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DISCRETE. MOMENT PROBLEM WITH THE (GIVEN
SHAPE OF THE DISTRIBUTION

Ersoy Subasi Mine Subasi Andras Prékopa

Abstract. Discrete moment problems with finite, preassigned supports and given
shapes of the distributions are formulated and used to obtain sharp upper and lower
bounds for expectations of convex functions of discrete random variables as well as
probabilities that at least one out of n events occurs. The bounds are based on the
knowledge of some of the power moments of the random variables involved, or the
binomial moments of the number of events which occur. The bounding problems
are formulated as LP’s and dual feasible basis structure theorems as well as the
application of the dual method provide us with the results. Applications in PERT
and reliability are presented.

Key words: Power Moment Problem, Binomial Moment Problem, Linear Pro-
gramming, Logconcavity.
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1 Introduction

Let & be a random variable, the possible values of which are known to be the nonnegative
numbers zp < z; < ... < z,. Let p; = P({ = z), ¢ = 0,1,....,n. Suppose that these
probabilities are unknown but either the power moments p, = E(£¥), k = 1,...,m or the
3
k
The starting points of our investigation are the following linear programming problems

binomial moments S, = F [( ) , k=1,...,m, where m < n are known.

min(maz){ f(z0)po + f(z1)p1 + .. + f(2n)Pn}

subject to
potpi+..+tp.=1

20Po + Z1P1 + oo+ ZnPn = Ha
2P0 + ZiP1 + o 22Dn =l (1.1)

2000+ 21'p1 + o 20 P = i
p[) Z Oapl Z Oa "'7pn Z O,

man(maz){ f(z0)po + f(z1)p1 + ... + f(2n)Pn}

subject to
po+pi+...+p.=1

Zopo + z1p1 + oo + Zppn = S1

<220)p0—|—('221)p1—|—...+<22")pn252 (1.2)
20 Z1 Zn .

po=>0,p1 >0,....,p, > 0.

Problems (1.1) and (1.2) are called the power and binomial moment problems, respec-
tively and have been studied extensively in Prékopa (1988; 1989a, b; 1990), Boros and
Prékopa (1989). The two problems can be transformed into each other by the use of a sim-
ple linear transformation (see Prékopa, 1995, Section 5.6). Let A;ag, aq, ..., a, and b denote
the matrix of the equality constraints in either problem, its columns and the vector of the
right-hand side values. We will alternatively use the notation f instead of f(zy).

In this paper we specialize problems (1.1) and (1.2) in the following manner.



RRR 41-2005 PAGE 3

(1) In case of problem (1.1) we assume that the function f has positive divided differences
of order m + 1, where m is some fixed nonnegative integer satisfying 0 < m < n. The
optimum values of problem (1.1) provides us with sharp lower and upper bounds for

E[f ()]

(2) In case of problem (1.2) we assume that z; =4, i = 0,....,nand fo =0, f; =1, i =
1,...,n. The problem can be used in connection with arbitrary events Aq,..., A,, to

obtain sharp lower and upper bounds for the probability of the union. In fact if we
define Sy = 1 and

Se= > P(Ay.Ay), k=1,..n,

1<it<...<ip<n

then by a well-known theorem (see, e.g., Prékopa, 1995) we have the equation

S, = E K i )} Ch=1,.m, (1.3)

where ¢ is the number of those events which occur. The equality constraints in (1.2)
are just the same as Sy = 1 and the equations in (1.3) for k = 1, ..., m and the objective
function is the probability of & > 1 under the distribution py, ..., p,. The distribution,
however, is allowed to vary subject to the constraints, hence the optimum value of
problem (1.2) provide us with the best possible bounds for the probability P(§ > 1),
given S1, ..., Sp,.

For small m values (m < 4) closed form bounds are presented in the literature. For
power moment bounds see Prékopa (1990, 1995). Bounds for the probability of the union
have been obtained by Fréchet (1940, 1943) when m = 1, Dawson and Sankoff (1967) when
m = 2, Kwerel (1975) when m < 3, Boros and Prékopa (1989) when m < 4. In the last
two paper bounds for the probability that at least r events occur, are also presented. For
other closed form probability bounds see Prékopa (1995), Galambos and Simonelli (1996).
Prékopa (1988, 1989, 1990) discovered that the probability bounds based on the binomial
and power moments of the number of events that occur, out of a given collection Ay, ..., A,,
can be obtained as optimum values of discrete moment problems (DMP) and showed that
for arbitrary m values simple dual algorithms solve problems (1.1) and (1.2) if f is of type
(1) or (2) (and if f, =1, fr =0, k#r).

In this paper we formulate and use moment problems with finite, preassigned support and
with given shape of the probability distribution to obtain sharp lower and upper bounds for
unknown probabilities and expectations of higher order convex functions of discrete random
variables. We assume that the probability distribution {p;} is either decreasing (Type 1) or
increasing (Type 2) or unimodal with a known modus (Type 3). The reasoning goes along
the lines presented in above cited papers by Prékopa.

In Section 2 some basic notions and theorems are given. In Section 3 and 4 we use the
dual feasible basis structure theorems (Prékopa, 1988, 1989, 1990) to obtain sharp bounds for
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E[f(&)] and P(§ > r) in case of problems, where the first two moments are known. In Section
5 we give numerical examples to compare the sharp bounds obtained by the original binomial
moment problem and the sharp bounds obtained by the transformed problems: Type 1, Type
2 and Type 3. In Section 6 we present three examples for the application of our bounding
technique, where shape information about the unknown probability distribution can be used.

2 Basic Notions and Theorems

Let f be a function on the discrete set Z = {29, ..., 20}, 20 < 21 < ... < z,. The first order
divided differences of f are defined by
f(ziv1) — f(=)

[2i, zia| f = . . , 1=0,1,....n—1.
i1~ %

The kth order divided differences are defined recursively by

[2i7 -~-7Zi+k]f _ [Zi+17 "‘7zi+k]f - [Zz’, "‘7Zi+k—1]f’ k> 2.

Zi41 — %4

The function f is said to be kth order convex if all of its kth divided differences are positive.

Theorem 1(Prékopa, 1988, 1989a,1989b, 1990) Suppose that all (m+1)st divided dif-
ferences of the function f(z2), z € {29, 21, ..., 2n} are positive. Then, in problems (1.1) and
(1.2), all bases are dual nondegenerate and the dual feasible bases have the following struc-
tures, presented in terms of the subscripts of the basic vectors:

m-+1 even m+1 odd
min problem  {j,j+1,.. k k+1} {0,7,7+1,...kk+1}
max problem {0,557+ 1,...k k+1,n} {4, 7+ 1, ..,k k+1,n},

where in all parentheses the numbers are arranged in increasing order.

The following theorem is a conclusion of the dual feasible basis structure theorem by
Prékopa (1988, 1989a, 1989b, 1990) where r = 1.

Theorem 2 Suppose that fop =0, f; =1, i = 1,...,n. Then every dual feasible basis
subscript set has one of the following structures:

minimaization problem, m + 1 even

o{0,4,i+1,....5, i+ 1, kk+1,...,t,t + 1,n};

minimaization problem, m + 1 odd

o{0,4,i+1,....5, i+ 1, kk+1,....t,t+1};

mazimization problem, m + 1 even

o/ C{l,..,n}, if n—1>m,

o{l,ii+1,...5,j+ 1L kk+1,..,t,t+1,n}, if 1<n-—1,

o{0,1,i,i+1,....5, 7+ L kk+1,..,t,t+1}, if 1<n;
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maximization problem, m + 1 even

o/ C{l,...,n}, if n—1>m,

o{l,i,i+1,....5,j+ 1 kk+1,..,t,t+1}, if 1<n,

o{0,1,5,i+1,....5, i+ Lk k+1,.. t,t+1,n}, if 1<n—1, where in all parentheses
the numbers are arranged in increasing order. Those bases for which I C {1,...,n} are dual
nondegenerate in the maximization problem if n > m+ 1. The bases in all other cases are
dual nondegenerate.

