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Abstract.For a proper cone K ⊂ R
n and its dual cone K∗ the complementary

slackness condition xTs = 0 defines an n-dimensional manifold C(K) in the space

{ (x, s) | x ∈ K, s ∈ K∗ }. When K is a symmetric cone, this manifold can be de-

scribed by a set of n bilinear equalities. This fact proves to be very useful when

optimizing over such cones, therefore it is natural to look for similar optimality

constraints for non-symmetric cones. In this paper we examine the cone of positive

polynomials P2n+1 and its dual, the closure of the moment cone M2n+1. We show

that there are exactly 4 linearly independent bilinear identities which hold for all

(x, s) ∈ C(K), regardless of the dimension of the cones. Since these are not sufficient

to describe C(P2n+1) we then look for more complicated constraints and present a

set of 2n + 3 valid cubic conditions. We then establish similar results for the cone

of positive polynomials over a finite interval and the cone of positive trigonometric

polynomials. In an Appendix we give some examples of cones where our approach

can be used to show that no non-trivial bilinear optimality constraints exist.
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Introduction

In this paper we study the complementarity conditions for the cone of positive polynomials
and its dual, the closure of the moment cone, over the real line. We also extend some of
our results to the positive polynomials and moment vectors over a finite interval of R, and
also over trigonometric polynomials. Cones of positive polynomials are a family of non-
symmetric cones with many practical applications, such as shape-constrained regression and
the approximation of nonnegative functions (see for example [1]).

It is well-known that positive polynomials over the real line are precisely those polynomials
that can be written as the sum of squares of other polynomials. This property directly leads
to expression of the cone of positive polynomials as a linear map of the cone of positive
semidefinite matrices, see for example Nesterov [7]. For instance optimization over the cone
of positive polynomials of degree n can be expressed as a semidefinite program over n × n

Hankel matrices. However, this approach may significantly increase the size of the problem
and introduce degeneracy, therefore in many cases it is not practical. This motivates us
to look for solution methods and optimality conditions which directly apply to the cone of
positive polynomials.

A pair of vectors (x, s), x ∈ K, s ∈ K∗ is said to satisfy the complementary slackness
condition if xTs = 0. In this case it is known ([5]) that if K is a proper cone (convex, closed,
pointed and having a non-empty interior), such pairs constitute an n-dimensional manifold

C(K) =
{
(x, s) : x ∈ K, s ∈ K∗, x

T
s = 0

}
⊂ R

n × R
n.

One of the key properties of symmetric cones, i.e. proper self-dual cones whose automor-
phism group acts transitively on their interior, is that the corresponding manifold C(K) can
be expressed by a set of bilinear relations. For instance in the cone of positive semidefinite
matrices < X, S >= Trace(XS) = 0 implies XS + SX = 0. The latter matrix equality corre-
sponds to a set of scalar bilinear equalities. In turn the existence of bilinear complementary
relations has an impact on the design of efficient and numerically stable primal-dual interior
point algorithms. Furthermore, the bilinear relationship among vectors indicates existence
of an algebra underlying the optimization problem. For instance for symmetric cones the
underlying algebras are the Euclidean Jordan algebras which can be exploited effectively to
derive primal-dual interior point algorithms, see for example Schmieta and Alizadeh [2] and
Faybusovich [4] for further details.

An interesting question is therefore this: for which cones K the manifold C(K) can be
characterized by a set of bilinear relations? In this paper we show that for the cone of
positive polynomials C(K) cannot be entirely represented by such bilinear relations, in fact
in general there are only four bilinear complementary relations. We present similar results
for nonnegative trigonometric polynomials and nonnegative polynomials on an interval. As
in all these cases bilinear constraints prove insufficient to completely describe C(K), we also
look for more complicated conditions. The methods we apply rely on results allowing the
parametrization of the boundaries of the cones in question based on the theory of Tchebycheff
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systems ([6]). In the Appendix we present a version of our approach which can be applied
in the absence of such a parametrization, along with some negative results.

The paper is structured as follows: we first present necessary background information
about the cone of positive polynomials P2n+1 and its dual, the closure of the moment cone
M2n+1. The next section contains our main results concerning bilinear optimality constraints.
Section 3 deals with cubic constraints while sections 4 and 5 extend our results for poly-
nomials over finite intervals and trigonometric polynomials. In the Appendix we give some
negative results for specific low-dimensional cones.

Notation

For a polynomial represented by the vector of its coefficients p = (p0, . . . , pn) the corre-
sponding polynomial function is denoted by p(t) = p0 + p1t + p2t

2 + ... + pntn.

Throughout the paper we adopt the following convention: if for a range of indices the
lower bound is greater than the upper bound, the range is considered to be empty.

For a matrix (Aij)i,j=1,...,n ∈ R
n×n let vec(A) = (A11, A12, . . . , Ann) ∈ R

n2

and let Null(A)

denote the nullspace of A.

The convex hull of a set S ⊂ R
n is denoted by conv(S), the closure of S is denoted by S̄.

The Minkowski sum of sets S, T ⊂ R
n is S + T = {s + t | s ∈ S, t ∈ T }.

The ray spanned by a vector v ∈ R
n is denoted by R+v = {λv | λ ≥ 0}. The linear space

spanned by a set of vectors V = {v1, . . . , vk} is denoted by 〈V〉 = 〈v1, . . . , vk〉.

If A = a1, a2, . . . , an and B = b1, b2, . . . , bm are two sequences, A,B denotes their
concatenation, a1, . . . , an, b1, . . . , bm.

The reverse of a vector v = (v1, v2, . . . , vn−1, vn) is denoted by ←−v = (vn, vn−1, . . . , v2, v1).

For the dual of a cone K ⊂ R
n we use the notation K∗ =

{
s ∈ R

n | xTs ≥ 0 ∀x ∈ K
}
.

The parity of an integer m is denoted by m (mod 2) =

{
0 if m is even
1 if m is odd

.

1 Positive Polynomials over R and the Moment Cone

Let us first introduce the cone of positive polynomials and the moment cone:

Definition 1

P2n+1 =
{
(p0, . . . , p2n) ∈ R

2n+1 | p(t) = p0 + p1t + p2t
2 + ... + p2nt2n ≥ 0 ∀t ∈ R

}

denotes the cone of positive polynomials of degree 2n.
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The moment cone of dimension 2n + 1 is defined as

M2n+1 = conv {c2n+1(t) | t ∈ R} , where c2n+1(t)
def
= (1, t, t2, . . . , t2n)T .

Remark 1 This is not the traditional definition of the moment cone. See [6] (Ch.VI) for
the original definition and proof of its equivalence with the one given above.

The cone of positive polynomials and the moment cone are closely related (see also [6]):

Proposition 1 P∗
2n+1 = M̄2n+1.

Proof: Since P2n+1 is a closed convex cone, it is sufficient to show M∗
n+1=Pn+1.

Let p ∈ Pn+1 and c ∈ Mn+1. Then pTc = pT
∑

i λi(1, ti, t
2
i , . . . , t

n
i )T =

∑
i λiP(ti) ≥ 0.

Thus Pn+1 ⊆ M∗
n+1.

