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ON COMPLEXITY OF THE ACYCLIC HYPERGRAPH
SANDWICH PROBLEM

Georg Gottlob Vladimir Gurvich Zoltan Miklos

Abstract. Given two hypergraphs H and H' on a common vertex set, we write
H < H'if each edge of H is contained in an edge of H'. Given H < H’, either find an
acyclic hypergraph A between them, H < A < H’', or claim that there is no such A.
This problem is referred to as the Acyclic Hypergraph Sandwich Problem (AHSP)
(H,H'). We show that one can assume without loss of generality that H is a graph.
The AHSP (H, H') generalizes the concept of treewidth as follows. Let H = G be a
graph, [V(G)| =n, and let H' =(}) consists of all subsets of V(G) of cardinality k.
Then the AHSP is solvable if and only if the treewidth of G is strictly less than k,
that is TW(G) < k — 1. Another important special case of the AHSP is H' = H*,
that is the edges of H' are the unions of all subfamilies of k edges of H. In this case
the AHSP generalizes the hypertreewidth of H. It was recently proved [0] that the
ASHP is NP-complete already in case H' = H?. However, it is known that verifying
TW(G) < k — 1 is polynomial when k is bounded. Respectively, the AHSP (H, H’)
is polynomial when H' =(}). Here we extend this result and show that the AHSP
can be solved in time, t = n(@+tDlogntd+l) "where n = |V(H)| and d = dimH’ is the
maximum edge size (so-called dimension) of H'. In particular, ¢ is quasi-polynomial
in n whenever d is bounded or polylogarithmic in n. Hence, in this case the AHSP is
not NP-complete unless every problem from NP can be solved in quasi-polynomial
time. In particular, the AHSP (H, H*) is quasi-polynomial, t = n(kd+1)(logntkd+1)
whenever both k£ and dimH are bounded or polylogarithmic in n.

Key words: acyclic hypergraph, chordal graph, hypertreewidth, quasi-polynomial
problem, sandwich problem, treewidth, triangulated graph
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1 Introduction

In [0] one can find 12 equivalent definitions of the acyclic hypergraphs. We will need 2 of
these 12.

Given a hypergraph H with the vertex set V' = V(H) and edge set set £ = E(H),
introduce two operations O1 and O2 as follows:

O1. If e C ¢ for a pair of edges e, e’ € E(H) then delete e from E(H).

02. If degy(v) = 1 for a vertex v € V(H) then delete v from each edge which contains
it.

Recall that deggy(v), the degree of v in H, is the number of edges in H which contain v.

It is not difficult to see that applying recursively O1 and O2 to H we get a unique (well
defined) irreducible hypergraph Hp. In other words, though in some cases we can delete
several vertices and/or edges, yet, our choice does not matter and the resulting hypergraph
Hp is always the same. The proof can be found in [0, 0], where the above recursive procedure
reducing H to Hp is attributed to Marc H. Graham.

Definition A. A hypergraph A = (V, E) is acyclic if applying recursively O1 and O2 we
can reduce A to nothing, that is Ap is the empty hypergraph.

Acyclic hypergraphs admit the following convenient representation. Given a tree Tj and
a family 7 of its subtrees, define a hypergraph A = A(Ty, 7T) as follows: V(A) = 7, that is
to each subtree T' € 7T we assign a vertex of A, while E(A) = V(T}), that is to each vertex
v € Ty we assign an edge e = e, of A such that e consists of all subtrees T" € 7 which contain
v.

Definition B. A hypergraph A = (V. E) is acyclic if A = A(Ty,7T) for some Ty and 7.

It is shown in [0] that definitions A and B are equivalent.

Given two hypergraphs H and H' we will write H < H' if for every edge e of H there is
an edge ¢’ of H' such that e C €. Obviously, this relation is transitive. Yet, it is possible
that H < H' and H' < H. Clearly, it happens if and only if applying O1 we obtain the same
irreducible hypergraph from H and H'. In this case we will call H and H' equivalent.