3 The Case of the Power Moment Problem

In this section we consider the power moment problem (1.1). We assume that the distribution
is either decreasing or increasing or unimodal with a known and fixed modus. We give sharp
lower and upper bounds for E[f ()] in case of three problem types: the probabilities py, ..., pn
are (1) decreasing, (2) increasing; (3) form a unimodal sequence.

We assume that the probabilities py, ..., p, are unknown but satisfy the above inequalities
and the divided differences of order m + 1 of the function f are positive. Let us introduce
the variables v;, 1 =0,1,...,n as follows:

Po—P1 =", --vs Pn—1 — Pn = Un—1, Pn = Un.

Our assumptions imply vy, ..., v, > 0. If we write up problem (1.1) by the use of vy, ..., v,
then we obtain

min(maz){ fovo + (fo + fi)vi + ... + (fo+ ... + fo)vn}
subject to
agvo + (ag + a1)vy + ... + (ag + ... + an)v, = b (3.1)
vg > 0,v1 >20,...,0, >0,

where a; = (1, z;, ..., 27, i =0,..,n and b= (1,1, ..., tm)".

cey A4

Let A be the (m 4 1) x n coefficient matrix. In order to use Theorem 1, we need to
T
show that all minors of order m + 1 from A and all minors of order m + 2 from ( {4 > are

positive, where f = (fo, fo+ fi,..., fo+ ... + fu)T. To show that the first assertion is true
we consider the (m + 1) x (m + 1) determinant taken from A:

‘(lo+...—|—ail CL0+...+CL¢2 a0+...—|—aim+1 s (32)

where 0 < iy < ... < ipmy1 < n. One can easily show that the determinant (3.2) is equal to

’ ao—i—...—l—ail ai1+1+...+ai2 aim+1—|—...+&im+l ‘
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i+ 1 do—i1—1 oo dmer —dm— 1
- ZO+---+Zi1 Zi1+1+---+zi2 Z’im+1+"'+zim+1 (3 3)
m m m m m m
20 etz gtttz o 2Tt

The determinant (3.43) can be written as a sum of nonnegative determinants. Notice that
some of these terms are Vandermonde determinants. Thus, any (m-+1) x (m+1) determinant
taken from the matrix of the equality constraints is positive.

T
Similarly, the following (m 4+ 2) x (m + 2) determinants taken from < {4 ) are positive,

where f is the same as before:

fo+t oo+ fiy fot+ o+ fi, - fo—f—...—f—fim+1

(3.4)
a0+...+az~1 CL0+...+CLZ'2 a0+...+az~m+1
and this is same as
Jot oo+ fi ot +fi, oo Jipsr ot finn
CL0+...+CLZ‘1 ai1+1—|—...—|—a2-2 aim+1+~-'+a’im+1
fot ..+ fi furrt+oFfi, 0 finrr Tt finn
i1+ 1 g — 1 — 1 Tmt1 — b — 1
=| 20t tz Zyprteotzi oo Zigprt et Zig | (3.5)
LA SR AR T T R I T a2

Since f has positive divided differences of order m + 1, the determinant (3.5) is positive.
Thus, we can use Theorem 1 to find the dual feasible bases in problem (3.1).

Below we present, by the use of Theorem 1, the sharp lower and upper bounds for E[f ()]
for the case of m = 1 and m = 2, respectively.

Case 1. m =1

If m =1, then the LP in (1.1) is equivalent to

min(max){ fovo + (fo+ fi)vi + ...+ (fo+ ... + fu)vn}

subject to
vo+2v1+ ...+ (n+1)v, =1

2000 + (20 + 21)v1 + . + (20 + oo + 20)Vp = 11 (3.6)
vg > 0,v7 >0,...,v, > 0.

Let A be the coefficient matrix of the equality constraints in (3.6). Since m + 1 is even,
by Theorem1, the dual feasible basis of the minimization problem in (3.8), that we designate
by Buin, has the following form:

Buin = (aj, aj11),
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where 0 < 53 <n —1.
Similarly, by Theorem 1, the only dual feasible basis of the maximization problem in
(3.8), that we designate by B, is given by

Bmaaz = ((10, an)-
First we notice that B,,;, is also primal feasible if the following conditions are satisfied:
(J+Dvj+ ([ +2)v =1

(Z() 4+ ...+ Zj)’l}j + (ZO + ...+ Zj+1)Uj+1 = U1
UjZO, Uj+120.

Therefore, by solving the equations given above, B,,;, is an optimal basis if the index j
is determined by the inequality

SRR YRS Bk SN (3.7)
Jj+1 J+2

In the maximization problem (3.6) there is just one dual feasible basis. It follows that it
must also be primal feasible.

In case of m = 1 the bounding of E[f(£)] is based on the knowledge of p;. Using the
optimal bases B,,;, and B,,.., we obtain the following sharp lower and upper bounds for

E[f(©)]:

Lidom—(+2m G+ Dm =5

U+D%H_§X£%ﬁr“~+ﬂTFU+D%H_§Xﬂ%ﬁrh“+ﬁﬂ]
< E[f(¢)] <
(n+ 1)Iu1 — Z?:O ZifO + e [fO + .. +fn] ) (38)

(n+ 1)z — Y iy 2
where j satisfies (3.7).
Case 2. m =2
If m = 2, then the third order divided differences of f are positive. The bounding of
E[f(&)] is based on the knowledge of p; and ps.
In case of m = 2, problem (1.1) is equivalent to the following problem:

(n+1)z0 — > g 2

min(max){ fovo + (fo+ fi)vi + ... + (fo+ ... + fo)vn}

subject to
vo+20+ ...+ (n+1)v, =1

200 + (20 + 21)v1 + ... + (20 + ... + 2n)Un = 1 (3.9)
2vo + (25 + 20)v1 4 oo+ (28 + oo+ 22 Un = o
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’0020,’01 ZO,...,UnZO .

Let A be the coefficient matrix of the equality constraints in (3.9). Since m + 1 is odd,
any dual feasible basis in the minimization (maximization) problem is of the form:

Bmin == ((10, Qa;, ai+1) (Bma:c = (aja Aj41, an)) .

Let us introduce the notations:

7 i—1
Ei]—iz,zf—(j—@—i-l) 22

t=i t=0

7 i—1
i :zZzt— (j—i+1)Zzt

t=1 t=0

J
Vi =Y a—(—i+1)zn
t=1

J n
a;=m-NY Z—-G-i+t1) > 2
t=1

t=j+1

aiyj:(n—j)Zzt—(j—z'—i—l) Z 2. (3.10)

t=j+1

The basis B,,;, is also primal feasible if ¢ is determined by the inequality:

‘ i , i+1
izo= Y m  Mi—20 0 (i 1)z -0
Similarly, the basis B,,.; is also primal feasible if j is determined by the inequality

ZJ’Jrl,n N (n + 1)#1 - Zszo Zs 2j+2,n '
Using the bases B, and B,y,q, we have the following lower and upper bounds for E[f(§)]:
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(Ml - ZO)Uf i+l (Mz - 2(2))01 i+1 : (Mz - Z(Q))Uu - (Ml - Zo)"%z s
, ; . , , i1
Uimgl,i - 01,i+10'f,¢ <; fe=ifo)t Uf,mffl,z‘ - 01,i+10%,i (; fe= i+ Dfo)
< E[f(§)] < (3.13)

S [(n+ Dpn — 3700 2] = o [(n 4+ Dpp — 370 2]

2 2
Ej+1,n2j+2,n - Zj+2,nzj+1,n

nzi:[) fS - ZZ:j—f—l fs
n+1

( )

+1 n
nZiio s zs=j+2 [s
n—+1

_|_2j+1,n [(n + 1) — Z?:o 23] - 232'-1-1,71 [(n+ 1) — Z;Lo 2

2 2
Ej-&-l,nEjJrz,n - Zj-i-lnz:jﬂ,n

( ) -

The above lower and upper bounds are sharp, because they are the optimum values of
minimization and maximization problems (3.9), respectively.

