial moment bounding scheme, and Slepian’s inequality, respectively. The common advantage of

these formulations is that they involve the computation of joint probabilistic constraints of lower

dimension than this of the joint probabilistic constraint included in the original formulation. We analyze

their computational tractability, and evaluate their constraining power relying on three datasets, in which

random variables have a normal distribution. We then prove that the function [ 0]i iE T x T xε ε− − >

enforcing a reliability level di is concave except for very large (small) values of Tix (di). We study the

relationship between the service levels pi and di defined by the functions and ( )i i iP T x pε≥ ≥  and

[ 0]i i i i iE T x T x dε ε− − > ≤ , and use the STABIL problem to provide a power management interpretation

of the results.
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1 Objectives

The two following programs

       

min  
.   

       
       0

Tc x
s to Tx

Ax b
x

ε=
≥

≥

  ,

and

                                                  

min  
.   

       
       0

Tc x
s to Tx

Ax b
x

ε≥
≥

≥

  ,                                                              (1)

where A in an [m x n]-dimensional matrix, T in an [r x n]-dimensional matrix, c and x are n-
dimensional vectors, b and ε are m- and r-dimensional vectors, respectively, are the underlying
deterministic programs for static stochastic programming models, whose objective function is
linear, and is subject, in addition to a set of linear and non-negativity constraints, to probabilistic
constraints, the random variables of which being in the right-hand sides of the constraints.

Denoting by ( ) ( )F z P zε= ≤  the known probability distribution of the multivariate random
variable ε , the stochastic programming problem associated with (1) is the probabilistically
constrained problem expressed as follows:

            

min  
.   P( )

       
       0

Tc x
s to Tx p

Ax b
x

ε≥ ≥
≥

≥
that can alternatively be written (Prékopa, 1988, Sen, 1992) as

             

min  
.   0

       ( )
       
       0

Tc x
s to Tx

F z p
Ax b
x

ε− ≥
≥

≥
≥

,

in which p is a prescribed probability level, usually close to 1.
Programming under probabilistic constraints was introduced by Charnes et al. [1958], who

considered a set (i =1,…,r) of individual probabilistic constraints imposed on each particular
random event:

               

min
.  ( ) , 1,...,

      
      0

T

i i i

c x
s to T x p i r

Ax b
x

ε≥ ≥ =
≥

≥

P                             

The use of multiple individual probabilistic constraints 1,...,i r=  is somewhat relatively easy to
handle. The robustness of such formulations is however questionable; individual probabilistic
constraints are only appropriate in case of a system composed of different components that do not
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affect each other. However, in most situations, probabilistic constraints, taken independently, do
not provide an accurate representation of the considered system.

Subsequently, Miller and Wagner [1965] proposed a formulation for joint probabilistic
constraints:

        

min
.  ( , 1,..., )

       
       0

T

i i

c x
s to T x i r p

Ax b
x

ε≥ = ≥
≥

≥

P                         (2)

with the restriction that each of the random variables are independent of each another:
                                                   , 0, , ,i j i j i jρ = ∀ ≠ .

The program (2) can alternatively be rewritten as: 

                                                 
r

i=1

min

.  ( )

       
       0

T

i i

c x

s to T x p

Ax b
x

ε≥ ≥

≥
≥

∏ P   (3)

By taking the logarithm of both sides of the constraint

1

( )
r

i i
i

T x pε
=

≥ ≥∏ P  ,

we obtain the program below

                
r

i=1

min

.  ln ( ) ln

       
       0

T

i i

c x

s to F T x p

Ax b
x

≥

≥
≥

∑ , (4)

since the elements i, i=1,…,r of the vector ε are independent random variables with probability
distribution Fi.

The general case, that does not require the random right-hand side variables be independent of
each another, i.e., , 0,i j i jρ ≠ ≠ , was introduced by Prékopa [1970, 1973]. The formulation is
similar to (2) but does not allow the transformation of (2) into (3), nor (4).  The solving of the
general case proposed by Prékopa is very challenging, and involves the complex task of dealing
with possibly non-convex, non-linear programs: they contain non-linear constraints entailing the
computation of joint probabilities for multivariate random variables.

First, multivariate probability distributions are very difficult to compute, or even to
approximate. Asserting that the handling of nonlinear constraints involving multivariate
probability distributions is more difficult that of a nonlinear objective function, Komarómi
[1986], for example, proposed a dual method for handling probabilistic constrained problems, in
which their dual problems characterized by linear constraints and a concave objective function is
solved.
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Second, multivariate normal distributions are not always concave. For example, if the standard
univariate normal distribution is well known to be concave, the standard bivariate normal
distribution 1 2( , ; )ε ε ρΦ  is concave [Prékopa, 1970] in 1ε  and 2ε  if:

• 0.5p ≥  and 0ρ ≥  or 1ρ = −  ;
• 0.355p ≥  and 1 0ρ− < ≤  ;
• 0.638p ≥  regardless of the value of the correlation coefficient ρ .

More generally, the standard n-variate normal distribution 1( ,..., )nz zΦ  is concave in the set
{ 1, 1,..., }iz z n i n≥ − =  [Prékopa, 2001]. However, the concavity of other continuous and discrete

distributions has yet to be studied in greater detail.
In the next section, we focus on the probabilistic program (2), in which the objective function

is linear and the multivariate random variables are located in the right-hand sides of the
probabilistic constraints. This program enforces that the probability of the joint fulfillment of a
system of linear inequalities with random right-hand sides be above a prescribed probability level
p. We present some alternative formulations for the program (2), analyze the p-efficiency concept
for approximating the probabilistic constraints of program (2) in which the random variables are
discretely distributed, and describe a discrete moment bounding scheme [Prékopa, 1999]. The
introduction of the bounding schemes into the stochastic problems result in the computation of
the joint probability distribution of several lower dimensional vectors instead of this of a single
higher dimensional random vector.