We also need to show that M∗
n+1 ⊆ Pn+1. Suppose that p belongs to M∗

n+1, but
not to Pn+1. Since p /∈ Pn+1, there exits t ∈ R such that P(t) < 0. Then we have
pT (1, ti, t

2
i , . . . , t

n
i )T < 0, which is impossible since (1, ti, t

2
i , . . . , t

n
i )T ∈ Mn+1 and p ∈ M∗

n+1.

1.1 Parametrization of P2n+1 and M̄2n+1

Theorem 1 For a polynomial p of degree 2n with leading coefficient 1 the following are
equivalent:

1. p(t) ≥ 0 (∀t ∈ R)

2. There exist ti ∈ R, γi ≥ 0 (i = 1, . . . , n) such that
p(t) = (t−t1)

2
(

(t − t2)
2
(

(t − t3)
2
(

. . .
(

(t − tn)2 + γn

)

+ γn−1

)

+ γn−2

)

+ . . . + γ2

)

+γ1

Proof: The implication (2) ⇒ (1) is trivial. Let us now assume that p(t) ≥ 0 (∀t ∈ R)

holds. The claim is trivial for n = 0. Assume n ≥ 1 and let γ1
def
= min p(t) ≥ 0. Then

p(t) − γ1 is a nonnegative polynomial with some real root t1. By nonnegativity the root
t1 has even multiplicity, therefore p(t) − γ1 = (t − t1)

2q(t), where q(t) is a nonnegative
polynomial of degree 2n − 2. The claim immediately follows by induction.

Notice that if p is on the boundary of P2n+1 we have γ1 = 0.

Proposition 2 p ∈ P2n+1 ⇔
←−
p ∈ P2n+1

Proof: The claim follows immediately from the fact that for x 6= 0 we have←−p (x) = x2np( 1
x
).

The proof of the following proposition can be found in [6] (Ch.VI).
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Proposition 3 M̄2n+1 = R+e + M2n+1, where e = (0, 0, . . . , 0, 1) ∈ R
2n+1.

Corollary 1 Every vector c̄ ∈ M̄2n+1 can be written in the form

c̄ = λ0e +

r∑

j=1

λjc2n+1(tj), (1)

where r ≥ 0, λj > 0, tj ∈ R (j = 1, . . . , r), λ0 ≥ 0.

1.2 An Equivalent Condition for Complementary Slackness

In this section we characterize pairs of primal and dual vectors satisfying the complementary
slackness condition.

Theorem 2 Let p = (p0, . . . , p2n) and c̄ = λ0e+
∑r

j=1 λjc2n+1(tj), λj > 0 (j = 1, . . . , r), λ0 ≥

0 be arbitrary vectors in P2n+1 and M̄2n+1, respectively. Then pT c̄ = 0 (i.e. (p, c̄) ∈
C(P2n+1)) if and only if p(tj) = 0 (j = 1 . . . r) and λ0p2n = 0.

Proof: Notice that since the leading coefficient of a positive polynomial cannot be negative,

p2n ≥ 0. Using the parametrization in Corollary 1 we have pT c̄ = pT
(

λ0e +
∑r

j=1 λjc2n+1(tj)
)

= λ0p
Te+

∑r

j=1 λjp
Tc2n+1(tj) = λ0p2n +

∑r

j=1 λjp(tj). Since on the right hand side we have
the sum of nonnegative terms, the expression equals 0 if and only if every term is 0, i.e.
p(tj) = 0 (j = 1 . . . r) and λ0p2n = 0. As on the left hand side we have pT c̄, the theorem
immediately follows.

Let us notice that since every root of a nonnegative polynomial is a local minimum, it is
a multiple root with even multiplicity. Thus we can obtain the following parametrization of
C(P2n+1):

Corollary 2 Consider a pair of vectors (p, c̄) ∈ C(P2n+1); by Proposition 3 c̄ = λ0e+c for
some c ∈ M2n+1 and λ0 ≥ 0 such that λ0p2n = 0. Then there exist λj ≥ 0 (j = 1 . . . r), γj ≥
0 (j = r + 1 . . . m), tj ∈ R (j = 1 . . .m), r ≤ m ≤ n such that

ci =

r∑

j=1

λjt
i
j, i = 0, 1, . . . , 2n, (2)

p(t) = (t − t1)
2(t − t2)

2 . . . (t − tr)
2
((

(t − tr+1)
2
(

(t − tr+2)
2 (. . .

. . .
(

(t − tm)2
)

+ γm

)

+ γm−1

)

+ . . . + γr+2

)

+ γr+1

)

(3)
(

in the case m = r we have p(t) = (t − t1)
2(t − t2)

2 . . . (t − tr)
2
)

. Notice that if c̄ ∈ M2n+1,
we can choose λ0 = 0.

Also, for any choice of ti ∈ R, λj ≥ 0, γk ≥ 0 the formulas (2) and (3) yield a pair
(p, c) ∈ C(P2n+1), where c ∈ M2n+1.
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For the latter sections it will be useful to rewrite (3) in the following form:

p(t) = p(m+1)(t) +

m∑

k=r+1

γkp
(k)(t) (4)

where p(k)(t) = (t − t1)
2(t − t2)

2 . . . (t − tk−1)
2. We will also use the following basic fact:

Observation 1 P
(n)

i denotes the coefficient of ti in
∏n

j=1(t−tj)
2. The term

∏n

j=1 t
mj

j appears

in P
(n)

i with a non-zero coefficient if and only if 0 ≤ mj ≤ 2 (j = 1, . . . , n) and
∑n

j=1 mj =

2n − i. In this case the coefficient is equal to
∏n

j=1(−2)(mj (mod 2)).

2 Main Results

We say that a matrix (Aij)i,j=0,...,2n is a bilinear optimality constraint if for all (p, c̄) ∈
C(P2n+1)

∑
i,j Aijpicj = 0 holds.

A is a weak optimality constraint if
∑

i,j Aijpicj = 0 holds for all pairs (p, c) ∈ C(P2n+1) for
which c ∈ M2n+1.

Definition 2 Let us define the matrix M as follows: the columns are indexed by the pairs
(0, 0), (0, 1), (0, 2), . . . , (2n, 2n) while the rows are indexed by vectors of the form m =

(m1,m2, . . . ,mn) ∈ Sn, where Sn = {0, . . . , 2n + 2} × {0, 1, 2} × {0, 1, 2} × . . . × {0, 1, 2}.

The entry M(i,j),m is the coefficient of
∏n

k=1 tmk

k in P
(n)

i t
j
1.

The next proposition follows directly from Observation 1.

Proposition 4 Let 0 ≤ i, j ≤ 2n and m ∈ Sn. Let ∆
def
=
∏n

k=2(−2)(mk (mod 2)) and let (∗)
denote the condition i − j +

∑n

k=1 mk = 2n. Then

M(i,j),m =






∆ if j = m1 and (∗) holds
−2∆ if j = m1 − 1 and (∗) holds
∆ if j = m1 − 2 and (∗) holds
0 otherwise

. (5)

Theorem 3 A is a weak bilinear optimality constraint if and only if vec(A) ∈ Null(M).