3.2 TYPE 2: po <p1 <...<p,

We assume that the above inequalities are satisfied and f has positive divided differences of
order m + 1. If we introduce the new variables v;, ¢ =0, 1...,n as follows:

Po = Yo, P1 —Po = V1, -y Pn = Pn—1 = Un,
then problem (1.1) can be written as
min(max){(fo+ ... + fa)vo + (fi + ... + fo)vr + ... + fovn}
subject to
(ap + ... + an)vo + (a1 + ... + ap)vy + ... +apv, =0 (3.14)
v9 > 0,v1>20,...,0, >0 .

T
All minors of order m + 1 from A and all minors of order m + 2 from {4 are positive,

where A is the coefficient matrix of the equality constraints in problem (3.14) and f =
(fo+ .ot fas fi+ o fay ooy fu)F. In order to show that the first assertion is true we consider
the following (m + 1) x (m + 1) determinant taken from A (0 <y, ..., 9,41 < n):

| @iy + oty @yt et an o i e tay | (3.15)

One can easily show that the determinant (3.15) is equal to

‘ Ay +...+(Il’2,1 ai2+...—|—ai3,1 cee Qg + ... +a, ‘
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— ig — iy e iy — e — 1
Zii +-~-+Zi271 Zi2+---+zi371 Zim+1 + ...+ 2,
= . . , . (3.16)
m m m m m m
Zipg Ttz Zy btz oz et 2y

The determinant (3.16) can be written as a sum of nonnegative determinants. Notice that
some of the terms are Vandermonde determinants. Thus any (m+ 1) x (m + 1) determinant

taken from the matrix of the equality constraints is positive.
We can handle, in a similar way, the following (m 4+ 2) x (m + 2) determinant taken from

()

fll++fn fz2++fn fim+1+'--+fn

3.17
Ay oo+ ap Qi + o+ o Gy T TGOy ( )
It is equal to
Jo +oot fiomr Jot oo+ fisor oo fipa Tt
Ay +...+CL,L'2,1 CLZ'2+...+CL,L'3,1 O,Z'erl +...+a,
fot+ ot fiomr fot ot fior o0 fin Tt
19 — 11 i3 — 19 v Uy — Oy — 1
= | 2zt ot Zig—1 Zip T+ Zig—1 . Zim+1+"'+zn . (318)
FAE T AR 1 ST LA TP p e (A

Since f has positive divided differences of order m + 1, the determinant (3.18) is positive.
Thus, we can use Theorem 1 to find the dual feasible bases.
We give the sharp lower and upper bounds for E[f(£)] in case of m =1 and m = 2.

Case 1. m =1
If m = 1, then problem (3.14) is equivalent to

min(max){(fo+ ...+ fu)vo+ (f1 + ... + fo)v1 + .. + fovn}

subject to
(n+ Dvg+nvy + ... + v, =1
(204 ... + 20)v0 + (21 + oo + 2p)V1 + oo + 20Uy = 11 (3.19)
v > 0,v1>20,...,0, >0 .

Let A be the coefficient matrix of the equality constraints in (3.19). Since m + 1 is even,
by Theorem 1, the dual feasible bases in the minimization and maximization problems in

(3.19) are
Bmin = (aja Clj+1), Bmam = (a07 vn)a

respectively, where 0 < j <n — 1.
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The basis B,,;, is also primal feasible if j is determined by the inequality

zj+..:+zn < < Zjt1+ -+ 2 '
n—j7+1
The basis B4, is the only dual feasible basis, hence it must also be primal feasible.
In case of m =1 the bounds of E[f({)] are based on the knowledge of ;1 and we get the
following sharp lower and upper bounds for E[f(&)]:

p— (3.20)

Z?:j-&-l 2 —(n—jm Z?:j z—(n—j+1)m

‘ [fi+ -t Sl = ‘ [fir1+ o+ ful
Oj+1n Oj+1,n
< E[f(¢)] <
TP S W G o b D (3.21)
Yon—1 Yo,n—1

The bounds are sharp if j satisfies (3.20).

Case 2. m =2

If m = 2, then the third order divided differences of f are positive and problem (3.14) is
equivalent to

min(max){(fo+ ... + fu)vo+ (fr + ... + fu)vr + ... + fovn}

subject to
(n+ vy +nvy + ... +v, =1

(204 ... + 20)vo + (21 + .. + 2p)U1 + oo + 20Uy = 11 (3.22)
(224 ..+ 2 g+ (2 + o+ 22 vy + o+ 2P = o
Vo > 0,’01 > 0,...,'Un > 0.

The bounding of E[f(£)] is based on the knowledge of p; and ps.
Let A be the coefficient matrix of the equality constraints in (3.22). Since m + 1 is odd,
any dual feasible bases in the minimization and maximization problems are of the form

Brin = (GO:auai-i—l}a Braz = (ajyaj—&—lyan)»

where 1 <i:<n—-1, 0<j57<n—2.
Binin is also primal feasible if

E?fn < (n + 1)!’62 - Z?:O th < Z?—‘rl,n

D < 3.23
Yin — (n 4+ 1)py — Zt:() Zt Yitin ( )
and B,,q. is also primal feasible if
2 2
Jjn—1 _ H2 — % < Jitino1 (3.24)

Yin—1 M1 — Zn  Vj+ln-1
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It follows that we have the following lower and upper bounds for E[f(&)]:

[(n+ 1) — Z?:o Zt]212+1,n —[(n+1p2 — Z?:O Z?]Ei—i-l,n
Eiﬂzz%rl,n - Zzz,nzi-i-l,n

fi+...+fn—(n—i+1)2ft]

t=0

N [(n+ Dpp = 3770 28800 — [(n+ D — 227 223,
Ei,nz?—i—l,n - Ezz,nzi+1,n

fir1i + oo+ fo—(n— Z)Z ft]

< B[f(&) < (3.25)

(1 = Z20) Vi 11 — (2 = 22)Vjr1m—1 | .
o Y fi—(n—j+1)fa
Yin—1V41,n-1 — Vi+1n—17jn-1 p—

+(N2 - 213)'71'»”—1 _ (Ml _ Zn)%z’nil [ i fs - (n - j)fn] )

. 2 A 2
Tim=1Tj41n-1 = Vitln=1Tjn-1 | 7,

where ¥, 37, 7i;, 77; are defined in (3.10) and i satisfies (3.23) and j satisfies (3.24).