Acyclic Hypergraph Sandwich Problem (AHSP) is formulated as follows. Given
two hypergraphs H and H’, either find an acyclic hypergraph A such that H < A < H' or
claim that there is no such A. The input of the AHSP is the pair of hypergraphs (H, H').
Obviously, one can assume that H < H’, since otherwise the AHSP has no solution for sure.
It is also clear that the AHSP belongs to NP.

Remark 1. The sandwich problems for graphs and hypergraphs are surveyed in [0, 0, 0]. Let
us note, however, that the definitions are slightly different. In the cited papers it is assumed
that three hypergraphs H, H' and A have the same number of edges which are labelled by the
same set of indices [m] = {1,...,m} and e;(H) C e;(A) C e;(H') for each i € [m)].

Computing the treewidth [0] is reduced to the AHSP as follows. Let H = G be an
arbitrary graph, that is |e| = 2 for each e € E(H), and let H' =(}), that is the edges of
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E(H') are all subsets of cardinality k of the given vertex set V(H') = V(G) of cardinality
n. Then the AHSP is solvable if and only if the treewidth of the graph G is strictly less
than k, that is TW(G) < k — 1. See surveys [0, 0] for this and many other equivalent
characterizations of the treewidth.

In section ?? we will show that an arbitrary AHSP (H, H') is polynomially reduced to
the case when H = G is a graph.

Given G and k, it is NP-hard to decide whether TW(G) < k — 1, [0]. However, this
does not imply that the corresponding AHSP is NP-hard, since the hypergraph H’ :(Z)
may be exponential if k is a part of the input. Yet, if k£ is bounded then the inequality
TW(G) < k — 1 can be verified in polynomial time. The first polynomial algorithm was
given in [0]; its performance time was n to a function of k. Then the time was successively
reduced to @(nF+2) in [0], @(n?) in [0], D(nlog®n) in [0, 0], B(nlogn) in [0], and finally to
D(n) in [0]. For k <5 there are special, simpler, methods; see [0] section 3.3 or [0] section 3
for a survey.

Respectively, the AHSP (H, H') is polynomial when H’ :(Z) In section 7?7 we will
extend this result as follows. The dimension of a hypergraph is defined as the maximum of

its edge sizes, dimH = max.cpm) |e|. For example, dim (Z): k.

Theorem 1. The AHSP can be solved in time t = n(d+10en+dtl) “yhere n = |V(H)| and
d=dimH’'.
In particular, the ASHP is quasi-polynomial in n when d is bounded, or polylogarithmic in

n, that is d < log®n, where c is a constant. Hence, in this case the AHSP is not NP-complete
unless every problem from NP can be solved in quasi-polynomial time.

Another important special case of the AHSP is H' = H* that is E(H') consists of
the unions of all subfamilies of k£ edges from H. More precisely, e € E(H') if and only if
e =UY_je;, for some ey,...,e; € E(H). In this case the AHSP is related to the generalized
hypertreewidth [0, 0] It was recently proven [0] that the AHSP is NP-complete already in
case H' = H?®. However, it is very unlikely that the AHSP (H, H*) is NP-complete if k
and d = dimH are both bounded or polylogarithmic in n. Indeed, in this case Theorem 77?7
immediately implies

Corollary 1. The AHSP (H, H*) can be solved in time nkd+1){ogntkd+1)

Remark 2. Given an AHSP (H,H'), where H' = H* or H' =(}), both H and H' or
respectively H and k may be considered as the input. If k is bounded then these two possible
wmputs are polynomially equivalent, yet in general, the size of the first one may be exponential

in size of the second one.

2 Reformulation in terms of chordal graphs and its
corollaries

A graph is called chordal (or triangulated) if each its simple cycle of length at least 4 has a
chord.
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Proposition 1. A graph is chordal if and only if each its 2-connected component is chordal.