In Section 3, we evaluate the computational tractability and the constraining power of some
alternative formulations applicable to multivariate random variables, and investigate the
usefulness of the binomial moment bounding schemes for solving probabilistic programs. We
report the results on three data sets well known in the stochastic programming literature. In
Section 4, we analyze the convexity of non-linear constraints enforcing a certain type of
reliability level (Prékopa, 1995), and interpret them in the context of power management. Section
5 contains some concluding remarks.

2 Formulation

In this section, we introduce alternative formulations for the probabilistic program (6). The
first one, relying on the p-efficiency concept, is applicable to multivariate random having a
discrete probability distribution, while the other formulations can be applied to variables
regardless of the type (discrete or normal) of probability distribution.

2.1 p-efficiency approximation for discretely distributed random variables

In the case of random variables discretely distributed, the program (2) can be transformed into
a disjunctive program using the concept of p-efficiency [Prékopa, 1990]. Let [0,1]p ∈ , and F be
the probability distribution function of a s-dimensional integer random variable sε +∈Z , a point v,

sv R∈ , is called a p-efficient point of the probability distribution function F if:
( ) ,                                                         and

there is no ' , '  such that ( ')

F v p

v v v v F v p

≥

≤ ≠ ≥
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The inequality “≤” for vector must be understood coordinate-wise. It has been shown [Dentcheva
et al., 2000] that for any probability distribution, the set of p-efficiency points, , ...,i Iv v , for an
integer random vector is non-empty and finite. Consequently, the program (2) can be substituted
by the following disjunctive program:

 

min
.   

        
        
        0

T

i

i p

c x
s to Tx v

Ax b
v
x

≥
≥

∈ Κ
≥

   (5)

in which 
1

( )
I

p i s

i

v R+
=

Κ = +∪ , and the disjunctive constraint iTx v≥  that must hold for at least one i

replaces the joint probabilistic constraint ( , 1,..., )i iT x i n pε≥ = ≥P . The p-efficient points are
multi-dimensional vectors that must be found prior to the optimization of (5) with respect to x.

For small dimensional problems, the easiest way is to enumerate all p-efficient points vi and to
process the associated problems. However, for larger problems, the brute force approach that
consists of enumerating all p-efficient points can be overly time- and resource-consuming; it is
than better suited to convexify the problem (5) as follows:

           1

1

i

min   
s.to   

        

        1

        0, 1,...,
        0

T

I
i

i
i

I

i
i

c x
Ax b

Tx v

i I
x

λ

λ

λ

=

=

≥

≥

=

≥ =
≥

∑

∑
  , (6)

that imposes Tx be greater than or equal to a convex combination of p-efficient points.
The optimal value of (6) is the lower bound (for a minimization problem) for the optimal value

of (5). Since all p-efficient points are not know, the solving of (6) is carried out using a column
generation method. For continuous random variables, the cone generation method (Dentcheva et
al., 2000, 2001, 2002, Beraldi and Ruszczyński, 2002a, Prékopa, 2003) is shown to be very
efficient.

2.2 Bounding scheme for multivariate random variables

The approximation schemes presented in this section are applicable regardless of the type (i.e.,
discrete or continuous) of the probability distribution of the random variables. In the case of
random variables having a continuous probability distribution, the computation of a joint
probability is extremely difficult: the “highest” joint normal distribution for which a computation
is provided [see, inter alia, Daley, 1974, Szántai, 1988, Drezner, 1994] is the trivariate one.
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2.2.1 Boole’s lower bound on the intersection of events

An alternative formulation for (2) can be obtained using Boole’s lower bound relative to the
intersection of r events. Denoting by

... ( ,..., ) ( ,..., ),1i j i j i i j jF z z z z i j rε ε= ≤ ≤ ≤ < ≤P

the joint probability associated with the components i to j of the r-dimensional random vector, by

iA the event , 1,..., ,i iz i rε ≤ = and setting

       ...
1

( ,..., ), ,1 1
r k

k i k i j
i

S F z z j i k k r
−

=

= = + ≤ ≤ −∑   ,

the following inequality follows from the application of Boole’s lower bound for the intersection

of r events:

         1( ... ) ( 1)i rA A S r≥ − −P ∩ ∩ (7)

Using (7) for replacing the joint probabilistic constraint in (2),  the following program results:

                
r

i=1

min

.  ( ) ( 1)

       
       0

T

i i

c x

s to F T x r p

Ax b
x

− − ≥

≥
≥

∑            (8)

2.2.2 Formulation with individual probabilistic constraints

A formulation containing a finite set of individual probabilistic constraints instead of the joint
probabilistic constraint, and enforcing the requirements in (2) is given below:

1

1

min
.   ( ), 1,...,

       (1 ) 1

        
        0

T

i i i
r

i
i

c x
s to T x F p i r

p p

Ax b
x

−

=

≥ =

− ≤ −

≥
≥

∑      (9)

in which ,...,i rp p  are random variables constrained to be at least equal to p, which is a fixed
parameter, and 1

iF −  refers to the inverse probability distribution of the random variable iε .
The formulation (9) is valid, since constraints

1

1

( ), 1,..., ,      and

(1 ) 1      

i i i

r

i
i

T x F p i r

p p

−

=

≥ =

− ≤ −∑
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imply that

                  

1

1 1

1

1

1

( ), 1,..., ,
( , 1,..., )

1 (( ) ... ( ))

1 ( )

1 (1 ( ))