3.3 TYPE 3: py<p1 < ... <Pt > Pi1 > ... > Py

Now we assume that the distribution is unimodal with a known modus z, i.e., pg < p; <

v <P > Pra1 = - > Dp. We also assume that f has positive divided differences of order
m + 1. Let us introduce the variables v;, 1 = 0,1,..., k,...n as follows:

Vo = Po, VY1 = P1 —Poy -y Ve = Pk — Pk—1,

Vk+1 = Pk+1 — Pk+25 +++y Un—1 = Pn—1 — Pn, Un = Pn -

Then the problem (1.1) can be written as

min(max){(fo+ ...+ fe)vo+ (fi + ...+ fo)vr + oo + fovp + fos1Ver + oo+ (fopr + oo+ fo)vn}
subject to
(ap + ... + ag)vo + (a1 + ... + ag)vy + ... + axvg + ag1Vkr1 + oo + (g1 + ... +ap)v, = b

vg > 0,v1 >0,...,v, > 0. (3.26)

Let A be the coefficient matrix of the equality constraints of problem (3.26). One can
easily show, by the method that we applied in Section 3.1 and 3.2, that all minors of order
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T

A

m + 1 from A and all minors of order m + 2 from

fka fl + ...+ fk‘7 cey fkn fk+17 ceey fk:-‘rl + ...+ fn)T
Thus, if the distribution is unimodal and we know where it takes the largest value, then

we can find the dual feasible bases for problem (1.1). This allows for obtaining the bounding
formulas for small m values.

Case 1. m=1

If m = 1, then the problem in (3.26) is equivalent to the problem:

) are positive, where f = (fo+... +

min(max){(fo+ ...+ fi)vo+ (fi+ ...+ fo)vr + oo + fevk + forrvka1 + o+ (fror + o+ fo)on}
subject to
(k4 Dvo + kvy + ... + vp + Vg1 + 2080+ . + (n—k)v, =1
(204 ..+ 2zr)vo + (21 + oo + 26)v1 + oo + 280k + 2k 1Vks1 + oo+ (Zha1 + 20)Un = 1
vg > 0,01 >0,...,v, >0. (3.27)

Let A be the coefficient matrix of the equality constraints in (3.27). Since m + 1 is even,
by the use of Theorem 1, a dual feasible basis of the minimization problem in (3.27) is in
the form

Brin = (aja Clj+1),

where 0 < 7 <n—1.
The only dual feasible basis of the maximization problem (3.27) is

Bmax - <a07 a'n) .

Binin is also primal feasible if

f— ~t Zf— 417t
k_;J+1_u1§ k—J_j if j+1<k (3.28)
1
Z;_Tli < jzi_l]?jr th if j>k+1 (3.29)
2k <y < Zpg if j=k. (3.30)

If 4+ 1 < k and (3.28) is satisfied, then the sharp lower and upper bounds for E[f(¢)]
are as follows:

Zf:j—&-l 2t — (k k - ] + 1) Zt_j
(k—j+ 1)z — (k —J)Ztgzt;f k=i + 1) (k _J>Zt—ﬂtt2y;1ft
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< E[f(¢)] < (3.31)

n k n
Dteppr 2t — (0 — Zf B+ 1D =D g2 Z £

Ek—l—l n Ek—&—l,n t—ht 1

If j > k+ 1 and (3.29) is satisfied, then the sharp lower and upper bounds for E[f(¢)]
are as follows:

Zi+ii+1zt (J—k+1m zj:fﬁ' | (4 — )m—Zi k1 ~t gi 1,

. 1 1
(j—Fk) i+k+1 a—(—k+1) 0 2,570 G-k Zi+k+1 2= —k+1) 22 500

< E[f(] < (3.32)

Dk~ (n— k) i It (k+ 1)ps — S 2 i s

El~c+1,n

EkJrl,n

t=0 t=k+1

If j = k and (3.30) is satisfied, then the sharp lower and upper bounds for E[f(£)] are
the following:

Zk+1 — M1 M1 — 2k
k

Zk4+1 — Rk Zk4+1 — Rk

< E[f(§)] < (3.33)
Z:L:k+1 z—(n— k) . (k+ 1) — Zf:o Z
AT ; Je + SR, t;ﬂ ft

where ¥, ; is given in (3.10).
Case 2. m =2
In case of m = 2, problem in (3.26) is equivalent to the problem:

min(max){(fo+ ...+ fi)vo+ (fi + ... + fo)v1 + oo + fovk + for1Vks1 + o+ (frr1 + o+ fo)on}

subject to
(k+ Dvo + kvy + ... + v + Vg1 + 20512+ . + (n— kv, =1
(zo+ ...+ zr)vo + (21 + oo + 2K)v1 + oo+ 280k + 2E01Vk1 + o+ (Zra1 + 20)Un = 11
(25 4+ oo+ 20)v0 + (21 + oo + 2001 + o + 2008 + 2o Vkt1 + oo+ (2041 + 20 ) V0 = fl2
vg > 0,071 >0,...,u, >0 . (3.34)
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The third order divided differences of f are positive. The bounds of E[f({)] are based
on the knowledge of 11 and ps.

Let A be the coefficient matrix of the equality constraints in (3.32). Since m + 1 is odd,
any dual feasible bases in the minimization and in the maximization problems are of the
form

Biin = (a0, @i, 0i41) and  Bpes = (aj, 41, ay),
where 1 <i<n—-1, 0<j5j<n-—2.

The basis B,,;, is also primal feasible if one of the following conditions is satisfied:

22 k Yot _ Ik
ik ( + Dpe Ztkzo “t < ik i+1<k (3.35)
(k +Dm =3 gz Mitlk
gk L2y
k+1 i (k + 1) g Ztk:o ~t < k+1i+1 : i>k+1 (3.36)
Serid (k4 D — Doz Shetin

_ kA Vg — Sor, 22 ;
Toat o (4 D = T s Jok i=k, (3.37)
Y0,k—1 (k+ 1) —> 2 Yo,k

where 5, %7, 7, 77; are defined in (3.10).
The basis B4 is also primal feasible if one of the following conditions is satisfied:

2 n 2 2
Q5 g < (n—k)pg — Z%:kﬁ-l 2 < X1k 7 i+1<k (3.38)
ok (n =k — D 2t~ Qi
a]%+17j (n - k)[LQ - Z?Zk"rl Zt2 < Oé]2§+17j+1 J > k (3 39)
Qhy; — (=K =D 2 T Qgrge1 N
U]%-‘rl,n (n - k)ﬂz - Z?:k+l zt2 < O-]%“Fz/n j — k (3 40)
Ohpimn ~ (M=K =30 1% = Okgon ’

where 0; 5, 07,

v, oy ; are defined in (3.10).

We have the following sharp lower bound for E[f(£)]:

o If 1 +1<k,

1 k
mzt:o Ji

+Ez2+1 k[(k + 1) Zt 0 Zt] z+1,k[(l€ + 1),“2 - Zf:o ZtZ] i f i Zf:o ft ]
SikS2 — S a D — T k1

i+1,k

L Zkl(E + Do — Yo A = Zhl(k 4+ D — 3o 4 Zk: F ik
Ei,kzi_H,k Ez—&—l,kzi,k ! k+1

t=i41
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o If i >k+1,

1 k
k_ﬂzt:() It
22

2
2k+1’12k+1,i+1 - Ek+17i2k+1,i+1 N

Zk“’[(k + Dz — Zt =0 Zt] Eiﬂ H—l[( + 1) — Zf:o 2 [ f fr—

Skt 11,1 — D1k L4 ot

o If i=k,

1 k
mzt:o Ji

N _
[(k + 1) Zt 0 2] — '70,k[(k +1)pg — tho Zt2] Z,’;o fi
2 fk - ]f 1
VOJc—l’Yo,k — Y0,k70,k—1 +
i _

’Yo,k—l[(k‘ + 1)#2 - Zt:o 2’::2] - 78,1%1[(]{5 + 1) Zt =0 Zt] Zf:o Jt

+ - frr1 — 7

Vo1V 4 — VORVG k1 +1

The sharp upper bound for E[f(£)] can be given as follows:
o Ifj+1<k,

1 n
mzt:k-f—l Ji

+

%2‘+1,k[(” — k)1 — Z?:k—&-l 2] — Qi1 k[(n — K)o Zt k41 Zt [Z -

)
QG ek 04;+1k04]k

k+1, z+1[(k + 1) Zt -0 Zt] 2k+1,i+1[(k + 1)”2 — Zf:() Zt [ i ft

RRR 41-2005

(3.41)

Zt oft

—k+ DY o fi

k+1

|

(k—j+1) Z?:k-‘,—l

E+1

(3.42)

(3.43)

] |

n—=k

arl(n— ke — S0 22 — a2 l(n — k) — 30y, 2] [ Xk: .

o — . 2

n—k

k—7j) Z?:k—i—l] .