Proof: First let us assume that A is a weak bilinear optimality constraint. Let ti ∈ R (i =

1, . . . , n) be arbitrary numbers, c
def
= c2n+1(t1), p(t)

def
=
∏n

i=1(t − ti)
2. Then by Corollary 2

(p, c) ∈ C(P2n+1), c ∈ M2n+1. Therefore according to (5) we have

0 =
∑

i,j

Aijpicj =
∑

i,j

Aij

∑

m∈Sn

M(i,j),m

n∏

k=1

tmk

k =
∑

m∈Sn

n∏

k=1

tmk

k

∑

i,j

AijM(i,j),m.
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Since the above polynomial vanishes for every choice of ti ∈ R (i = 1, . . . , n), for all m ∈ Sn

the coefficient of the term
∏n

k=1 tmk

k has to be zero, i.e.
∑

i,j AijM(i,j),m = 0. Since the left
hand side is the scalar product of vec(A) with the row of M indexed by m, vec(A) ∈ Null(M).

Now let us assume vec(A) ∈ Null(M). Notice that if either p or c is zero, then∑
i,j Aijpicj = 0. Now consider a pair of nonzero vectors (p, c) ∈ C(P2n+1), c ∈ M2n+1.

By Corollary 2 ci =
∑r

j=1 λjt
i
j, i = 0, 1, . . . , 2n for some λj > 0 (j = 1, . . . , r), where

1 ≤ r ≤ n. Therefore

∑

i,j

Aijpicj =
∑

i,j

Aijpi

r∑

k=1

λkt
j
k =

r∑

k=1

λk

∑

i,j

Aijpit
j
k,

so it suffices to show
∑

i,j Aijpit
j
k = 0 for all k = 1, . . . , r. By symmetry this is equivalent

to showing
∑

i,j Aijpit
j
1 = 0. By (4) p(t) = p(m+1)(t) +

∑m

k=r+1 γkp
(k)(t), where p(k)(t) =

(t − t1)
2(t − t2)

2 . . . (t − tk−1)
2. Thus

∑

i,j

Aijpit
j
1 =
∑

i,j

Aij

(

p
(m+1)

i +

m∑

k=r+1

γkp
(k)

i

)

t
j
1 =
∑

i,j

Aijp
(m+1)

i t
j
1 +

m∑

k=r+1

γk

∑

i,j

Aijp
(k)

i t
j
1.

Therefore it suffices to show
∑

i,j Aijp
(k)

i t
j
1 = 0 for all k = 2, . . . , n + 1.

Lemma 1 Let k ≥ 2,
∑

i,j Aijp
(k+1)

i t
j
1 = 0 (∀tl ∈ R, l = 1, . . . , k). Then

∑
i,j Aijp

(k)

i t
j
1 = 0.

Proof: Since p(k+1)(t) = (t2 − 2tkt + t2
k)p

(k)(t), we have

∑

i,j

Aijp
(k+1)

i t
j
1 = t2

k

(

∑

i,j

Aijp
(k)

i t
j
1

)

− 2tkt

(

∑

i,j

Aijp
(k)

i t
j
1

)

+ t2

(

∑

i,j

Aijp
(k)

i t
j
1

)

.

As tk is not featured in
∑

i,j Aijp
(k)

i t
j
1, in order for the above polynomial to vanish everywhere

∑
i,j Aijp

(k)

i t
j
1 = 0 must hold.

According to Lemma 1 it suffices to show
∑

i,j Aijp
(n+1)

i t
j
1 = 0. Since vec(A) ∈ Null(M), for

every m ∈ Sn we have
∑

i,j AijM(i,j),m = 0. Thus

∑

i,j

Aijp
(n+1)

i t
j
1 =
∑

i,j

Aij

∑

m∈Sn

M(i,j),m

n∏

k=1

tmk

k =
∑

m∈Sn

n∏

k=1

tmk

k

∑

i,j

AijM(i,j),m = 0.

Corollary 3 The number of the linearly independent weak bilinear optimality constraints
equals (2n + 1)2 − rank(M).
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Theorem 4 rank(M) = (2n + 1)2 − 4.

Proof: To show rank(M) ≤ (2n + 1)2 − 4 we present 4 linearly independent weak bilinear
optimality constraints:

A
(1)

ij =

{
1 if i = j

0 otherwise

A
(2)

ij =

{
2n − i if i = j

0 otherwise

A
(3)

ij =

{
2n − i if i = j − 1

0 otherwise

A
(4)

ij =

{
i if i = j + 1

0 otherwise

These are clearly linearly independent for n ≥ 1, therefore by Theorem 3 it suffices to
show vec(A

(k)

ij ) ∈ Null(M), i.e. that for any m ∈ Sn, 1 ≤ k ≤ 4:
∑

i,j A
(k)

ij M(i,j),m = 0. Let
m ∈ Sn be fixed.

If m1 + . . . + mn 6= 2n then by Proposition 4 M(i,i),m = 0 (∀i), therefore
∑

i,j A
(1)

ij M(i,j),m =
∑

i M(i,i),m = 0 and
∑

i,j A
(2)

ij M(i,j),m =
∑

i(2n − i)M(i,i),m = 0.

If m1 + . . .+mn = 2n then we have m1 ≥ 2 and (again by Proposition 4)
∑

i,j A
(1)

ij M(i,j),m =∑
i M(i,i),m = M(m1,m1),m + M(m1−1,m1−1),m + M(m1−2,m1−2),m = ∆ − 2∆ + ∆ = 0 and

∑
i,j A

(2)

ij M(i,j),m =
∑

i(2n − i)M(i,i),m = M(m1,m1),m + M(m1−1,m1−1),m + M(m1−2,m1−2),m =

(2n − m1)∆ − 2(2n − (m1 − 1))∆ + (2n − (m1 − 2))∆ = 0.

If m1 + . . . + mn 6= 2n + 1 then M(i,i+1),m = 0 (∀i), therefore
∑

i,j A
(3)

ij M(i,j),m =
∑

i(2n −

i)M(i,i+1),m = 0.

If m1 + . . . + mn = 2n + 1 then we have m1 ≥ 3, therefore
∑

i,j A
(3)

ij M(i,j),m =
∑

i(2n −

i)M(i,i+1),m = (2n−(m1 − 1))M(m1−1,m1),m +(2n−(m1 − 2))M(m1−2,m1−1),m +(2n−(m1 −

3))M(m1−3,m1−2),m = (2n − (m1 − 1))∆ − 2(2n − (m1 − 2))∆ + (2n − (m1 − 3))∆ = 0.

If m1+. . .+mn 6= 2n−1 then M(i,i−1),m = 0 (∀i), therefore
∑

i,j A
(4)

ij M(i,j),m =
∑

i iM(i,i−1),m =

0.
If m1 + . . . + mn = 2n − 1 then we have m1 ≥ 1. If m1 ≥ 2, we have

∑
i,j A

(4)

ij M(i,j),m =∑
i iM(i,i−1),m = (m1+1))M(m1+1,m1),m+m1M(m1,m1−1),m+(m1−1)M(m1−1,m1−2),m = (m1+

1)∆ − 2m1∆ + (m1 − 1)∆ = 0 while for m1 = 1 we get
∑

i,j A
(4)

ij M(i,j),m =
∑

i iM(i,i−1),m =

(1 + 1)∆ − 2∆ = 0.

In order to show rank(M) ≥ (2n + 1)2 − 4 we present a (2n + 1)2 − 4 by (2n + 1)2 − 4

nonsingular submatrix of M. We prove nonsingularity by rearranging the columns and rows
of the submatrix to obtain an upper triangular matrix with non-zero diagonal entries. Let
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us first define the following sequences of indices:

For k = 0, . . . , n − 2 let Ak
def
= (2n − k, 0), (2n − k, 1), . . . , (2n − k, 2n − k)

Bk
def
= (k, k), (k, k + 1), . . . , (k, 2n).