1 (1 )

i i i

i i

r r
r

i i
i

r

i i
i

r

i
i

T x F p i r
T x i r

T x T x

T x

T x

p

p

ε
ε ε

ε

ε

−

=

=

=

≥ =
= ≥ =
= − < <

≥ − <

= − − <

= − −

≤

∑

∑

∑

∪ ∪
P

P

P

P

2.2.3 Binomial moments bounding scheme

The formulation presented in this section is based on the binomial moment problem (Prékopa,
1999, Dentcheva et al., 2002) formulated for a finite number of events 1,..., rA A , defined in a
specified probability space. We use sharp lower and upper bounds for the probability of the
following functions of events: 1 1... , ...r rA A A A∩ ∩ ∪ ∪    . Denoting by ε  the number of events out
of 1,..., rA A , Prékopa [1995] shows that

, 1,...,kE S k r
k
ε   = =    

,

where

1

( ... ), ,1 1
r k

k i j
i

S P A A j i k k r
−

=

= = + ≤ ≤ −∑ ∩ ∩

is he kth moment of the random variable ε , and 0 1S = .
The binomial moment problem is defined as the following linear programming problem:

                       

0

0

min(max)

. , 0,...,

0, 0,...,

 

           

                   

r

i i
i

r

i k
i

i

f v

is to v S k m
k

v i r

=

=

  = = 
 

≥ =

∑

∑         (10)

where 0 ,..., rf f are some constants and m r< .
If

1, ,

0, ,

 if 

 if 
i

i r
f

i r

== 
<

                   (11)

then the optimal values of (10) provide lower (upper) bounds for 1( ... )rA A∪ ∪P .
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If
1, 1,

0, 0,

 if 

 if 
i

i
f

i

≥= 
=

 (12)

then the optimal values of (10) provide lower (upper) bounds for 1( ... )rA A∩ ∩P .
Since

           1 1( ... ) 1 ( ... )r rA A A A= −∩ ∩ ∪ ∪P P  ,
with iA  being the complementary event of iA , Prékopa [1999] establishes that the sharp lower
(upper) bound for 1( ... )rA A∩ ∩P using the minimization (maximization) problem (10) and the
function (11) is the same as 1 - the sharp upper (lower) bound for 1( ... )rA A∪ ∪P  using the
maximization (minimization) problem (10) and the function (12).

Using the results above, we formulate the following linear programs

           ( ) ( )

( )

0 1 2

1 2 3
1

1

2 3
1

1

min(max)

. ... 1

2 3 ... ( )

3 ... ( , ), 12 2

...

1 ..

  

           

                

                

                

                  

r

r

r

r i i
i

r

r ij i j
i

m m

v

s to v v v v

v v v rv F T x

rv v v F T x T x j i

mv vm

=

−

=

+

+ + + + =

+ + + + =

+ + + = = +

++ +

∑

∑

( ) 1

1

0 1

. ( ,..., ), 1

, ,..., 0                

r m

r ij i j
i

r

r v F T x T x j i mm

v v v

− +

=

+ = = + −

≥

∑

which optimal values provide lower and upper bounds for ( ,..., )i jF z z . Using this bounding
scheme on ( ,..., )i jF z z and introducing it in the formulation of (2) for replacing the joint
probabilistic constraints, we obtain the two following approximations for (2):

               ( ) ( )

( ) ( )

0 1 2

1 2 3
1

1

2 3
1

1

1
1

min
.

... 1

2 3 ... ( )

3 ... ( , ), 12 2

...

1 ... (

   
    

         

         

         

         

           

T
r

r

r

r i i
i

r

r ij i j
i

r m

m m r ij
i

c x v
s to Ax b

v v v v

v v v rv F T x

rv v v F T x T x j i

m rv v v F Tm m

α

=

−

=

− +

+
=

+

≥

+ + + + =

+ + + + =

+ + + = = +

++ + + =

∑

∑

∑

0 1 1

,..., ), 1

, ,..., 0

0

         
         
         

i j

r

r

x T x j i m

v v v
v p
x

−

= + −

≥

≥

≥

,   (13)
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and

             ( ) ( )

( ) ( )

0 1 2

1 2 3
1

1

2 3
1

1

1
1

max
.

... 1

2 3 ... ( )

3 ... ( , ), 12 2

...

1 ... (

   -
    

         

         

         

         

           

T
r

r

r

r i i
i

r

r ij i j
i

r m

m m r ij
i

c x v
s to Ax b

v v v v

v v v rv F T x

rv v v F T x T x j i

m rv v v Fm m

α

=

−

=

− +

+
=

+

≥

+ + + + =

+ + + + =

+ + + = = +

++ + + =

∑

∑

∑

0 1 1

,..., ), 1

, ,..., 0

0

         
         
         

i j

r

r

T x T x j i m

v v v
v p
x

−

= + −

≥

≥

≥

(14)

where α is an arbitrary non-negative number.

2.2.4 Bound using Slepian’s inequality

The Slepian’ inequality can be stated as follows: if , 1,...,i i rε =  has a standard multivariate
normal probability distribution, and R and R’ are two possible correlation matrices which
respective elements sij and s’ij  are such that

                ' , , , 1,...,ij ijs s i j i j r≥ ≠ =   ,  (15)

then it can shown that [Gupta, 1965, Bawa, 1973]
         ( , 1,..., ; ) ( , 1,..., ; ')i i i iT x i r R T x i r Rε ε≤ = ≥ ≤ =P P (16)

for a same value taken by the decision variable Tix.
Consequently, when (15) holds, the solving of (2) for the correlation matrix R’ provides an

upper found on the objective value of (2) for the correlation matrix R. Denoting by '* '*Tz c x=
( * *Tz c x= ) the optimal value of (2) associated with R’ (R), and by xi’* (xi*) the optimal values of
the decision variables, the following cutting plane

           * '*z z≤ (17)
and disjunctive cuts

                 

* '*

1

, 1,...,

1, {0,1}, 1,...,

i i i

r

i i
i

x x M i r

r i r

δ

δ δ
=

≤ + =

≤ − ∈ =∑
   ,  (18)

where M is a large positive number, and δ is a r-dimensional binary vector, can be introduced in
the program (2). In particular, if R is such that sij ≥ 0, for all i,j, and R’ is such that s’ij = 0, for all
i j≠ , then (16) can be rewritten as:

    
1

( , 1,..., ; ) ln ( : ')
r

i i i i
i

T x i r R F T x Rε
=

≤ = ≥ ∑P         (19)

In the next section, we shall further evaluate the respective computational tractability and
constraining power of the formulations presented in this section.
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3 Computational results
The solving of the stochastic program (2) containing joint probabilistic constraints with

dependent random variables is very challenging; the complexity of the task increases with the
dimension of the random variable. In the preceding section, we give some alternative
formulations for (2).