Proof. . By definition, each simple cycle is contained in a 2-connected component and has
no common edges with other components. O

Given a hypergraph H, its intersection graph G = GI(H) is defined as follows: the
vertices of G are the edges of H and two vertices form an edge in G if and only if the
corresponding edges of H intersect. The following characterization of the chordal graphs
will play an important role. Given a tree Ty and a family 7 of its subtrees, denote by
G!(Ty, T) their intersection graph.

Theorem 2. ([0, 0, 0, 0]) Graph G is chordal if and only if G = G (Ty, T) for some Ty, T .

Proposition 2. Subtrees of Ty have the Helly property, that is all subtrees of a subfamily
T' C T intersect whenever each two of them intersect.

Proof. is obvious and well-known. Assume that three subtrees of Tj pairwise intersect but

have no common vertex. Then they form a cycle, but Tj is a tree, so we get a contradiction.

O

By Theorem ??, the AHSP (H, H') can be reformulated as follows. Given a graph G and

a hypergraph H’ (which may have common vertices), either extend G to a chordal graph G’

every (maximal) clique of which is contained in an edge of H' or claim that there are no such

extensions. It suffice to set G = G'(H) to prove the equivalence of the two definitions. In

particular, TW(G) < k — 1 if and only if G is a subgraph of a chordal graph with maximal
clique-size k, [0].

Let us show that for an AHSP (H, H') it can be assumed without loss of generality that
H is a (2-connected) graph.

Given a hypergraph H, its co-occurrence (or primal) graph G(H) is defined as follows.
The vertex set is the same, V(G(H)) = V(H) = V and two vertices form an edge in G(H)
if and only if they both belong to an edge of H. Obviously, the edges of H form cliques in
G(H) and these cliques contain all edges of G(H). The hypergraph H is called normal if
every maximal clique of G(H) is an edge of H. Note that several normal hypergraphs may
have the same co-occurrence graph G, yet clearly, all these hypergraphs are equivalent. From
now on let us restrict ourselves by the hypergraphs irreducible with respect to O1. Then
each class of equivalent hypergraphs is of cardinality 1 and < is a partial order relation.

Given a graph G, denote by H = H(G) the set of all hypergraphs whose co-occurrence
graph is G, that is G = G(H) if and only if H € H(G). It is easy to see that H is a lattice
with respect to <. The minimum of this lattice is the graph G itself and the maximum is
the normal hypergraph H°(G).

Let us remark that the family H(G), as well as some hypergraphs H € H(G), including
H°(G), may be exponential in n = [V (G)|, since G may have exponentially many (maximal)
cliques.

The next 3 claims follow immediately from Theorem ?? and Proposition ?7.
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Corollary 2. Let A be an acyclic hypergraph such that A > G, then A > H for each
H € H(G). In particular, A > H°(Q), that is every (maximal) clique of G is contained in
an edge of A.

Corollary 3. Given G and H', for H € H(G) all AHSPs (H, H') are equivalent. In partic-
ular, they are all equivalent to the AHSP (G(H), H').

Thus, without loss of generality, it can be assumes that H is a graph for any AHSP
(H,H’). Indeed, given an AHSP (H, H'), one can just substitute H by its co-occurrence
graph G(H). Moreover, according to Proposition ??, it also can be assumed that the graph
G(H) is 2-connected, otherwise the AHSP can be considered for each 2-connected component
separately.

In addition we get one more characterization of acyclic hypergraphs and chordal graphs.

Corollary 4. Graph G is chordal if and only if its normal hypergraph H°(G) is acyclic.
Hypergraph H is acyclic if and only if it is normal and its co-ocurrence graph G(H) is
chordal.

Remark 3. [t is interesting to compare characterizations of the acyclic and read-once hyper-
graphs: H is read-once (respectively, acyclic) if and only if H is normal and its co-occurrence
graph G(H) is Py-free [0, 0, 0] (respectively, Ci-free for all i > 4). Hence, a hypergraph
H is read-once and acyclic if and only if H is normal and G(H) is Py- and Cy-free. Some
applications of Py-free chordal graphs can be found in [0, 0, 0].