(6)

For k = n − 1, . . . , 2n − 2 let Ak
def
= (2n − k, 0), (2n − k, 1), . . . , (2n − k, 2n − k − 1)

Bk
def
= (k, k + 1), (k, k + 2), . . . , (k, 2n).

(7)

Let C
def
= (n,n).

Let S̄
def
=
{
(m2, . . . ,mn) ∈ {0, 1, 2}n−1 | m2 ≥ m3 ≥ . . . ≥ mn

}
. Notice that for all 0 ≤ k ≤

2n − 2 there exists a unique m̄(k) ∈ S̄ such that
∑n

l=2 m̄
(k)

l = k.

For k = 0, . . . , n − 2 let Dk
def
=

(

0

m̄(k)

)

,

(

1

m̄(k)

)

, · · · ,

(

2n − k

m̄(k)

)

Ek
def
=

(

k + 2

m̄(2n−2−k)

)

,

(

k + 3

m̄(2n−2−k)

)

, · · · ,

(

2n + 2

m̄(2n−2−k)

)

. (8)

For k = n − 1, . . . , 2n − 2 let Dk
def
=

(

0

m̄(k)

)

,

(

1

m̄(k)

)

, · · · ,

(

2n − k − 1

m̄(k)

)

Ek
def
=

(

k + 3

m̄(2n−2−k)

)

,

(

k + 4

m̄(2n−2−k)

)

, · · · ,

(

2n + 2

m̄(2n−2−k)

)

. (9)

Let F
def
=

(

n + 1

m̄(n−1)

)

.

Proposition 5 The (rearranged) (2n + 1)2 − 4 by (2n + 1)2 − 4 submatrix of M defined by
the column index sequence A0,B0,A1,B1, . . . ,An,C,Bn,An+1,Bn+1, . . . ,A2n−2,B2n−2 and
the row index sequence D0,E0,D1,E1, . . . ,Dn,F,En,Dn+1,En+1, . . . ,D2n−2,E2n−2 is upper
triangular with nonzero diagonal entries.

Proof: Let us first observe that for every 0 ≤ k ≤ n − 2 the sequences Ak, Bk, Dk and Ek

are all of length 2n − k + 1, for n − 1 ≤ k ≤ 2n − 2 they are all of length 2n − k and C

and F are both of length 1. Therefore the overall length of both the column and row index
sequences is indeed 1+

∑n−2

k=1 (2n−k+1)+
∑2n−2

k=n−1(2n−k) = 1+2(n−1)+2
∑2n−2

k=0 2n−k =

1 + 2(n − 1) + (2n − 1)(2n + 2) = 4n2 + 4n − 3 = (2n + 1)2 − 4.

Now we are going to show for every column that its diagonal entry is nonzero while all
entries below the diagonal are zero.
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Case 1 The column is indexed by an element of some Ak, 0 ≤ k ≤ 2n − 2.
The column index is of the form (i, j), where i = 2n−k and 0 ≤ j ≤ 2n−k. Now consider a

row index m =

(

m1

m̄(k ′)

)

in some Dk ′ , k ′ ≥ k. By Proposition 4 the corresponding element

of our column is nonzero if and only if we have i − j + m1 + k ′ = 2n and j ≤ m1 ≤ j + 2.
Using the latter inequality we have i− j+m1 +k ′ ≥ 2n−k− j+ j+k = 2n, where equality
holds if and only if m1 = j and k ′ = k, i.e. for the diagonal element.

For a row index m =

(

m1

m̄(2n−2−k ′)

)

in some Ek ′(k ′ ≥ k) we have m1 ≥ k ′ +2. Assume for

contradiction that the corresponding element in our column is nonzero, then by Proposition
4 m1 ≥ j and i − j + m1 + 2n − 2 − k ′ = 2n. From the latter equality using i = 2n − k and
m1 ≥ k ′ + 2 we obtain j ≥ 2n − k which implies j = 2n − k and (by (7)) k ≤ n − 2. Now
(∗) implies m1 = k ′ + 2, thus k ′ = m1 − 2 ≥ j − 2 = 2n − k − 2 ≥ 2n − (n − 2) − 2 = n,
therefore (by (9)) m1 ≥ k ′ + 3, contradicting m1 = k ′ + 2.

Finally we verify that the entry of our column in the row indexed by m =

(

n + 1

m̄(n−1)

)

∈ F

is zero. Assume for contradiction that it is nonzero, then by Proposition 4 we have j ≤ n+1

and i − j + n + 1 + (n − 1) = 2n. From the latter we get j = i = 2n − k, which (by (7)) im-
plies k ≤ n−2. Therefore n+1 ≥ j = 2n−k ≥ 2n−(n−2) = n+2, which is a contradiction.

Case 2 The column is indexed by an element of some Bk, 0 ≤ k ≤ 2n − 2.

The column index is of the form (k, j), k ≤ j. Now consider a row index m =

(

m1

m̄(k ′)

)

in

some Dk ′ , k ′ > k. Assume for contradiction that the corresponding element of our column
is nonzero, then by Proposition 4 we have m1 ≤ j + 2 and k − j + m1 + k ′ = 2n. Since k ≤ j

and (by (9)) m1 ≤ 2n − k ′, we have 2n = k − j + m1 + k ′ ≤ k − k + (2n − k ′) + k ′ = 2n. As
equality must hold, we get k = j (implying, by (7), k ≤ n − 2) and m1 = 2n − k ′ (implying,
by (9), k ′ ≤ n − 2). Therefore we have n + 2 = 2n − (n − 2) ≤ 2n − k ′ = m1 ≤ j + 2 =

k + 2 ≤ (n − 2) + 2 = n, which is a contradiction.

For a row index m =

(

m1

m̄(2n−2−k ′)

)

in some Ek ′(k ′ ≥ k) we have m1 ≥ k ′ + 2. By Propo-

sition 4 the corresponding element of our column is nonzero if and only if j ≤ m1 ≤ j + 2

and k − j + m1 + 2n − 2 − k ′ = 2n. Using the above we get 2n = k − j + m1 + 2n − 2 − k ′ ≤
k − j + (j + 2) + 2n − 2 − k ′ = k − k ′ + 2n ≤ 2n. Here equality holds only for k = k ′,
m1 = j + 2, i.e. for the diagonal element.

Finally we verify that the entry of our column in the row indexed by m =

(

n + 1

m̄(n−1)

)

∈

F is zero. Assume for contradiction that it is nonzero, then by Proposition 4 we have
k−j+(n+1)+(n−1) = 2n, i.e. k = j (implying, by (7), k ≤ n−2) and n+1 ≤ j+2 = k+2,
which implies k ≥ n − 1 contradicting k ≤ n − 2.

Case 3 The column is indexed by the element (n,n) ∈ C

10



Consider a row index m =

(

m1

m̄(k)

)

in some Dk, k > n. Then m1 ≤ 2n − k − 1, therefore

n − n + m1 + k ≤ 2n − k − 1 + k = 2n − 1, so by Proposition 4 the corresponding element
of our column is 0 since (∗) does not hold.