In this section, we shall comment on their respective computational tractability. We note that
the program (9) is convex. Indeed, if a random variable ε has a log-concave probability density
function, i.e., the normal distribution is log-concave,  then the distribution of ε and its marginal
distributions are log-concave, which implies that the constraint in (9) is convex. Therefore,

( )i iF T x  is concave for 1( ), 1,...,i iT x F p i r−≥ = . It has also been shown that the log-concavity
property does not carry over for sums, which means that the constraint

r

i=1

( ) ( 1)i iF T x r p− − ≥∑
in (8) is not guaranteed to be concave, which in turn implies that the program (8) is not
necessarily convex. The same remark applies for the programs (13) and (14). Moreover, the
programs (13) and (14) contain equality constraints involving nonlinear functions.

In the remaining part of this section, we shall evaluate the constraining power of the
formulation (2), and of its approximations (8), (9), (13) and (14). Computational results are
derived from the application of the programs listed above to three data sets, for which different
parameter settings are considered. In each case handled, the random variables are assumed to
have a joint normal distribution.

3.1.1 Reservoir Management

The first data set is related to reservoir management. The objective is to design a reservoir
system, in which reservoirs are used to hedge against the possibility of flooding that may occur as
a result of random stream of water. The probabilistic constraints impose limits on the probability
that the water rises above reservoir capacities. The capacities jx  of the reservoirs j considered,
are the decision variables, which respective capacities are limited from above by jV , and are to be
designed in such a way that they are able to retain the flood of two different water sources
coming in random quantities jε , preventing it from continuing to downstream locations. The
parameter jc  refers to the cost  per unit of capacity for reservoir j. The reader is referred to
Prékopa and Szántai [1978] and Prékopa [1995] for more detailed explanations.

The associate program for a reservoir system containing two reservoirs takes the following
form:

•              

1 1 2 2

1 2 1 2

2 2

1 1

2 2

min  

.  

       0
       0

c x c x
x x

s to p
x
x V
x V

ε ε
ε

+

+ ≥ + 
≥ ≥ 

≤ ≤
≤ ≤

P
,  

   when considering formulation (2);
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• 

1 1 2 2

1 1 2

1 1

2 2

min  
.  ( ) ( ) (2 1)

       0
       0

c x c x
s to F x F x x p

x V
x V

+
+ + − − ≥

≤ ≤
≤ ≤

      when considering formulation (8);

•                    

1 1 2 2
1

1 2 1
1

2 2

1 2

1 1

2 2

min  

.  ( )

( )
      (1 - ) (1- ) 1
       0
       0

c x c x

s to x x F p

x F p
p p p
x V
x V

−

−

+

+ ≥

≥
+ ≤ −

≤ ≤
≤ ≤

     

        when considering formulation (9);

•                                

1 1 2 2

0 1 2

1 2 1 1 2

2 1 1 2

1 1

2 2

2

min  
s.to  1

2 ( ) ( )
       ( , )
       0
       0
       

c x c x
v v v
v v F x F x x
v F x x x

x V
x V

v p

+
+ + =
+ = + +
= +

≤ ≤
≤ ≤
≥

     � �

       when considering the formulation (13), with 0α = .

The random variables 1 2 and ε ε  are normally distributed,  1 (1, 0.1)Nε ∼  , 2 (2, 0.2)Nε ∼ , and
the covariance ( 1 2cov[ , ]ε ε ) between 1 2 and ε ε  is known. In the second probabilistic constraint,
the random variable 2ε  is univariate: (for all the parameters settings), while, in the joint
probabilistic constraint, the random variable 1 1 2θ ε ε= +  is bivariate with expected value:

         1 1 2 1 2 1 2[ ] [ ] [ ] [ ]E E E Eθ ε ε ε ε µ µ= + = + = +   ,
and variance

 

1 1 2
2

1 2 1 2
2 2

1 1 2 2 1 1 2 2

1 2 1 2

[ ] [ ]

             [( ) ]

            [( ) ( ) 2( )( )]
            [ ] [ ] 2 cov[ , ]

Var Var

E

E
Var Var

θ ε ε

ε ε µ µ

ε µ ε µ ε µ ε µ
ε ε ε ε

= +

= + − −

= − + − + − −
= + +

,

with

1 2 1,2 1 2cov[ , ]ε ε ρ σ σ= ⋅ ⋅ ,

where 1,2ρ  denotes the correlation level between 1 2 and ε ε  and 1σ  and 2σ   are given, referring to
the standard deviation of 1 2 and ε ε .



RRR 17-2005 PAGE 11

Table 1 displays the different problem instances settings considered, i.e., the different values
taken by the coefficients of the objective function, by the correlation levels between random
variables, by the reliability level p, and by the maximal quantity that the reservoirs can contain,
while Table 2 reports the value of the objective function and these of the decision variables for
the various problem formulations discussed in the preceding sections.