(3.44)

|



RRR 41-2005 PAGE 17

o If j > k41,

1 n
mZt:kH [

+

ai+1,j+1[(n - k?)lh - Z?:k;_i,-l Zt] - 04k+1,j+1[(” - ]f)/m - Z?:k—i—l Zt2] [ z]: - (j - k) Z?=k+1]
n—k

2 _ . 2
QOk+1,j X1 5+1 — Xh+1,+1% 41 5 t=k+1

+&k+1,j[(n —k)pa — Z?:k-H Zt2] - O‘zﬂ,j[(n — k) — Z?:IH—I 2 [ § £ (j—k+1) Z?:kJrl] '

ak+1:jai+1,j+1 - O‘k+1,j+1ai+1,j =kl n—k
(3.45)
o If j=F,
n_ikz?:kJrl ft
+Ul%+2,n[(” — k) — Z?:k-u 2] — Uk+2,n[(n —k)po — Z?:k—&-l Zt2] [fk B Z?:kJrl ft]
Uk+1,n(713+2,n - ‘713+1,n0k+2,n n—k
Opinl(n — k)2 — Z?:kdrl Zt2] - Ol%-l—l,n[(n — k)1 — Z?:kﬂ Z] Z?:k—&-l It ]
+ 2 2 fk+1 - T 4
Ok+1n0k 490 = Oky1,n0k+2,n n—~k
(3.46)

In all formulas given above, %, ; , X2

2 2 2 :
iio Tigs Oijs Yigs Vij» @iy and a;; are defined as in
(3.10).

J

4 The Case of the Binomial Moment Problem

In case of the binomial moment problem (1.2) we look at the special case, where
zi=1, i=0, ., n, fo=0, fi=.=f,=1.

In case of m = 2 we give the sharp lower and upper bounds for the probability that at
least r = 1 out of n events occur. We look at the problem (1.2) but the constraints are
supplemented by shape constraints of the unknown probability distribution py, ..., p,.

In the following three subsections we us the same shape constraints that we have used in
Section 3.1-3.3.
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4.1 TYPE 1: pg>p1 > ...>p,

Let m = 2. If we introduce the variables
Yo =Po —P1, -+ Un-1 = Pn—1 — Pn, Un = Dn,
then problem (1.2) can be written as

min(maz){vy + 2vy + ... + nv, }

subject to

(3o (e (e e (74
Dol (Do () (1)

Vo, .oy Up >0 (4.1)

Taking into account the equation:

1+(g)+..,+(g):<k—1>zg<k+1>’

the problem is the same as the following:

n

min(max) Z =

i=1

subject to
D (41w =1
=0
> i+ 1)ivy =28 (4.2)
=0
> (i +1)i(i = 1)v; = 65,
=0

Vgy ooy Uy 2> 0.

Problem (4.2) is equivalent to the following:

min(mazx){vy + 2vy + ... + nv, }
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subject to
U0+2U1—|—3’02+403+...+(n—|—1)'l}n:1

201 + 6vy + 1203 + ... + (n + 1)nv, = 25, (4.3)
6vg + 24v3 + ... + (n + )n(n — 1)v, = 65,
Voy evey Un > 0.

Let A be the coefficient matrix of equality constraints in (4.3). One can easily show that
any 3 X 3 matrix taken from A has a positive determinant. In fact, any 3 x 3 determinant
of the form

1+ 1 Jj+1 kE+1
(i 4 1) (j+1)j (k+ 1)k
(i+1)i(i—=1) (G+1)jG—1) (F+1Dk(k—1)
T

is positive. Similarly, one can easily show that all minors of order 4 from ( A
where f = (0,1,2,...,n)T.
By Theorem 1, the dual feasible bases of the minimization and maximization problems

in (4.3) are in the form

) are positive,

Bmin = (a07 Qag, aiJrl) and Bmax = (aja Aj41, an)?

respectively, where 1 <i<n—-—1land 0<j<n—2.
The basis B, is also primal feasible if

. 3Sy . . 3.5,
1< 22 < — | == . .
1—1< S <1, (z [51-‘) (4.4)

The basis B4 is also primal feasible if
2(n+75)S1 —n(j+1) <65 <2(n+j—1)S;1—nj . (4.5)

Since a both primal and dual feasible basis is optimal, it follows that the objective function

values corresponding to these bases are sharp lower and upper bounds for the probability of
£>1.
Thus, we have the following sharp lower and upper bounds for P(§ > 1):

2(2i 4+ 1)S), — 65, n 2(2j +n+1)S; — 65, — 2n(j + 1)
(i+1)(i +2) SP(§21>§n+1 n+1)(G+1)(G+2)

(4.6)

The bounds in (4.6) hold for any 4, j, but they are sharp if (4.4) and (4.5) are satisfied.
Remark. We consider the special case
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(”:V . (E)J(V;l):sz_ya

the first and the second binomial moments are equal to

Since

Slzlubl and SQZHJQ;H& .

If we substitute
H1 = Sl and Mo = 252 + Sl

in the closed bound formulas in (3.12) in Section 3, then we obtain the sharp bounds in

(4.6).

4.2 TYPE 2: po<p1 <...<p,

Let us introduce the variables vg = pg, v1 = p1—po, -+, Un = Pn— Pn_1. In this case problem
(1.2) can be written as

min(max){nvy +nvy + (n — )va + ... + v, }
subject to

(n+ Vv +nvy+(n—Dvg+ ...+ v, =1

("5 Y eorw+ [("3 ) ek [("51) - ()] =
(3)+es () mrmres [(5) +es (5] rareer (5 Juams

v>0. (4.7)

Taking into account the equations:

(n;—l)_(;’):(n+i)(n—i+l)7 s<i<n

and

(;)+...+(g):(n—i—l)n(n—1)6—(i—2)(i_1)i7 9<i<n

problem (4.7) can be written as
min(max){nvy +nvy + (n — L)vg + .. + v, }

subject to
(n+ Duvg+nvy+(n—1Luve+ ... +v, = 1
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(n+Dn(vo+v1)+(n+2)(n—Dvg+ ... + (n+4d)(n—i+ 1)v; + ... + 2nv, = 25,
(n+1Dn(n—1)(vo+v1+v2)+...+[(n+1)n(n—1)— (i —2)(i —1)i]v;+...+3n(n—1)v, = 65,

Vgy +eey U > 0. (4.8)
We consider the following 4 x 4 matrix.
n—i-+1 n—j+1 n—k+1 n—1+1
B_ n—1i+1 n—j+1 n—Fk+1 n—1+1
B (n+i)(n—i+1) (n+j)n—j+1) (n+k)(n—Fk+1) (n+0)(n—1+1)

n—n—3+32-2i n*—-n—33+32-2) nd-n—-kK+3k* -2k nd>—n—-0B+31>-2

forall 0 <i<j <k <l<n.Since detB = 0 we cannot use Theorem 1.
Let A be the coefficient matrix of equality constraint in (4.8). By the use of Theorem 2,
dual feasible bases in the minimization and the maximization problems in (4.8) are in the

form
(ap,a1,a,) if n—1>1

Bin = (a0, @iy aiy1) and B = (a1, a5, a541) if n>1 7
(a1,as,a¢), if n—1>2

respectively, where 1 <1 <n—-1,2<j7,s<n—lands+1<t<n.