Given a hypergraph H, the neighborhood Ny (v) of a vertex v € V(H) is defined as the
union of all edges of  which contain v, that is Ny (v) = U, |ccepm € Let us remark that
operation O1 keeps all neighborhoods unchanged.

Proposition 3. Given a graph G and a hypergraph H which may have vertices in common,
the equality Ny (v) = Ng(v) holds for allv € V(G) UV (H) if and only if H € H(G).

Proof. follows immediately from the definitions of N and H(G). O

The next result of [0] shows that the AHSP (G, H') is closely related to the following
difficult decision problem.

Triangulating of Colored Graphs (TCG): Given a graph G properly colored by n
colors, either extend G to a chordal graph respecting the coloring, or prove that there is no
such extension.

In [0] it is proved that TCG is NP-complete already in the case when each chromatic
component in G is of cardinality 2. This result can be reformulated as follows.

Theorem 3. ([0]) Given a graph G with 2n vertices V(G) = {1,1',...,n,n'}, it is NP-hard
to decide whether G can be extended to a chordal graph G' such that (i,i") € E(G') for no
ie{l,...,n}.
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However, TCG becomes polynomial if n is bounded, [0] section 5.

By Theorems 7?7, Theorem ?? can be reformulated in the AHSP terms as follows. Let
us consider the perfect matching on the vertex set V = {1,1,...,n,7'} and let G° be the
complementary graph, that is V(G°) = V and (4,), (4,7'), (i, j') € E(G°) if and only if
i # j. Furthermore, let H' = H°(G°) be the corresponding normal hypergraph, that is
V(H') =V and E(H') consists of 2" edges of cardinality n each, e € E(H’) if and only if e
contains exactly one vertex from each pair i, 7'.

Theorem 4. The AHSP (G, H') is NP-complete with respect to the input G, provided H' =
H°(G) is fized.

Proof. follows immediately from Theorems 7?7 and ?77. O
Of course, formally this AHSP is polynomial with respect to the standard input (G, H’),
since the size of H' is exponential in n. However, H' is invariable, so it seems more logical
to treat it as a fixed parameter rather than a part of the input.
Let us recall that if H' :(Z) and k is bounded then the AHSP (H, H') is polynomial and
in this case the size of H' is polynomial in n, see remark 77

3 More about chordal graphs

Proposition 4. ([0], see also [0]) Graph G is chordal if and only if there is a tree T whose
vertices are in one-to-one correspondence with all maximal cliques of G and for every vertex
v € V(Q) all mazimal cliques of G which contain v induce a subtree in T

Such a tree T = T'(G) is called a tree representation of G.

Though in general, the number of maximal cliques of a graph G may be exponential in
|[V(G)|, yet, if G is chordal then the number of its maximal cliques is at most the number
of its vertices and equality holds if and only if F(G) = 0, [0]. From this, by Corollary ?7?,
we derive that |E(H)| < |V(H)| for every acyclic hypergraph H which is irreducible with
respect to O1.

Given a connected graph G, a set of vertices S C V(G) is called a separator if the graph
G[V \ S] induced by the remaining vertices is not connected. A separator is called minimal
if no its proper subset is a separator. Let us recall that the chordal graphs were introduced
in [0] where the following characterization in terms of separators was given.

Proposition 5. ([0]) A connected graph is chordal if and only if every its minimal separator
18 a clique.

In general, the number of minimal separators of a connected graph GG may be exponential
in |[V(G)|, yet, if G is a connected chordal graph then the number of its minimal separators
is at most |V(G)| — 1. Moreover, they all are explicitly given by a tree representation of G.

Proposition 6. (/0]) Let G be a connected chordal graph and T = T(G) be its tree repre-
sentation, a subset S C V(G) is a minimal separator if and only if S = C' N C", where C’
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Figure 1: Example 1 Figure 2: Example 2

and C" are two mazimal cliques of G such that the corresponding vertices are neighbors in

T.