Table 1: Parameter settings

Case # c1 c2 p ρ
1[ ]E θ cov 1[ ]Var θ 1V 2V

 1 2 1 0.9 0 3 0 0.05 0.8 2.5
2 2 1 0.9 -0.8 3 -0.016 0.018 0.8 2.5
3 2 1 0.9 0.8 3 0.016 0.082 0.8 2.5
4 1 2 0.9 0 3 0 0.05 0.8 2.5
5 1 2 0.9 -0.8 3 -0.016 0.018 0.8 2.5
6 1 2 0.9 0.8 3 0.016 0.082 0.8 2.5
7 1 2 0.99 0 3 0 0.05 2 5
8 1 2 0.99 -0.8 3 -0.016 0.018 2 5
9 1 2 0.99 0.8 3 0.016 0.082 2 5

10 1 2 0.99 0 3 0 0.05 0.8 3
11 1 2 0.99 -0.8 3 -0.016 0.018 0.8 3
12 1 2 0.99 0.8 3 0.016 0.082 0.8 3

It appears that the four programs (2), (8), (9) and (13) result in the same value of the objective
function in almost all the parameter settings considered for the reservoir problem. It turns out that
approximations of form (8), (9) and (13) are equally (very) tight for such problems of moderate
size.

Table 2: Optimal solutions for each parameter setting and formulation

Program (2) with joint
probability constraints

Program (8) with
Boole’s inequality

Program (9) with set of
individual constraints

Program (13) with
binomial moment
bounding scheme

# z x1 x2 z x1 x2 z x1 x2 z x1 x2

1 4.088 0.794 2.500 4.089 0.795 2.500 4.089 0.795 2.500 4.088 0.794 2.500
2 3.853 0.677 2.500 3.854 0.677 2.500 3.854 0.677 2.500 3.853 0.677 2.500
3 INFEASIBLE
4 5.789 0.8000 2.494 5.790 0.800 2.495 5.790 0.800 2.495 5.789 0.8000 2.494
5 5.585 0.8000 2.393 5.586 0.800 2.393 5.586 0.800 2.393 5.585 0.8000 2.393
6 INFEASIBLE
7 6.090 1.052 2.519 6.091 1.052 2.520 6.091 1.052 2.520 6.090 1.052 2.519
8 5.858 0.856 2.501 5.858 0.856 2.501 5.858 0.856 2.501 5.858 0.856 2.501
9 6.218 1.193 2.513 6.250 1.189 2.530 6.250 1.189 2.530 6.218 1.193 2.513

10 6.243 0.800 2.721 6.243 0.800 2.721 6.243 0.800 2.721 6.243 0.800 2.721
11 5.870 0.800 2.535 5.870 0.800 2.535 5.870 0.800 2.535 5.870 0.800 2.535
12 6.532 0.800 2.866 6.533 0.800 2.866 6.533 0.800 2.866 6.532 0.800 2.866
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It appears that the programs (3) and (4) result in the same optimal value of the objective
function, and do not present major difference in terms of computational tractability. Their optimal
value of the objective function is roughly the same as this of the programs analyzed in Table 2.
However, unlike programs (8), (9) and (13) that are widely applicable, programs (3) and (4) can
only be used if the random variables are independent of each other.

Table 3: Optimal solutions with (3) and (4) for cases when random variables are independent

Program (3) Program (4)
# z x1 x2 p1 p2 z x1 x2 p1 p2

 1 4.088 0.794 2.500 0.994 0.906 4.088 0.794 2.500 0.994 0.906
 4 5.789 0.800 2.494 0.993 0.906 5.789 0.800 2.494 0.993 0.906
 7 6.091 1.052 2.519 0.995 0.995 6.090 1.052 2.519 0.995 0.995

 10 6.243 0.800 2.721 1.000 0.990 6.244 0.800 2.722 1.000 0.990

3.1.2 Coffee blending

The second data set is related to coffee blending. The objective function is linear and is
minimized subject to a set of linear constraints related to the limited availability of the coffee
types, the fulfillment of quality requirements, and a joint probability constraint that imposes that
the demand for coffee be satisfied with probability p, representing the reliability level of the
production system. The reader is referred to Prékopa [1995] and Szántai [1988] for more detailed
explanations. Denoting by D the feasible set determined by the linear constraints, and setting

8 8 8

1 1 2 2 3 3
k=1 k=1 k=1

, ,  and k k kx x xε ε ε= = =∑ ∑ ∑ ,

the program is formulated as:

•                          

8

1 1
k=1
8

2 2
k=1
8

3 3
k=1

min
.  

       

        0, 1,...,8

T

k

k

k

kl

c x
s to x D

x

x p

x

x k

ε

ε

ε

∈

 ≥ 
 
 

≥ ≥ 
 
 

≥ 
 

≥ =

∑

∑

∑

P

in terms of (2);

•               8 8 8

1 2 3
k=1 k=1 k=1

min
.  

       ( ) ( ) ( ) (3 1)

 0, 1,...,8

T

k k k

kl

c x
s to x D

F x F x F x p

x k

∈

+ + − − ≥

≥ =

∑ ∑ ∑
     

       

in terms of (8);



RRR 17-2005 PAGE 13

•                           

8
1

1 1 1
k=1
8

1
2 2 2

k=1
8

1
3 3 3

k=1
3

i=1

min  
.   

        ( )

( )

( )

        (1 ) 1

         0, 1,...,8

T

k

k

k

i

kl

c x
s to x D

x F p

x F p

x F p

p p

x k

−

−

−

∈

≥

≥

≥

− ≤ −

≥ =

∑

∑

∑

∑

      

      

in terms of (9);

•  

0 1 2 3
8 8 8

1 2 3 1 2 3
k=1 k=1 k=1

8 8 8 8 8 8

2 3 1 3 1 2 2 3
k=1 k=1 k=1 k=1 k=1 k=1

min   
.    

        1

         2 3 ( ) ( ) ( )

         3 ( , ) ( , ) ( , )

        0, 1,...,8
     

T

k k k

k k k k k k

kl

c x
s to x D

v v v v

v v v F x F x F x

v v F x x F x x F x x

x k

∈
+ + + =

+ + = + +

+ = + +

≥ =

∑ ∑ ∑

∑ ∑ ∑ ∑ ∑ ∑

0 1 2

3

    , , 0
         

v v v
v p

≥
≥

in terms of (13) with 0α =  and when considering the first two binomial
moments.