The basis B,,;, is also primal feasible if i is determined by the following inequalities:
2(n+1—1)S —65; > in, (4.9)
2[(n—0)(n+i—1)4+2(i—1)]S1 —6(n—i+1)Se <n(i—1)(n—i+1). (4.10)
First, we notice that the basis B,.. = (ao,a1,a,) is also primal feasible. The basis
Biaw = (a1, aj,a;41) is also primal feasible if j is determined by the following inequalities:
6i(n— )8~ 2(n* —n —n— 4+ 1+ 1) < (n+ D[ — ) = D —j~ 1) =1~ )]
(4.11)
6j(n—j+1)So—2(n*—n*—n—j*+32=2j+1)S, > (n+1)[n*+n—j*+452—4j+2-nj(n—j+3)].
(4.12)

We also remark that if By, = (a1,a4,a541) or Bee = (a1,as, ar), then the objective
function and the left hand side of the first constraint are the same and therefore the upper
bound is equal to 1.

Thus, we have the following lower and upper bounds for P(£ > 1).

2(—2* +n?+3i+ni—1)S; — 6(n —i+1)5, n(i—1)
(n+1)i(i +1)(n —i+1) (n+1)(@+1)(n —1)
< PE=1) < (4.13)
m@n{l, 2(2n — 1)51 - 652} '

n(n+1)
The bounds in (4.14) are sharp if 7 satisfies (4.9) and (4.10).
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4.3 TYPE 3: po<..<pr.>..>pn

Now we assume that the distribution is unimodal with a known modus.
If we introduce the variables v;, 1 = 0,1, ..., n:

Vo = Po, V1 =, ..oy, Vk = Pk — Pk—1

Vk+1 = Pk+1 — Pk+2, -5 Un—1 = Pn—-1 — Pny, Un = Pn ,

then problem (1.2) can be written as
min(max){kvy + kvy + (k — 1)vg + ... + vk + Vg1 + 20622 + ... + (0 — k)v, }
subject to

(k+Dvo+kvy+(k—Dvg+ ...+ v+ 01 + . + (R — K)o, =1

(k—gl)(vo—i—vl)—l—{(k;—l)—(;)}vi—i—...—l—kvk—l—(/{:—l—l)vkﬂ
()1 oo (1) (3o
K§>+...+(l§>](v0+v1+v2)+{<;)+(§)]v3+(§)vk+(k;1)vk+1+
(45)+ (30 e[ (31)ooe (D)]-

v>0. (4.14)

This is equivalent to

min(maz){kvo + kvy + (k — D)vg + ... + v + Vg1 + 20842 + ... + (0 — k)v,}
subject to
(k+Dvg+kvy+(k—Dvg+ ...+ vp+ 01+ .. +(n — kv, =1
(k+1)kvo+(k+1)kvy+...4 (k+i) (k—i+1)vi+...+2kvg+2(k+1)vg 1 +...4+(n—k) (n+k+1)v,, = 25
(k+ Dk(k —1)(vo +v1 +v2) + ... + [(K* = k) — (i — 2)(i — D)i]v; + ... +3k(k — Dy,
+3(k + Dkvpq + ... + (n — k)(n* + nk + k* — 1)v, = 65,

v>0. (4.15)

Let A be the coefficient matrix of equality constraints in (4.15). By Theorem 2, a dual
feasible basis for minimization problem in (4.15) is of the form

Biin = (a0, @i, Giy1),
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where 1 < ¢ < n — 1 and a dual feasible basis for maximization problem in (4.1) is of the
form
(ap,ar,a,) if n—1>1
Bmaa: = (al, a, aj+1) if n Z 1 N
(a1,as,a;), if n—1>2

where 2 <7, s<n—1lands+1<t<n.
The basis Byin = (ag, i, a;4+1) is also primal feasible if one of the following conditions is
satisfied:
2(k+i—1)S; —6Sy > ik,

20k —d)(k+i—1)4+2(i—1)]S1 —6(k—1+1)Sy < k(i —1)(k—i+1)
it i+1<k, (4.16)

2i+k —1)S, — ik < 68y < 2(i + k)Sy — k(i +1) it i>k+1, (4.17)

Ak —1)S, —k(k — 1) < 65, < 4kS; — k(k+1) if i=k. (4.18)

The basis By = (a1, a4, aj41) is also primal feasible if one of the following conditions is
satisfied:

6j(k —5)S2 = 2(k* = k* =k — 7>+ j + S < (b + 1)[(1 = j)(B* = 1)(k = j — 1) = j(1 = j*)]

65 (k—j+1)Sy—2(k*—k*—k—75°+352—2j+1)S; > (k+1)[k*+k—j°+45%—4j+2—kj(k—j+3)]
if  j+1<k, (419

27 — k)G + k)S1 — 6(j — k)Ss <hil< 2(j + k +1)S; — 65,
G+ —Fk) - - j+2

if j>k+1, (4.20)

22k —1)S1 —k(k+1) <65 <2(2k+1)S, — (k+ 1)(k +2)
if j=k. (4.21)

The basis Byae = (ag,a1,a,). We remark that B, = (ag,ak,ars1) and B =
(a1, ax, ary1) are also primal feasible since k is known.

Using the same reasoning that we have used in Section 4.2, one can easily show that the
upper bound is equal to 1 if By, = (a1, a4, aj4+1) OF Bpar = (a1, as, ar).

Three possible cases for the lower and upper bounds for P(£ > 1) can be given as follows:
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Case 1. i +1<k

2(—2i2 + k*+3i+ ki—1)S; —6(k —i+1)S, k(i —1)
(k+1)i(i+1)(k—i+1) (k+1)(i + 1) (k —1)

< PE=1) <

(n+ D)k + 1)

V. (4.22)

min{1,

Case 2. i > k+1

b, 2kt b+ 1)) — kS, — 2k + 1)
k41 (k+ 1)+ 1)(i +2)

< PE=1) <

2(n+k)S, — 65,

CEREA (423)

min{1,

Case 3. i =k

6kS; — 65y + k3 — k

< 2(7’L+k)51 —652
kk+1D)(k+2)

(n+1)(k+1)

PE>1) < min{l, }. (4.24)

The above inequalities are sharp if the bases are primal feasible too, i.e., the inequalities
(4.16), ... , (4.21) are satisfied.