The diagonal element of our column is in the row indexed by m =

(

n + 1

m̄(n−1)

)

∈ F, in this

case (∗) holds since n − n + (n + 1) + (n − 1) = 2n, also, n ≤ n + 1 ≤ n + 2, therefore by
Proposition 4 the diagonal element is nonzero.

For a row index m =

(

m1

m̄(2n−2−k)

)

in some Ek (k ≥ n) we have (by (9)) m1 ≥ k + 3, so

n − n + m1 + 2n − 2 − k ≥ k + 3 + 2n − 2 − k = 2n + 1, therefore by Proposition 4 the
corresponding element of our column is 0 as (∗) does not hold.

Remark 2 It follows from Theorem 4 that all weak bilinear optimality constraints are linear
combinations of A(1), . . . , A(4). Notice that in the above proof A(1), . . . , A(4) correspond to the
following equalities:
p0c0 + p1c1 + . . . + p2nc2n = 0

2np0c0 + (2n − 1)p1c1 + . . . + p2n−1c2n−1 = 0

2np0c1 + (2n − 1)p1c2 + . . . + p2n−1c2n = 0

2np2nc2n−1 + (2n − 1)p2n−1c2n−2 + . . . + p1c0 = 0

These can also be proven immediately from the parametrization of M2n+1; as we well later
use a similar technique to prove cubic optimality constraints, we also present this alternative
proof:
According to (3) tk is a multiple root of the polynomial p for all k = 1, . . . , r, therefore
p(tk) = p ′(tk) = 0. Then by (2) we have:

∑
i,j A

(1)

ij picj =
∑2n

i=0 pici =
∑2n

i=0 pi

∑r

k=0 λkt
i
k =
∑r

k=0 λk

∑2n

i=0 pit
i
k =
∑r

k=0 λkp(tk) = 0
∑

i,j A
(2)

ij picj =
∑2n−1

i=0 (2n−i)pici =
∑2n−1

i=0 (2n−i)pi

∑r

k=0 λkt
i
k =
∑r

k=0 λk(2n
∑2n−1

i=0 pit
i
k−

tk

∑2n−1

i=0 ipit
i−1
k ) =

∑r

k=0 λk(2n(p(tk)−p2nt2n
k )−tk(p

′(tk)−2np2nt2n
k )) =

∑r

k=0 λk(−2np2nt2n
k

+tk2np2nt2n−1
k ) = 0

∑
i,j A

(3)

ij picj =
∑2n−1

i=0 (2n−i)pici+1 =
∑2n−1

i=0 (2n−i)pi

∑r

k=0 λkt
i+1
k =

∑r

k=0 λktk(2n
∑2n−1

i=0 pit
i
k

−tk

∑2n−1

i=0 ipit
i−1
k ) =

∑r

k=0 λktk(2n(p(tk) − p2nt2n
k ) − tk(p

′(tk) − 2np2nt2n
k ))

=
∑r

k=0 λktk(−2np2nt2n
k + tk2np2nt2n−1

k ) = 0

∑
i,j A

(4)

ij picj =
∑2n

i=1 ipici−1 =
∑2n

i=1 ipi

∑r

k=0 λkt
i−1
k =

∑r

k=0 λk

∑2n

i=1 ipit
i−1
k

=
∑r

k=0 λkp
′(tk) = 0.

We conclude this section by showing that A(1), . . . , A(4) are bilinear optimality constraints.
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Definition 3 For a matrix (Aij)i,j=0,...,2n let
←−
A ij = A2n−i,2n−j.

Proposition 6 If both A and
←−
A are weak bilinear optimality constraints then A is a bilinear

optimality constraint.

Proof: Consider a pair (p, c̄) ∈ C(P2n+1). By Corollary 1 c̄ = λ0e + c for some λ0 ≥ 0

and c ∈ M2n+1, furthermore, pTc = 0 and pT (λ0e) = 0. This implies pTAc = 0, since
A is a weak optimality constraint. On the other hand, ←−e = c2n+1(0) ∈ M2n+1 and, by

Proposition 2, ←−p ∈ P2n+1. Therefore, since
←−
A is also a weak optimality constraint and

←−
p T (λ0

←−
e ) = pT (λ0e) = 0, we have pTA(λ0e) =

←−
p T
←−
A(λ0

←−
e ) = 0, which implies pTAc̄ =

pTA(λ0e) + pTAc = 0.

Theorem 5 A(1), . . . , A(4) are linearly independent bilinear optimality constraints and all
such constraints can be obtained as linear combinations of A(1), . . . , A(4).

Proof: It only remains to show that A(1), . . . , A(4) are optimality constraints. According

to the previous proposition it suffices to prove
←−
A (i) ∈ 〈A(1), . . . , A(4)〉 (i = 1, . . . , 4). This

holds since
←−
A (1) = A(1),

←−
A (2) = 2nA(1) − A(2),

←−
A (3) = A(4) and

←−
A (4) = A(3).

3 Cubic Optimality Constraints

Since for n ≥ 2 the bilinear optimality constraints are not sufficient to describe C(P2n+1) it
is natural to look for other types of conditions. In this section we examine cubic constraints
of the following form:

Definition 4 (Bij)i,j=0,...,2n is a weak cubic optimality constraint of Type I if
∑

i,j,k Bijkpicjck =

0 holds for all (p, c) ∈ C(P2n+1) such that c ∈ M2n+1.

(Dij)i,j=0,...,2n is a weak cubic optimality constraint of Type II if
∑

i,j,k Dijkpipjck = 0

holds for all (p, c) ∈ C(P2n+1) such that c ∈ M2n+1.

If the above implications hold for all pairs (p, c̄) ∈ C(P2n+1), B and D are called cubic
optimality constraints of Type I and II, respectively.

Proposition 7 B
(δ)

ijk =






1 if i = j + k − δ, j, k < δ

−1 if i = j + k − δ, j, k ≥ δ

0 otherwise
, corresponding to the equality

∑

i,j<δ

pi+j−δcicj −
∑

i,j≥δ

pi+j−δcicj = 0,

is a weak cubic optimality constraint of Type I for all δ = −1, 0, 1, . . . , 2n + 1.
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Proof:

∑

i,j<δ

pi+j−δcicj −
∑

i,j≥δ

pi+j−δcicj =
∑

k,l

λkλl

(

∑

i,j<δ

pi+j−δt
i
kt

j
l −
∑

i,j≥δ

pi+j−δt
i
kt

j
l

)

therefore it suffices to show that for any k, l:
∑

i,j<δ

pi+j−δt
i
kt

j
l −
∑

i,j≥δ

pi+j−δt
i
kt

j
l = 0. (10)

Let us first assume δ ≥ 0. Then we have:
∑

i,j<δ pi+j−δt
i
kt

j
l =
∑δ−1

i=0 ti
k

∑δ−1

j=δ−i pi+j−δt
j
l.