Assuming that
1

2

3

(3,0.5)
(40,5)
(20,3)

N
N
N

ξ
ξ
ξ







∼
∼
∼

,

we can compute (Table 4) the optimal objective value and the values of the random variables
1 2 3, ,p p p  for different values of the reliability level p for the programs (8) and (9) .

Table 4: Optimal solutions for programs involving Boole’s inequality and
a set of individual probabilistic constraints

p Program (9) with
set of individual constraints Program (8) with Boole’s inequality

1p 2p 3p Objective
value 1p 2p 3p Objective

value
0.9 0.992 0.924 0.983 22988 0.992 0.924 0.983 22988

0.95 0.996 0.963 0.991 23910 0.996 0.963 0.991 23910

0.99 0.999 0.993 0.998 25703 0.999 0.993 0.998 25703
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It can be seen that programs (8) and (9) respectively involving Boole’s inequality and a set of
individual constraints result in the same optimal solution.

For programs (2) and (13) involving the joint probabilistic constraint and the use of the
binomial moment bounding scheme, the correlation levels between random variables must be
specified. We consider the three following correlation matrices R1, R2 and R3:

1

1 0.1 0.1
0.1 1 0.9
0.1 0.9 1

R
 
 =  
 
 

,       2

1 0 0
0 1 0
0 0 1

R
 
 =  
 
 

      and      3

1 0.1 0.1
0.1 1 0.9
0.1 0.9 1

R
 
 = − 
 − 

Results for the programs (2) and (13) are given in Table 5.

Table 5: Optimal solutions for the programs involving a joint probabilistic constraint and

the binomial moment bounding scheme

p Correlation
level

Program (2) with
joint probability

constraints

Program (13) with
binomial moment

bounding scheme: MIN
Program (3) Program (4)

0.9 R1 22564.0 22575.2
0.9 R2 22949.4 22958.2 22958.3 22958.4
0.9 R3 22961.6 22970.1

0.95 R1 23603.6 23587.3
0.95 R2 23866.6 23896.8 23896.8 23897.1
0.95 R3 23885.2 23901.3
0.99 R1 25500.6 25493.7
0.99 R2 25702.0 25700.0 25700.0 25701.1
0.99 R3 25680.6 25701.5

Regardless of the reliability level considered, it can be seen that the optimal objective values
obtained with programs (2) and (13) for any of the three correlation matrices are lower than the
optimal solution obtained with programs (8) and (9). It is logical that the optimal solution of (13)
be lower than these of programs (8) and (9), since (13) provides a lower bound on the objective
value, while (8) and (9) are approximations of (2), enforcing requirements that at least as
demanding as those of (2). The low magnitude of the gap between the optimal solutions of (13)
on the one side and those of (8) and (9) on the other side indicates that (8) and (9) are tight
approximations of (13).

Considering the correlation matrices 1R , 2R  and 3R , it can be seen that (20) applies
(1) (2) , , , 1,...,ij ijs s i j i j r≥ ≠ =       and           (1) (3) , , , 1,...,ij ijs s i j i j r≥ ≠ =   ,

therefore allowing the reliance on Slepian’s inequality
1 2( , 1,..., ; ) ( , 1,..., ; )i i i iT x i r R T x i r Rε ε≤ = ≥ ≤ =P P and 1 3( , 1,..., ; ) ( , 1,..., ; )i i i iT x i r R T x i r Rε ε≤ = ≥ ≤ =P P

and the introduction of the inequalities (18). For any reliability level enforced, it can be seen in
Table 5 that the optimal values obtained when considering the correlation matrix 1R are lower
than obtained when considering correlation matrices 2R  and 3R .
The solving of the stochastic program associated with correlation matrix 1R  can moreover be
solved with the introduction of inequality (19). Finally, it can also be seen that (4) is a bit less
constraining than (3).
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3.1.3 Power management: STABIL problem

The last problem considered is the STABIL problem (Prékopa et al., 1976, 1980) involving the
construction of a plan for the Hungarian electrical energy sector in the seventies. It has a linear
objective function minimizing the profit function multiplying by –1, while satisfying 106
deterministic constraints (manpower balance, investment features, foreign trade balance, balance
of the state budget, finance, and electricity demand satisfaction), as well as four stochastic
constraints.

The problem is formulated by:

              
25 1

26 2

24 40 3

1 2 3 4 24 4

min
.  , 1,...,106

25
16.67

       
0.8696
0.9( ) 0.115

        0

T

i i

c x
s to a x b i

x
x

p
x x

x x x x x
x

ε
ε

ε
ε

≥ =

− ≥ 
 − ≥  ≥
 + ≥
  + + + − ≥ 
≥

P
 (21)

where cTx is given by x35 - x36, x35 and x36 representing respectively the increase in the wage bill
and the enterprise profit before taxation, and , 1,..., 4i iε = are normally distributed random
variables with the following means and variances:

             

1 1

2 2

3 3

4 4

48313, 483
426 , 4

16000 , 160
14950 , 190

     
        

   .
       
       

µ σ
µ σ
µ σ
µ σ

= − =
 = − =
 = =
 = =

The joint distribution of the random variables is normal, and their covariance matrix is given by:

          

1 0.8 0.4 0.4
0.8 1 0.1 0.1

0.4 0.1 1 0.9
0.4 0.1 0.9 1

C

− 
 − =
 
 
 

The first two components of (21) restrain the planned deficit of foreign trade (in $US and
roubles) to be below a certain level, while the last two components express the relationships
between the electrical sector and the other sectors of the Hungarian economy. The reader is
referred to Prékopa et al. [1976 and 1980] for a more detailed description of the model.