5 Examples

We present four examples to show that if the shape of the distribution is given, then by the
use of our bounding methodology, we can obtain tighter bounds for P(§ > 1).
First, let us consider the following binomial moment problem where the shape information
is not given.
min(max){p; + ... + pn}

subject to

Zpi =1
i=0

> ipi= S (5.1)

=1

(;)pi:S2
i=2

1=
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pzzo, z:O,,n

Let A be the coefficient matrix of the equality constraints in (5.1). By Theorem 2, a dual
feasible basis for the minimization problem in (5.1) is of the form:

Brin = (ao, Qs ai+1),

where 1 < i < n — 1. Similarly, a dual feasible basis for the maximization problem in (5.1)
is given as follows:
(ag,ar,a,) i n—1>1
Bmaz = (al, CLj, Clj+1) lf n 2 1 s
(a1,as,ar), if n—1>2

where 2<j, s<n—1lands+1<t<n.
The primal feasibility of the basis B,,;, is ensured if the following condition is satisfied:

25,
— 1< —==<1q. 5.2
i < <i (5.2)
First, we remark that the basis By,.. = (ao, a1, a,,) is primal feasible. We also note that
the upper bound for P(§ > 1) is equal to 1 if Byue. = (ao, a1, apn) O Bae = (a1, as, ag).
The basis Byq, = (a1, aj,a;+ 1) is also primal feasible if j is determined by the following

condition:
2.5,

) < <j4+1. 5.3
JSg 7SIt (5.3)
Similarly, the basis Bpa. = (a1, as, a;) is also primal feasible if
2S5
< <t. 5.4
T (5:4)

The sharp lower and upper bounds for P(£ > 1) can be given as follows:

2251 - 252 . 252
. > < - — .
T S PE>1) <min{l,5 il (5.5)

where ¢ satisfies (5.2).

Example 1. In order to create example for S;, Sy we take the following probability
distribution pj = 0.4, pj = 0.3, p5 = 0.25, p; = 0.03, p; = 0.02. With these probabilities
the binomial moments are

4 4 .
Si=3 ip; =097 and &:Z(%)ﬁ:o.%.

i=1 1=2

We have the following binomial moment problem:

min(max){p; + ps + p3 + pa}
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subject to

Po+pi+p+p3+pi=1

4

> ip;=0.97

i=1

L/
=2

(2

Poy -5 P4 2 0. (56)

Let A be the coefficient matrix of the equality constraints in (5.6). By Theorem 2, we have
Buin = (ag,a1,a2), Bpar = (ag,a1,a4) for problem (5.1).
By the use of (5.5), we obtain the following lower and upper bounds:

051 < P(E>1)<0.74. (5.7)

Now, we assume that the probability distribution in (5.6) is decreasing, i.e., py > ... > ps.
In this case problem (5.6) can be transformed to Type 1 problem in Section 4.1 as follows:

min(max){vy + 2vs + 3vs + 4dv,}
subject to
U0+2U1+302+4’U3+5?}4 =1

U1 + 3U2 + 6?]3 + 10U4 =0.97
vg + 4vz + 10v4 = 0.46
v>0. (5.8)

Now let A be the coefficient matrix of the equality constraints in (5.8). By using (4.4) and
(4.5), the optimal bases for problem (5.8) are By, = (ao, a2, a3) and By, = (a1, as, ay).
The following are the lower and upper bounds obtained from (4.6):

0.5783 < P(£ > 1) < 0.6273. (5.9)

One can easily see that these bounds are the optimum values of problem (5.6) together
with the shape constraint py > ... > py.

Example 2. Let n =5, S, =3.95, Sy, =7. The corresponding binomial problem is

min(maz){p1 + p2 + ps + ps + 05}

subject to

Po+p1+p2t+p3t+ps+ps=1
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5
> ip;=3.95
=1
N
(5 )n=T
=2
Po, -5 Ps Z 0. (510)
From (5.5) we obtain
088< P(E>1)<1. (5.11)

Now we assume that the distribution is increasing. Problem (5.10) together with the

shape constraint py < ... < p5 can be transformed to Type 2 problem in Section 4.2 as
follows:

min(mazx){5vy + dvy + 4vy + 3vs + 2v4 + v5}

subject to

61}0+5v1—|—4v2—|—3v3+21)4+v5:1

15’00 + 157)1 + 14?]2 + 12’113 + 9?]4 + 51)5 =3.95
20vg + 20v1 4+ 20v9 4+ 19v3 + 1604 4+ 10v5 = 7

v>0. (5.12)

The optimal bases for (5.12) are B, = (ag, a4, a5) and By = (ag, a1, a5). By the use

of Problem (5.12) and the formulas given in (4.13), the sharp lower and upper bounds for
P(£ > 1) can be found as follows:

094 < P(E>1)<0097. (5.13)

Example 3.Let S; = 8.393, S; = 34.625. The corresponding binomial problem is

10

min(mazx) Z Di

=1

subject to

10
> pi=1
i=0

10

Z ip; = 8.393

=1

10 i
> ( 5 )pi = 34.625

1=2
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Pos P10 2 0 . (5.14)

Bmin = (ag,a9,a19) and B,ae = (a1, a9, a10) are the optimal bases for (5.14) and from

(5.5) we obtain
0.909< P(€>1)<1. (5.15)

By adding the shape constraint py < ... < pyg, problem (5.14) can be transformed to
Type 2 problem in Section 4.2 as follows:

man(max){10vy + 10v; + vy + 8vs + ... + v10}

subject to
10

d (1 —ip=1
=0
10

5 <1o+¢)(211 — 0 a0

=0
10

S (990 — (i — 62)@ — D0y e

v>0. (5.16)

By the use of Problem (5.16) and the sharp bound formulas in (4.13), the sharp lower
and upper bounds for P({ > 1) can be given as follows:

0975 <PE>1)<1. (5.17)
Let n =15, S;=3.95 S5 =7. The corresponding binomial problem is
min(max){p1 + p2 + ps + ps + ps}
subject to

Pot+p1+p2t+p3t+ps+ps=1

5

> ip; =3.95

1=1

L[
(5 )n=T
1=2
Po, -, Ps5 2 O . (518)

From (5.5) we obtain
0.88< P(€>1)<1. (5.19)
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Now we assume that the distribution is increasing. Problem (5.10) together with the

shape constraint py < ... < p5 can be transformed to Type 2 problem in Section 4.2 as
follows:

min(max){5vg + 5vy + 4vg + 3vs + 204 + vs}

subject to

6U0+5U1—|—4’02+3U3+2U4+1}5 =1
151)0 + 151)1 + 142]2 + 12’U3 + 9’U4 + 51)5 =3.95
20vg + 20v; + 200y + 19v3 + 16v4 + 10v5 = 7

v>0. (5.20)

The optimal bases for (5.12) are By = (ao, a4, as) and Bye. = (ag, a1, as5). By the use

of Problem (5.12) and the formulas given in (4.13), the sharp lower and upper bounds for
P(¢ > 1) can be found as follows:

0.94 < P(€ > 1) <0.97. (5.21)

Example 4.Let n =4, S; =193, S =1.27. The corresponding binomial problem is

4
min(max) Z Di
i=1

subject to

4
> ipy=1.93
i=1
4

Z(;)pi:1.27

=2
Po,---pa = 0. (5.22)
By the use of (5.5) and Problem (5.22) we have

0.8633 < P(€>1)<1. (5.23)

Now we assume that the distribution is unimodal and k& = 2. By adding the shape

constraint py < p; < pa > p3 > py, problem (5.22) can be transformed to Type 3 problem in
Section 4.3 as follows:

min(maz){2v + 2v; + vo + v3 + 204}
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subject to
3U0+2U1+U2+U3—|—2U—|—4: 1

3?]0 + 3U1 + 2U2 + 3U3 + 7’U4 =1.93
Vo + U1 + U9 + 3u3 + vy = 1.27
v>0. (5.24)

By the use of Problem (5.24) and the closed bound formulas in (4.24), the sharp lower
and upper bounds for P({ > 1) can be given as follows:

0.8975 < P(€>1)<1. (5.25)

6 Applications

In this section we present two examples for the application of our bounding technique, where
shape information about the unknown probability distribution can be used.

Example 1. Application in PERT.