Thus any tree representation contains complete information about all maximal cliques
and minimal separators of a connected chordal graph.

4 Proof of Theorem 77

First, we will prove Theorem 7?7 for a very special case. However, we will see that the
main lines of this proof appear in the general one, too. Let H = C), be the n-cycle, that
is V(C,) = [n] ={1,...,n}, E(C,) ={(1,2),(2,3),...,(n — 1,n),(n,1)} and let H' be an
arbitrary family of m triangles, that is m subsets of [n] of cardinality 3. In this case the
AHSP can be solved in quasi-polynomial time (3m)!°¢™ as follows.

Let us consider the polygon P, and an arbitrary its triangulation. For example,
A ={(1,2,3),(3,4,5),(5,6,1),(1,3,5)} and Ay = {(1,2,3),(1,3,4),(1,4,5),(1,5,6)}
are two triangulations of P, see figures 77 and 77,

It is easy to see that both hypergraphs A; and A, are acyclic and majorize C,,, that is
C, < Ay,C, < Ay. Tt is well-known that in general, too, each minimal (with respect to |)
acyclic hypergraph A > C,, is a triangulations of P,, and vice versa.

Remark 4. Let us also mention that each triangulation of P, consists of n' = n—2 triangles
and there are ¢, different triangulations of P,, where ¢, :(27?, )/(n’—i—l) are so-called Catalan
numbers.

In our two examples on figures ?? and ?? the co-occurrence graphs Gy = G(4;),Gy =
G(A2) have common vertex set V =V (G1) = V(G2) = {1,2,3,4,5,6} and the edge sets

E(Gl) = {(17 2)7 (2’ 3)? (374)7 (4v 5)’ (57 6)7 (67 1)7 (1’ 3)7 (37 5)7 (57 1)};

B(Ga) = {(1,2), (2.3), (3,4), (4,5), (5,6), (6,1), (1,3), (1,4), (1,5)}.

Obviously, both graphs are chordal. Their maximal cliques are the edges of A; and A,,
respectively. The tree representation of G5 is the simple path P, whose vertices correspond
to the maximal cliques (1,2,3),(1,3,4),(1,4,5), and (1,5,6); while the tree representation
of Gy is the claw K3 whose central vertex is (1,3,5) and the leaves are (1,2,3),(3,4,5),
and (5,6, 1), see figures 77 and 77.

Clearly, each triangle of P, partitions it into 2, 3 or 4 smaller polygons. We will call
a triangle cental if each of these polygons is of cardinality at most n/2. It is obvious that
every triangulation of P, contains a central triangle. For example, (1, 3,5) is a unique central
triangle in A, while (1,3,4) and (1,4, 5) are two central triangles of A,. This simple obser-
vation results in the following quasi-polynomial recursive procedure for the AHSP (C,,, H').
If H' contains no central triangle of P, then report that the AHSP has no solution and halt.
Otherwise, for each cental triangle in H' reduce the problem to 2 or 3 smaller problems of
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size at most n/2 each. Obviously, the tree representing this recursion has at most (3m)s"
leaves. This proves the claim.

In the next paragraph we will show that for the AHSP (C,, H') the “divide and con-
quer” technique considered above is less efficient than the standard dynamic programming
approach. However, unlike the latter, the former one can be applied, and remains quasi-
polynomial, for the general AHSP (H, H') whenever dimH' is bounded.

For each ordered pair i,j € [n] let us define an entry of a dynamic programming table
to be either 0 or 1 depending on whether the part P, defined by the vertices ¢,7 + 1,...,J
admits a triangulation. (All numbers taken mod n). The first row of the table correpsonds
to (4,7) = (1,3),(2,4),...,(n — 2,n),(n — 1,1),(n,2), that is 7 = (i + 2)( mod n); the
second one to (i,7) = (1,4),(2,5),...,(n—3,n),(n—2,1)(n—1,2)(n, 3), that is j = (i+ 3)(
mod n); etc. Each new row [ can be computed in Imn? time using H' and the entries in the
previous rows. The AHSP (C,,, H') is solvable if and only if there exist i and j for which the
entries for both pairs ¢, j and 7,7 are 1.