Notice that
∑δ−1

j=δ−i pi+j−δt
j
l =
∑i−1

j=0 pjt
j−i+δ
l = tδ−i

l

∑i−1

j=0 pjt
j
l = tδ−i

l

(

p(tl) −
∑2n

j=i pjt
j
l

)

= −
∑2n

j=i pjt
j−i+δ
l . Thus,

∑
i,j<δ pi+j−δt

i
kt

j
l = −

∑δ−1

i=0 ti
k

∑2n

j=i pjt
j−i+δ
l =

∑δ−1

i=0

∑2n

j=i

(

tk

tl

)i

pjt
j+δ
l

= −
∑2n

j=0 pjt
j+δ
l

∑
min(j,δ−1)

i=0

(

tk

tl

)i

= −
∑δ−1

j=0 pjt
j+δ
l

∑j

i=0

(

tk

tl

)i

−
∑2n

j=δ pjt
j+δ
l

∑δ−1

i=0

(

tk

tl

)i

= −
∑δ−1

j=0 pjt
j+δ
l

t
j+1
k

−t
j+1
l

t
j
l
(tk−tl)

−
∑2n

j=δ pjt
j+δ
l

tδ
k
−tδ

l

tδ−1
l

(tk−tl)
= −

tδ
l

tk−tl

∑δ−1

j=0 pj(t
j+1
k −t

j+1
l )−

tδ
k
−tδ

l

tk−tl
tl

∑2n

j=δ pjt
j
l.

Similarly,
∑

i,j≥δ pi+j−δt
i
kt

j
l =
∑2n

i=δ ti
k

∑2n−i−δ

j=δ pi+j−δt
j
l. Notice that

∑2n−i−δ

j=δ pi+j−δt
j
l

=
∑2n

j=i pjt
j−i+δ
l = tδ−i

l

∑2n

j=i pjt
j
l = tδ−i

l

(

p(tl) −
∑i−1

j=0 pjt
j
l

)

= −
∑i−1

j=0 pjt
j−i+δ
l . Thus

∑
i,j≥δ pi+j−δt

i
kt

j
l = −

∑2n

i=δ ti
k

∑i−1

j=0 pjt
j−i+δ
l = −

∑2n

i=δ

∑i−1

j=0

(

tk

tl

)i

pjt
j+δ
l

= −
∑2n−1

j=0 pjt
j+δ
l

∑2n

i=max(δ,j+1)

(

tk

tl

)i

= −
∑δ−1

j=0 pjt
j+δ
l

∑2n

i=δ

(

tk

tl

)i

−
∑2n−1

j=δ pjt
j+δ
l

∑2n

i=j+1

(

tk

tl

)i

= −
∑δ−1

j=0 pjt
j+δ
l

(

t2n+1
k

−t2n+1
l

t2n
l

(tk−tl)
−

tδ
k
−tδ

l

tδ−1
l

(tk−tl)

)

−
∑2n−1

j=δ pjt
j+δ
l

(

t2n+1
k

−t2n+1
l

t2n
l

(tk−tl)
−

t
j+1
k

−t
j+1
l

t
j
l
(tk−tl)

)

= −
tδ−2n
l

(t2n+1
k

−t2n+1
l

)

tk−tl

∑δ−1

j=0 pjt
j
l +

tδ
k
−tδ

l

tk−tl
tl

∑δ−1

j=0 pjt
j
l −

tδ−2n
l

(t2n+1
k

−t2n+1
l

)

tk−tl

∑2n−1

j=δ pjt
j
l

+
tδ
l

tk−tl

∑2n−1

j=δ pj(t
j+1
k − t

j+1
l ).

Plugging into (10) we obtain
∑

i,j<δ pi+j−δcicj −
∑

i,j≥δ pi+j−δcicj = −
tδ
l

tk−tl

∑2n−1

j=0 pj(t
j+1
k − t

j+1
l ) −

tδ
k
−tδ

l

tk−tl
tl

∑2n

j=0 pjt
j
l +

tδ−2n
l

(t2n+1
k

−t2n+1
l

)

tk−tl

∑2n−1

j=0 pjt
j
l = −

tδ
l

tk−tl

(

tk(p(tk) − p2nt2n
k − tl(p(tl) − p2nt2

ln)
)

−
tδ
k
−tδ

l

tk−tl
tlp(tl)+

tδ−2n
l

t2n+1
k

−t2n+1
l

tk−tl
(p(tl)−p2nt2n

l ) =
tδ
l

tk−tl

(

p2n(t2n+1
k − t2n+1

l ) − t−2n
l (t2n+1

k − t2n+1
l )p2nt2n

l

)

= 0,
which proves our claim.

In the case δ = −1 we similarly have
∑

i,j≥0 pi+j+1t
i
kt

j
l =
∑2n

i=0 ti
k

∑2n−i−1

j=0 pi+j+1t
j
l =
∑2n

i=0 ti
k

∑i

j=0 pjt
j−i−1
l =

∑2n

i=0

∑i

j=0 pjt
j−1
l

(

tk

tl

)i

=
∑2n

j=0 pjt
j−1
l

∑2n

i=j

(

tk

tl

)i

=
∑2n

j=0 pjt
j−1
l

(

t2n+1
k

−t2n+1
l

t2n
l

(tk−tl)
−

t
j
k
−t

j
l

t
j−1
l

(tk−tl)

)

=
t2n+1
k

−t2n+1
l

t2n+1
l

(tk−tl)
p(tl)

− 1
tk−tl

(p(tk) − p(tl)) = 0.
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We can also obtain valid cubic optimality constraints from the bilinear ones:

Proposition 8 For any α = 1, . . . , 4 and h = 0, . . . , 2n

B
(α,h)

ijk =

{
A

(α)

ik if h = j

0 otherwise

defines a cubic optimality constraint B(α,h) of both Type I and Type II.

Proof: Let α ∈ {1, . . . , 4}, h ∈ {0, . . . , 2n} and (p, c̄) ∈ C(P2n+1). Then, since A(α) is a

bilinear optimality constraint,
∑

i,j,k B
(α,h)

ijk pic̄jc̄k = c̄h

∑
i,k A

(α)

ik pic̄k = c̄h

(

pTA(α)c̄
)

= 0,

which implies that B(α,h) is a cubic optimality constraint of Type I. The proof for Type II is
identical.

Remark 3 Notice that
{
B(−1), B(0), . . . , B(2n+1)

}
⋃
{
B(α,h) | α = 1, . . . , 4, h = 0, . . . , 2n

}
is

a linearly independent set.

By applying an approach similar to that used to establish our main results (i.e. by computing
the rank of a matrix defined analogously to M in Definition 2) we were able to obtain the
following:

Proposition 9 For n = 1, . . . , 5 all weak cubic optimality constraints of Type I for C(P2n+1)

can be generated as linear combinations of B(−1), B(0), . . . , B(2n+1) and B(α,h) (α = 1, . . . , 4, h =

0, . . . , 2n).

Proposition 10 For n = 1, 2, 3 all weak cubic optimality constraints of Type II for C(P2n+1)

can be generated as linear combinations of B(α,h) (α = 1, . . . , 4, h = 0, . . . , 2n).

We conjecture that these observations hold for any n, and a proof of them similar to that
of Theorem 4, although more involved, exists.

To conclude this section we show that B(−1), B(0), . . . , B(2n+1) are cubic optimality con-

straints. Similarly to the bilinear case, let
←−
B ijk = B2n−i,2n−j,2n−k. The proof of the following

proposition is almost identical to that of Proposition 6:

Proposition 11 If B and
←−
B are weak cubic optimality constraints of type I, then B is a

cubic optimality constraint of type I.

Theorem 6 B(−1), B(0), . . . , B(2n+1) are cubic optimality constraints of type I.