Below, the solving of the programs associated with formulations (2) containing joint
probability constraints, (8) based on Boole’s inequality, (9) containing a set of individual
constraints, and (13) based on the binomial moment bounding scheme are reported and discussed.
Two reliability levels (p = 0.9 , 0.95) are considered.
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Table 6: Optimal solutions for each formulation and p = 0.9

Program (2) with
joint probability

constraints

Program (8) with
Boole’s inequality

Program (9) with
set of individual

constraints

Program (13) with
binomial moment

bounding scheme: MIN

Program  with (14)
binomial moment

 bounding scheme: MAX

x1 6432.371 6497.096 6497.683 6305.828 6510.645

x2 12806.469 12820.380 12820.400 12779.188 12823.766

x6 8.236 20.485 20.484 0.045 0

x7 1.417 2.113 2.112 1.362 1.330

x24 18400.000 18400.000 18400.000 18400.000 18400.000

x25 1892.749 1897.938 1897.940 1889.279 1889.260

x26 24.676 25.091 25.091 24.643 24.625

x40 1917.425 1923.028 1923.030 1913.923 1913.885

x35 93.762 93.780 93.780 93.727 93.782
x36 4464.090 4463.128 4463.130 4465.968 4463.226

z - 4370.328 - 4369.349 - 4369.810 -4372.241 -4369.444

In Table 7 below, we report the “individual” reliability levels associated with the optimal
solution of (9) for the STABIL problem and with an overall service level p equal to 0.9.

Table 7 : ”Individual” reliability level with p = 0.9   

i pi
1 95.06%
2 99.96%
3 100.00%
 4 94.97%

Using the binomial moment bounding formulation (13), we obtain a lower bound on the
objective function equal to - 4372.241 and an upper bound equal to - 4369.444.

It can be seen that the binomial bounding scheme provides a very narrow bounding scheme,
and that the solving of the problems (2), (8) and (9) provides very similar objective values that
fall within the bounds determined by (13) and (14).

A similar conclusion can be observed for p set equal to 0.95. Using the binomial moment
bounding formulation (13), we obtain a lower and upper bound on the objective function equal to
- 4370.710 and - 4368.350, respectively. The optimal objective value obtained with the problem
formulations (2) and (8) is the same, equal to - 4368.56, and is also extremely close to the optimal
objective value obtained when p is equal to 0.9. The optimal individual reliability levels pi, i = 1,
2, 3, 4 in (8) are equal to 97.91%, 99.18%, 100.00% and 97.91%, respectively.

4 Convexity analysis of constraints enforcing reliability level

4.1 Concavity of reliability functions
In this section, we analyze the reliability level enforcing that the average measure
                 [ 0] , 1,...,i i iE t t d i rε ε− − ≥ ≤ = (22)

of violations of the constraint i iT x ε≥  be below a certain threshold di. Clearly, the inequality (22)
enforces the average to be taken in the only cases when i iT x ε≥  is violated.
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Below, we analyze the concavity of the function
             ( ) [ 0]g t E t tε ε= − − ≥     (23)

when the random variable ε is normally distributed.
The function (23) can be rewritten as

         
( ) ( )

t

x t f x  dx

1-F(t)

∞

−∫

where f(x) denotes the probability density function and F(x) denotes the cumulative probability
distribution of the random variable or, alternatively, as

                   
(1 ( ))

t

F x  dx

1-F(t)

∞

−∫
     .

It can be seen that
2

2

1(1 ( )) ( ) (1 ( )) 
'( )

(1 ( ))
t

F t f t F x dx
g t

F t

∞

− − + −
=

−

∫

( )'( ) 1 ( ) 0
1 ( )

f tg t g t
F t

= − + <
−

 ,

where ( )
1 ( )

f t
F t−

is the hazard rate and is decreasing. Assuming that iε has a standard normal

distribution with mean 0 and standard deviation1, and thus knowing that

                      

2 / 2

2
( )

'( ) ( )

tef t

f t t f t

π

−
=


 = −  

   ,

we obtain the following developments for the second derivative of g(t):

2

2

2

2

2

2

( ) ( )"( ) ( ) '( )
1 ( ) 1 ( )

'( )(1 ( )) ( ) ( )( ) '( )
(1 ( )) 1 ( )

( )(1 ( )) ( ) ( ) ( )( ) 1 ( )
(1 ( )) 1 ( ) 1 ( )

( ) ( ) ( ) ( )
1 ( ) (1 ( ))

d f t f tg t g t g t
dt F t F t

f t F t f t f tg t g t
F t F t

tf t F t f t f t f tg t g t
F t F t F t

tf t g t f t g t f
F t F t

 
= + − − 

− +
= +

− −

 − − +
= + − + − − − 

−
= + −

− −

2

2

2

2

0

( ) ( ) ( )
1 ( ) (1 ( ))

2 ( ) ( ) ( ) ( ( ) 1)
(1 ( )) 1 ( )

( ) 2 ( ) ( ) ( ) 1
1 ( ) 1 ( )

t f t g t
F t F t

f t g t f t tg t
F t F t

f t f t g t tg t
F t F t
≥

+
− −

= − +
− −

 
= − − − − ��	�
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To test the concavity of g(t), we must therefore evaluate the sign of
    2 ( ) ( ) (  ( ) 1)(1 ( ))f t g t t g t F t− − −                     (24)

The solving of
     min 2 ( ) ( ) (  ( ) 1)(1 ( ))

t
f t g t t g t F t− − −          (25)

shows that the expression (24)
• is minimized  for

t = 7.58067
for which the objective value of (25) is equal to -0.0047982

• is positive on
] [,7.31499−∞     .