Proof. of Theorem ?7. Given an AHSP (H, H’), consider the equivalent AHSP (G, H’),
where G = G(H) is the co-occurrence graph of H. Also assume without loss of generality
that G is 2-connected, otherwise consider separately the AHSPs (G;, H') for all 2-connected
components of G. We would like either to extend G to a chordal graph G’ such that each
(maximal) clique of G’ is contained in an edge of H' or prove that no such G’ exists. Let
us assume that it exists and let 7' = T(G’) be a tree representation of it. We define now a
decomposition of G’ which will allow us later to get it from G. Recall that the vertices of T’
and the maximal cliques of G’ are in one-to-one correspondence. Denote by C(v) the clique
corresponding to a vertex v € V(T') and let ¢(v) = |C(v)|. By assumption, each vertex set
C'(v) is contained in an edge of H'. In particular, ¢(v) < d = dimH' for each v € V(T).

Let v € V(T) be a vertex of T" which is not a leaf, that is m = degr(v) > 1. Then
v is a separator in 7" and C(v) is a separator in G’; furthermore, V(7T') \ {v} induces a
forest which consists of m subtrees T1,...,T,, of T. Denote by T/ the subtree induced by
the vertex set V(7;) U {v} and by G} the corresponding subgraph of G’; in other words,
V(E) = Uperiry Clw); i € [m] = {1,...,m}.

Set n = |V(G’)| and consider 3 cases: n > 2d, 2d > n > d, and n < d. In the last case
we just stop the decomposition, otherwise we proceed as follows. Phase I: n > 2d.

Lemma 1. If n > 2d then there is a vertex v € V(T) such that |V (G})| < n/2+d for all
i€ [ml.

The corresponding separator C'(v) in G’ will be called central.

Proof. is obvious. Indeed, if n > 2d then T'(G’) contains at least 3 vertices. Hence, there is
a vertex v between them which is not a leaf. If G} contains more than n/2 + d vertices for
some ¢ € [m] then let us just substitute v by its (unique) neighbor in 7;, etc. Clearly, after
several such steps we get a vertex which satisfies the lemma. O

By this lemma, m graphs of size at most n/2 4+ d substitute one graph of size n, where
2 < m < n. Applying this reduction recursively [logn] times we get at most n/1°6™! graphs
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with at most 2d vertices in each. Indeed, consider the sequjence n, n/2 +d, n/4+d/2+d,
n/8+d/4+d/2+d,... etc. Since d) 7 277 = 2d, each partial sum is strictly less than
2d. In particular dzj[lzogn] 277 < 2d. Also n/2M"°e"l < 1, since n = 2'°8™. However, if n < 2d
then n/2 4+ d > n, so there is no reduction.

Phase II: 2d > n > d. Yet, we will show thatin this case n is reduced by the same
procedure, though not that fast. The original chordal graph G’ with n vertices is reduced
to m graphs G} with at most n — 1 vertices in each. Indeed, C'(v) is a separator (and hence
it reduces |V (G")| by at least 1) if and only if the corresponding vertex v € V(7T is not a
leaf in " = T'(G"). Such a vertex v exists in 7" whenever T contains at least 3 vertices. If
T contains only 2 vertices v' and v” then C'(v') N C(v”) is the reducing separator. Applying
this reduction at most d times we get at most n'°6¢ graphs with at most d vertices in each.

Let us recall the original graph G. By definition, V = V(G) = V(G'), E(G) C E(G")
and hence, S C V is a separator in G whenever S is a separator in G'. So we can apply
the “divide and conquer” technique considered above to the AHSP (G, H'). More precisely,
for each subset S C V which is covered by an edge of H' let us check whether S is a
central separator in G. In other words, we have to verify that G[V'\ S] contains at least two
connected components and each of these components contains at most n/2 vertices in case
n > 2d (and at least one vertex in case 2d > n > d, which is always true).