Proof: Analogously to the bilinear case it suffices to show that for all δ = −1, . . . , 2n + 1
←−
B (δ) ∈

〈{
B(−1), B(0), . . . , B(2n+1)

}
⋃
{
B(α,h) | α = 1, . . . , 4, h = 0, . . . , 2n

}〉
, which holds since

B(δ) = −2B(1,2n−δ) − B(2n−δ).
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4 Polynomials on a Finite Interval

Let P
[a,b]

n+1 =
{
(p0, . . . , p2n) ∈ R

2n+1 | p(t) = p0 + p1t + p2t
2 + ... + p2nt2n ≥ 0 ∀t ∈ [a, b]

}

denote the cone of polynomials which are nonnegative of the interval [a, b] ⊂ R. It is shown

in [6] (Ch.II) that the dual of this cone is M
[a,b]

n+1 = conv {cn+1(t) | t ∈ [a, b]}. Similarly to
the case of the real line we have:

Proposition 12 Let c =
∑r

j=1 λjcn+1(tj), λj > 0 (j = 1, . . . , r) and p be nonzero boundary

vectors of M
[a,b]

n+1 and P
[a,b]

n+1 , respectively. Then pTc = 0 if and only if p(tj) = 0 (j = 1 . . . r).

Notice that if a polynomial p ∈ P
[a,b]

n+1 has a root at t then either t ∈ {a, b} or t is a local
minimum, therefore we have p ′(t)(t − a)(t − b) = 0.

Theorem 7 For a pair of vectors (p, c) ∈ C(P
[a,b]

n+1 ) the following bilinear optimality condi-
tions hold:

n−1∑

i=0

[

(a + b)(n − i)pici + ab(i + 1)pi+1ci − (n − i)pici+1

]

= 0 (11)

n∑

i=0

pici = 0.

Proof: If either p or c is zero, the conditions trivially hold; from now on let us assume
this is not the case. The second equality is the complementarity slackness condition defining
C(P

[a,b]

n+1 ). For the proof of (11) let us write c in the form c =
∑r

k=1 λkcn+1(tk), λk ≥ 0

(k = 1, . . . , r).
∑n−1

i=0

[

(a + b)(n − i)pici + ab(i + 1)pi+1ci − (n − i)pici+1

]

=
∑n−1

i=0

[

(a + b)(n −

i)pi

∑r

k=1 λkt
i
k + ab(i + 1)pi+1

∑r

k=1 λkt
i
k − (n − i)pi

∑r

k=1 λkt
i+1
k

]

=
∑r

k=1 λk

[∑n

i=0 n
[

(a +

b)pit
i
k − pit

i+1
k

]

+
∑n

i=0 ipi

[

−(a + b)ti
k + abti−1

k + ti+1
k

]]

=
∑r

k=1 λk

[

n(a + b − tk)p(tk) +∑n

i=0 ipit
i−1
k

(

t2
k − (a + b)tk + ab

)]

=
∑r

k=1 λk

[

n(a+b−tk)p(tk)+p ′(tk)(tk−a)(tk−b)
]

=

0

Remark 4 Similarly to the case of polynomials over the real line for small values of n we
have found that all bilinear conditions are linear combinations of those in Theorem 7.

5 Trigonometric Polynomials

A trigonometric polynomial with coefficients p = (p0, . . . , p2n) is defined by p(θ) = p0 +∑n

k=1 p2k−1 cos(kθ)+p2k sin(kθ). In this section we look at the cone of positive trigonometric
polynomials, TP2n+1 =

{
p ∈ R

2n+1 | p(θ) ≥ 0 ∀θ ∈ [−π, π]
}
. It is shown in [3](Ch.IX) that
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the dual of TP2n+1 is the cone of trigonometric moments: TM2n+1 = conv {c2n+1(θ) | θ ∈ [−π, π]},

where c2n+1(θ)
def
= (1, cos(θ), sin(θ), cos(2θ), sin(2θ), . . . , cos(nθ), sin(nθ))

T .

Proposition 13 Let c =
∑r

j=1 λjc2n+1(θj), λj > 0 (j = 1, . . . , r) and p be nonzero bound-

ary vectors of TM2n+1 and TP2n+1, respectively. Then pTc = 0 if and only if p(θj) = 0 (j =

1 . . . r). In this case we also have p ′(θj) = 0 (j = 1 . . . r).

Proof: The proof of the equivalence is almost identical to the proof of Theorem 2. The
statement regarding the derivatives follows from the fact that a nonnegative function has a
local minimum at its every root.

Remark 5 It is known that [3](Ch.IX) p is a positive trigonometric polynomial of degree
n if and only if there exists a regular polynomial q of degree n (with complex coefficients)

such that p(θ) =
∣

∣q(eiθ)
∣

∣

2
. This, together with the previous proposition, provides us with a

parametrization of C(TP2n+1) similar to Corollary 2.

Theorem 8 Let (p, c) ∈ C(TP2n+1). Then the following bilinear optimality conditions hold:

1.
∑2n

i=0 pici = 0

2.
∑n

i=0 i(p2i−1c2i − p2ic2i−1) = 0

3. 2np0c1 + (n + 1)p1c0 +
∑n−1

i=1 (n − i)(p2i−1c2i+1 + p2ic2i+2) + (n + i + 1)(p2i+1c2i−1 +

p2i+2c2i) = 0

4. 2np0c2 + (n + 1)p2c0 +
∑n−1

i=1 (n − i)(p2i−1c2i+2 − p2ic2i+1) + (n + i + 1)(p2i+2c2i−1 −

p2i+1c2i) = 0

Proof: Throughout the following proof we are going to use some elementary trigonometric
identities without further mention.

If either p or c is zero, the conditions trivially hold; from now on let us assume this is
not the case. (1.) is the complementarity slackness condition defining C(TP2n+1). For the
proof of the remaining conditions let us write c in the form c =

∑r

k=1 λkc2n+1(θk), λk ≥ 0

(k = 1, . . . , r), which implies c0 =
∑r

k=1 λk, c2i−1 =
∑r

k=1 λk cos(iθk), c2i =
∑r

k=1 λk sin(iθk)

(i = 1, . . . , n). Recall that by Proposition 13 we have p(θk) = p ′(θk) = 0.

(2.)
∑n

i=0 i(p2i−1c2i − p2ic2i−1) =
∑n

i=0 i(p2i−1

∑r

k=1 λk sin(iθk) − p2i

∑r

k=1 λk cos(iθk)) =∑r

k=1 λk

[∑n

i=0 i(p2i−1 sin(iθk) − p2i cos(iθk))
]

= −
∑r

k=1 λkp
′(θk) = 0.

(3.) 2np0c1 + (n + 1)p1c0 +
∑n−1

i=1 (n − i)(p2i−1c2i+1 + p2ic2i+2) + (n + i + 1)(p2i+1c2i−1 +

p2i+2c2i) = 2np0c1 +
∑n

i=1(n − i)(p2i−1c2i+1 + p2ic2i+2) +
∑n−1

i=0 (n + i + 1)(p2i+1c2i−1 +

p2i+2c2i) = 2np0c1 +
∑n

i=1(n − i)(p2i−1c2i+1 + p2ic2i+2) + (n + i)(p2i−1c2i−3 + p2ic2i−2) =
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2np0

∑r

k=1 λk cos(θk)+
∑n

i=1(n−i)(p2i−1

∑r

k=1 λk cos((i+1)θk)+p2i

∑r

k=1 λk sin((i+1)θk))+

(n + i)(p2i−1

∑r

k=1 λk cos((i − 1)θk) + p2i

∑r

k=1 λk sin((i − 1)θk)) =
∑r

k=1 λk

[

2np0 cos(θk) +∑n

i=1(n−i)(p2i−1 cos((i+1)θk)+p2i sin((i+1)θk))+(n+i)(p2i−1 cos((i−1)θk)+p2i sin((i−

1)θk))
]

.