The objective value of (25) becomes negative beyond 7.31499,  and is equal to
-0.000415477

at this point.
Finally, we note that

( 7.31499) 0.99999999999987P ε ≤ = ,
which means that g(t) (23) is concave except for extremely unlikely large values of t, and that the
function (22) will also be concave except for extremely demanding reliability levels di
characterized by extremely low values for di , requiring extremely high values for t for (22) to
hold.

Figure 1: Function g(t)

This also implies that the inverse g-1(t) of g(t) is convex for most values of t.

Figure 2: Function g-1(t)
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Consequently, the stochastic problem

                                      

min
.  [ 0] , 1,...,

       
       0

T

i i i i i

c x
s to E T x T x d i r

Ax b
x

ε ε− − > ≤ =

≥
≥

,                     

equivalent to

                   
1

min
.  ( ), 1,...,

       
       0

T

i i

c x
s to T x F d i r

Ax b
x

−≥ =
≥

≥

is a non-linear convex problem.

4.1.1 Correspondence between types of reliability levels

In this section, we study the correspondence between the service level pi enforced by a
probabilistic constraint taking the form

                     ( )i i iP t pε≥ ≥   ,
which is equivalent to

                     1 ( )i it F p−≥
and the service level di enforced by the constraint (22), alternatively written as

                  1 ( )i it g p−≥  
To determine which value of di corresponds to various probabilities (pi = 0.9 , 0.95, …) of not

having a stockout, we solve the following non-linear problem:
min

(1 ( ))
.

0

p

i

t
ip

i

 d

F x  dx
s to d

1-F(t )
      d

∞

−

≤

≥

∫
 (26)

where tp = F-1(pi) is given and di is the decision variable.
The correspondence between the two types of service levels obtained by solving (26) for different
values of pi are given in Table 8.

Table 8 : Correspondence between pi and di

pi 0.9 0.91 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99 0.999
di 0.4734 0.4636 0.4533 0.4423 0.4306 0.4179 0.4037 0.3873 0.3672 0.3389 0.2769
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4.1.2 Application

After having shown in Section 4.1 that the enforcement of reliability levels of type di with
normally distributed random variables result in non-linear convex problems, we consider the
STABIL problem in which similar reliability levels are prescribed. More precisely, we want to
enforce the reliability level d0 such that

                  0
1

min
.  [ 0] , 1,...,

       (  ( 0))

       
       0
       , 1,...,

T

i i i i i

r

i i i
i

i

c x
s to E T x T x d i r

d P T x d

Ax b
x
d R i r

ε ε

ε
=

− − > ≤ =

− > ≤

≥
≥
∈ =

∑   (27)

in which di,i =1,…,r are decision variables.
Substituting di,i =1,…,r by

      [ 0], 1,...,i i i iE T x T x i rε ε− − > = ,
the constraint

   0
1

(  ( 0))
r

i i i
i

d P T x dε
=

− > ≤∑
becomes

   0
1

( [ 0] ( 0))
r

i i i i i i
i

E T x T x P T x dε ε ε
=

− − > − > ≤∑    .         (28)

Since

         
( ) ( ) 

[ 0]
1- ( )

i

i i i i
T x

i i i i
i

z T x f z dz
E T x T x

F T x
ε ε

∞

−

− − > =
∫

   ,

and
     ( 0) 1- ( )i i iP T x F T xε − > =  ,

constraint (28) can be rewritten as

                 ( ) ( ) 
i

i i i i
T x

z T x f z dz
∞

−∫
and is thus an “integrated probabilistic constraint” (Klein Haneveld, 1986), in which

                                                          [ ] , 1,...,i i iz T x i rη
+

= − =

is the positive part of the expression , 1,...,i iz T x i r− =  and can be interpreted, in the STABIL
context, as the amount of unserved power. It is thus clear that problem (27) restrains the expected
amount of unserved power to be below a certain threshold d.
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In Table 9, we report the results for a reliability level d equal to 0.4734 , 0.4179 and 0.3389,
which respectively correspond to a probability level p of not having a stockout equal to 0.9 , 0.95
and 0.99 (see Table 8).

Table 9 : Reliability level d for the STABIL problem

p 0.9 0.95 0.99
d 0.473 0.418 0.339

1

1 1 1 1( ) ( ) 
T x

z T x f z dz
∞

−∫ 0.158 0.139 0.112

2

2 2 2 2( ) ( ) 
T x

z T x f z dz
∞

−∫ 0.152 0.135 0.111

3

3 3 3 3( ) ( ) 
T x

z T x f z dz
∞

−∫ 0 0 0

4

4 4 4 4( ) ( ) 
T x

z T x f z dz
∞

−∫ 0.163 0.144 0.116

Objective value -4373.080 -4372.840 -4372.441

5 Concluding remarks

We consider probabilistically constrained problems, in which the multivariate random
variables are located in the right-hand sides. The joint probabilistic constraint guarantees the joint
fulfillment of a system of linear inequalities with random right-hand side variables to be above a
prescribed probability level p. We show the applicability of the p-efficiency concept for
approximating joint probabilistic variables with discretely distributed random variables. We then
develop approximation bounding schemes applicable to random variables with either a discrete or
a continuous probability distribution. The bounding schemes involve the substitution of the joint
probabilistic constraint by a set of individual constraints, the Boole’s inequality, the binomial
moment bounding scheme, and Slepian’s inequality, respectively. The advantage of such
formulations is that they require the computation of joint probabilistic constraints of lower
dimension than this of the joint probabilistic constraint included in the original formulation. We
analyze their computational tractability, and show their relative tightness.

Finally, we study a particular reliability level di, and show that the function of form
[ 0]i iE T x T xε ε− − >  enforcing it is concave except for very large (small) values of Tix (di). We

study the relationship between the service levels pi and di defined by the functions ( )i i iP T x pε≥ ≥

and [ 0]i i i i iE T x T x dε ε− − > ≤ , respectively. We illustrate and interpret such a service level di in a
power management context.
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