Obviously, the AHSP (G, H') is solvable whenever |V (G)| = n < d, since in this case G
can be extended a chordal graph G’ which is just the clique on V(G).

The above recursive procedure can be represented by a tree for whose width W and depth
D the following upper bounds hold: W < n®*! and D < logn + 1+ d. The last inequality is
already proven: reducing n > 2d to 2d takes at most logn+ 1 steps (phase I), while reducing
n < 2d to d takes at most d steps (phase II). Let us show that W < n®™1. Since dimH' = d,
the “central separator” test should be applied only to sets S of cardinality at most d. The
number s of such sets is bounded by n¢. Indeed,

s< >0, (1) < (1/2) S0 = (nt = 1)/(2(n — 1)) < nd
whenever n > 1. From this W < n*! follows, since by each separation m subgraphs
substitute the original graph, where 2 < m < n. Thus, the number N of leaves of the
recursion tree is bounded by N < WP < pld+1){ogntd+1)

The recursion either shows that the AHSP (G, H') has no solution or solves it. In the
last case we just substitute a clique for each found separator and get a chordal graph G’ such
that G’ contains G as a subgraph and each (maximal) clique of G’ is contained in an edge of
H’. In fact, the maximal cliques of G’ are exactly the separators obtained by the recursion.
Theorem ?7? is proved. [

Can we strengthen Theorem 7?7 and get a polynomial algorithm ? We know that it is
possible in case when H = C,, and H' is a family of triangles. However, this method succeeds,
because in case of C,, we can restrict ourselves by only n* — 3n “natural” subsets of V(C,,),
which are defined by the (3)—n = (n? — 3n)/2 chords of C,. For an arbitrary 2-connected
graph G its vertex set contains 2" subsets and we have no “natural” polynomial subfamily.

In case H' = (}) the above algorithm requires at most n(**°en+++1) time. Yet, in this
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case polynomial (and even linear) in n algorithms are known for bounded £ [0, 0, 0, 0, 0, 0, 0].
However, all these algorithms are more sophisticated than the above recursive procedure.

If H = H* then dimH' < k dimH. Hence, in this case the performance time is bounded
by nkd+Dlogntkd+l) “where n = |V (H)| and d = dimH. This time is quasi-polynomial in n
provided d and k are both bounded or polylogarithmic in n.

Remark 5. Let us finally note that the following “obuvious” polynomial reduction of the
AHSP (G, H') to its special case (G, (Z)), where d = dimH' < k < const, fails. Consider
the family S of all inclusion-minimal vertex sets S C V(G) which are not contained in an
edge of H'. Clearly, |S| < d+1 for each S € S, otherwise S would not be minimal. Hence,
S| <(%,)- Let us fix an integer k > d and for every S € S introduce a vertex set V(S)

d+1
which consists of k + 1 — |S| new vertices. For every S € S let us introduce an edge (u,v)

for each u,v € V(S) and for each w € S,v € V(S). Thus we obtain a graph G* such that (i)
V(GT) = V(G| + (E+ 1)[S| = Dges IS], (#) G is a subraph of G*, (iii) for every S € S
the vertex set V(S) induces a clique in Gt and also G contains all edges between S and
V(S). Now, it seems that the AHSPs (G, H') and (GJF,(Z)) are equivalent. Indeed, let G’ be
a chordal graph such that G is its subgraph and V(G') = V(G). By construction, G' has a
clique which is not contained in an edge of H' if and only if G* has a clique of cardinality
k+1. Moreover, every triangulation of G induces a triangulation of G. Yet, not vice versa.
It is not clear how to assign a triangulation of G' to a triangulation of G.

Conjecture 1. The AHSP (H, H') is polynomial if dimH' is bounded.
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