We are going to show that in the above sum the term multiplied by λk is zero for
every k: Ck = 2np0 cos(θk) +

∑n

i=1(n − i)(p2i−1 cos((i + 1)θk) + p2i sin((i + 1)θk)) +

(n + i)(p2i−1 cos((i − 1)θk) + p2i sin((i − 1)θk)) = 2np0 cos(θk) +
∑n

i=1 i
[

p2i−1(cos((i −

1)θk) − cos((i + 1)θk)) − p2i(sin((i + 1)θk)) − sin((i − 1)θk))
]

+ n
[

p2i−1(cos((i + 1)θk) +

cos((i − 1)θk)) + p2i(sin((i + 1)θk)) + sin((i − 1)θk)))
]

=
∑n

i=1 2i(p2i−1 sin(θk) sin(iθk) −

p2i sin(θk) cos(iθk)) + 2n
[

p0 cos(θk) +
∑n

i=1(p2i−1 cos(θk) cos(iθk) + p2i cos(θk) sin(iθk))
]

=

−2 sin(θk)
∑n

i=1 i(p2i cos(iθk) − p2i−1 sin(iθk)) + 2n cos(θk)
[

p0 +
∑n

i=1(p2i−1 cos(iθk)

+p2i sin(iθk))
]

= −2 sin(θk)p
′(θk) + 2n cos(θk)p(θk) = 0.

(4.) 2np0c2 + (n + 1)p2c0 +
∑n−1

i=1 (n − i)(p2i−1c2i+2 − p2ic2i+1) + (n + i + 1)(p2i+2c2i−1 −

p2i+1c2i) = 2np0c2 +
∑n

i=1(n − i)(p2i−1c2i+2 − p2ic2i+1) +
∑n−1

i=0 (n + i + 1)(p2i+2c2i−1 −

p2i+1c2i) = 2np0c2 +
∑n

i=1(n − i)(p2i−1c2i+2 − p2ic2i+1) + (n + i)(p2ic2i−3 − p2i−1c2i−2) =

2np0

∑r

k=1 λk sin(θk)+
∑n

i=1(n−i)(p2i−1

∑r

k=1 λk sin((i+1)θk)−p2i

∑r

k=1 λk cos((i+1)θk))+

(n + i)(p2i

∑r

k=1 λk cos((i − 1)θk) − p2i−1

∑r

k=1 λk sin((i − 1)θk)) =
∑r

k=1 λk

[

2np0 sin(θk) +∑n

i=1(n−i)(p2i−1 sin((i+1)θk)−p2i cos((i+1)θk))+(n+i)(p2i cos((i−1)θk)−p2i−1 sin((i−

1)θk))
]

.

We are going to show that in the above sum the term multiplied by λk is zero for ev-
ery k: Ck = 2np0 sin(θk) +

∑n

i=1(n − i)(p2i−1 sin((i + 1)θk) − p2i cos((i + 1)θk)) + (n +

i)(p2i cos((i−1)θk)−p2i−1 sin((i−1)θk)) = 2np0 sin(θk)+
∑n

i=1 i
[

p2i(cos((i+1)θk)+cos((i−
1)θk)) − p2i−1(sin((i + 1)θk) + sin((i − 1)θk))

]

+ n
[

p2i−1(sin((i + 1)θk) − sin((i − 1)θk)) +

p2i(cos((i−1)θk)−cos((i+1)θk))
]

=
∑n

i=1 2i(p2i cos(θk) cos(iθk)−p2i−1 cos(θk) sin(iθk))+

2n
[

p0 sin(θk) +
∑n

i=1(p2i−1 sin(θk) cos(iθk) + p2i sin(θk) sin(iθk))
]

= 2 cos(θk)
∑n

i=1 i(p2i cos(iθk) − p2i−1 sin(iθk)) + 2n sin(θk)
[

p0 +
∑n

i=1(p2i−1 cos(iθk)

+p2i sin(iθk))
]

= 2 cos(θk)p
′(θk) + 2n sin(θk)p(θk) = 0.

Remark 6 Using the parametrization mentioned before we were able to show that for n =

1, . . . , 4 all bilinear optimality conditions can be generated as linear combinations of the 4

conditions given in Theorem 8. We conjecture that this holds for all n and a proof similar
to that for the case of regular polynomials exists. Also, for n = 1, . . . , 3 we have found
that, similarly to the case of regular polynomials, there are 2n+ 3 linearly independent cubic
optimality conditions not generated by the bilinear ones.
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Appendix: Non-existence of Bilinear Optimality Con-

straints for Some Cones

It is well known ([5]) that for symmetric cones and for cones that are linearly isomorphic to
a symmetric cone a complete system (i.e. a system defining the manifold C(K)) of bilinear
optimality constraints exists. For the cone P2n+1 of positive polynomials our main results
characterize all bilinear optimality constraints. These (with the exception of the case of
P3, which is isomorphic to a symmetric cone), do not form a complete system. For a wide
range of other cones we were able to show that apart from the trivial xTs = 0 no bilinear
optimality constraints exist. In absence of a polynomial parametrization of C(K) (as de-
scribed in Corollary 1) for a cone K ⊂ R

n we can use the following approach: For a pair

(x, s) ∈ C(K) let zx,s
def
= (x1s1, x1s2, . . . , xnsn)T ∈ R

n2

. Then for any bilinear optimality
constraint A the equality zT

x,s vec(A) =
∑

i,j Aijxisj = 0 must hold. Therefore if we have a
set of pairs {(x1, s1), . . . , (xn2−1, sn2−1)} ⊂ C(K) for which the vectors zx1,s1

, . . . , zx
n2−1

,s
n2−1

are linearly independent, the set of bilinear optimality constraints has dimension 1, i.e. the
only constraints are the multiples of the complementary slackness constraint A = In, corre-
sponding to xTs = 0. Using this method it can be shown that the following cones do not
have any bilinear optimality constraints apart from the trivial one:

1. Polyhedral cones in R
3 generated by 4 vectors in general position (these include the

cone

{(
t

x

}
∈ R

3

∣

∣

∣

∣

‖x‖1 ≤ t

}
).

2. Polyhedral cones in R
3 generated by 5 vectors in general position.

3. The Koecher cones Kρ =










u

v

w



 ∈ R
3

∣

∣

∣

∣

∣

∣

u ≥ 0, v ≥ 0, |w| ≤ uρv1−ρ






for ρ ∈ (0, 1), ρ 6= 1
2
.

4. The cone consisting of all pairs

((

a x

x c

)

,

(

b y

y c

))

of (symmetric) positive semidef-

inite matrices with a common corner element c.

Note that cones 2 and 3 are isomorphic to self-dual cones while cone 4 is homogeneous ( [9],
[10]).
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