In PERT we frequently concerned with the problem to approximate the expectation or
the values of the probability distribution of the length of the critical path.

In the paper by Prékopa et al. (2004) a bounding technique is presented for the c.d.f. of
the critical, i.e., the largest path under moment information. In that paper first an enumer-
ation algorithm finds those paths that are candidates to become critical. Then probability
distribution of the path lengths are approximated by a multivariate normal distribution that
serves a basis for the bounding procedure.

In the present example we are concerned with only one path length but drop the normal
approximation to the path length. Instead, we assume that the random length of each arc
follows beta distribution, as it is usually assumed in PERT. Arc lengths are assumed to be
independent, thus the probability distribution of the path length is the convolution of beta
distribution with different parameters.

The p.d.f. of the beta distribution in the interval (0, 1) is defined as

flz) = %x“_l(l —) o<z <, (6.1)

where I'(.) is the gamma function,

['(p) :/ e dx, p>0.
0

The kth moment of this distribution can easily be obtained by the use of the fact that

! F(a‘i‘ﬁ)xa_l )y —
/o Mot G0 A=t
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In fact,
/0 2* f(z)dr = Il:(<3)+(?) i P11 — ) de
_ Dla+B)I'(k+a)l(B)
"~ T@T@ TE+a+ 0 02

Dla+k)l(a+k—1).T(a+1)
Fa+p+kI(a+B8+k—-1)..I'(a+5+1)

If a, [ are integers, then using the relation: I'(m) = (m — 1)! the above expression takes a
simple form.

The beta distribution in PERT is defined over a more general interval (a,b) and we define
its p.d.f. as the p.d.f. of a + (b — a)X, where X has p.d.f. given by (6.1).

In practical problems the values a, b, «, 3 are obtained by the use of expert estimations
of the shortest largest and most probable times of accomplishing the job represented by the
arc (see, e.g., Battersby, 1970).

Let n be the number of arcs in a path and assume that each arc length &; has beta
distribution with known parameters a;, b;, «;, 3;, i =1,...,n. Assume that o; > 1, 3; >
1, i =1,...,n. We are interested to approximate the values of the c.d.f. of the path length,
ie, =&+ ...+ &,

The analytic form of the c.d.f. cannot be obtained in closed form but we know that the
p.d.f. of ¢ is unimodal. In fact, each & has logconcave p.d.f. hence the sum ¢ also has
logconcave p.d.f. (for the proof of this assertion see, e.g., Prékopa 1995) and any logconcave
function is also unimodal.

In order to apply our bounding methodology we discretize the distribution of &£, by subdi-
viding the interval (37  a;, >.r, b;) and handle the corresponding discrete distribution as
unknown, but unimodal such that some of its first m moments are also known. In principle
any order moment of ¢ is known but for practical calculation it is enough to use the first few
moments, at least in many cases, to obtain good approximation to the values of the c.d.f. of

€.

The probability functions obtained by the discretizations, using equal length subintervals,
are logconcave sequences. Convolution of logconcave sequences are also logconcave and any
logconcave sequence is unimodal in the sense of Section 3.3.

In order to apply our methodology we need to know the modus of the distribution of &.
A heuristic method to obtain it is the following. We take the sum of the modi of the terms
in £ =& + ... + &, and the compute a few probability around it.

Example 2. Application in Reliability.

Let Ay, ..., A, be independent events and define the random variables X, ..., X,, as the
characteristic variables corresponding to the above events, respectively, i.e.,

Y. — 1 if A, occurs
‘1 0 otherwise
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Let p, = P(X; = 1), i = 1,...,n. The random variables Xj, ..., X,, have logconcave discrete
distributions on the nonnegative integers, consequently the distribution of

X=X1+..+X,

is also logconcave on the same set.
In many applications it is an important problem to compute, or at least approximate,
e.g., by the use of probability bounds the probability

Xi+.+X,>r, 0<r<n. (6.3)

If I, ...,I< n designate the k-element subsets of the set {1, ...,n} and J; = {1, ...,n}\ I},
‘)

1,.., ( Z ), then we have the equation

()
PXi4 ..+ X, 2>7) = Y IIe [0 -p). o0<r<n (6.4)

k=r I=1 1iel; jeJ;

If n is large, then the calculation of the probabilities on the right hand side of (6.4)
may be hard, even impossible. However, we can calculate lower and upper bounds for the
probability on the left hand side of (6.4) by the use of the sums:

Se= > R <Z) IIp: k=1..m (6.5)

1§i1<...<ik<n =1 Zell

where m may be much smaller than n. Since the random variable X;+...4+X,, has logconcave,
hence unimodal distribution, we can impose the unimodality condition on the probability
distribution:

PXi+..+X,=k), k=0,...n. (6.6)

Then we solve both the minimization and maximization problems considered in Section 4.2
to obtain the bounds for the probability (6.3). If m is small the bounds can be obtained by
formulas. Note that the largest probability (6.5) corresponds to

P1 +--.+an

kmaz = L(n +1) -

Note that a formula first obtained by C. Jordan (1867) provides us with the probability
(6.3), in terms of the binomial moments S,, ..., Sy:

P(X1+ .+ X, >7) = zn:(—nk—r < ’:_ X ) Si. (6.7)

k=r
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However, to compute the binomial moments involved may be extremely difficult, if not
impossible. The advantage of our approach is that we use the first few binomial moments

Si, ..

., Sm, Where m is relatively small and we can obtain very good bounds, at least in many

cases.

References

1]

2]

[10]

[11]

[12]

[13]

Boros, E.; A. Prékopa (1989). Closed form two-sided bounds for probabilities that ex-
actly r and at least r out of n events occur. Math. Oper. Res. 14, 317-347.

Fréchet, M. (1940/43). Les ProbabilitésAssociées a un Systéme d’Evénement Compati-
bles et Dépendants. Actualités Scientifique et Industrielles Nos.859, 942 Paris.

Galambos, J., 1. Simonelli (1996). Bonferroni-type inequalities with applications.
Springer, Wahrscheinlichkeits.

Kwerel, S.M. (1975). Most Stringent bounds on aggregated probabilities of partially
specified dependent probability systems. J. Amer. Stat. Assoc. 70, 472-479.

Mandelbrot, B.B. (1977). The fractal geometry of nature. Freeman, New York.

Prékopa, A. (1988). Boole-Bonferroni inequalities and linear programming. Oper.
Res. 36, 145-162.

Prékopa, A. (1989a). Totally positive linear programming problems. L.V. Kantorovich
Memorial Volume, Ozford Univ. Press, New York. 197-207.

Prékopa, A. (1989b). Sharp bounds on probabilities using linear programming. Oper.
Res. 38, 227-239.

Prékopa, A. (1990). The discrete moment problem and linear programming. Discrete
Applied Mathematics 27, 235-254.

Prékopa, A.(1995). Stochastic Programming. Kluwer Academic Publishers, Dordtecht,
Boston.

Prékopa, A. (1996). A brief introduction to linear programming. Math.Scientist 21,
85—111.

Prékopa, A. (2001). Discrete higher order convex functions and their applications. In:
Generalized Convexity and Monotonicity (N. Hadjisavvas, J.E. Martinez-Legaz, J-P.
Penot, eds.) Lecture Notes in Economics and Mathematical Systems, Springer, 21-47.

Prékopa, A. J. Long, T. Széntai (2004). New bounds and approximations for the prob-
ability distribution of the length of critical path. In: Dynamic Stochastic Optimization.
Lecture Notes in Economics and Mathematical Systems 532 (K. Marti, Yu. Ermoliev,
G. Pflug eds.), Springer, Berlin, Heidelberg, 293-320.



