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ALGORITHMS FOR CVAR OPTIMIZATION IN
DYNAMIC STOCHASTIC PROGRAMMING MODELS
WITH APPLICATIONS TO FINANCE

Csaba 1. Fabian Anna Veszprémi

Abstract. We propose a decomposition scheme and solution methods for multistage
CVaR-minimization or CVaR-constrained problems. This scheme meets the need
for handling multiple CVaR~constraints for different time frames and at different
confidence levels. Hence it allows the shaping of distributions according to the
decision maker’s preferences.

With minor modifications, the proposed scheme can be used to decompose further
types of risk constraints in dynamic portfolio management problems. We consider
integrated chance constraints, second-order stochastic dominance constraints, and
constraints involving a special value-of-information risk measure.

We also suggest application to further financial problems. We propose a dynamic
risk-constrained optimization model for option pricing. Moreover we propose special
mid-term constraints for use in asset-liability management.
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1 Introduction

Value-at-Risk (VaR) is a widely accepted risk measure that is not easily managed in opti-
mization problems. An alternative risk measure, namely Conditional Value-at-Risk (CVaR),
has been proposed by Rockafellar and Uryasev (2000). They derived a representation of
CVaR as the optimum of a special minimization problem. This representation makes CVaR
tractable in optimization problems. An overview of VaR- and CVaR-optimization models
and methods can be found in Prékopa (2003) and Kall and Mayer (2005). We list the stages
of the evolution of dynamic CVaR models:

Andersson et al. (2001) examined single-stage models for credit risk optimization. In one
model type they minimized CVaR under a constraint on expected return, in another they
constructed the risk/return efficient frontier. They demonstrated that diverse risk measures
(including VaR) can be effectively controlled through CVaR optimization.

Krokhmal, Palmquist, and Uryasev (2002) and Rockafellar and Uryasev (2002) intro-
duced the idea of using CVaR in multistage models. They observe that optimization with
multiple CVaR-constraints for different time frames and at different confidence levels allows
the shaping of distributions according to the decision maker’s preferences. Claessens and
Kreuser (2004) utilize these ideas in an asset/liability management tool.

Topaloglou, Vladimirou, and Zenios (2004) developed elaborate multistage financial mod-
els. The objective was minimization of end-of-horizon CVaR under a constraint on expected
return. The authors constructed the respective efficient frontiers of one- and two-stage prob-
lems. The two-stage risk/return profile is clearly dominating, and the difference grows with
increasing targets of expected return. Moreover, the authors made backtesting with real
market data, solving consecutive problems in a rolling horizon manner. (The single-stage
model had a horizon of one month, and the two-stage model two months. In the two-stage
case, the optimal first-stage portfolios were evaluated in the rolling horizon scheme.) The
performance of the two-stage model proved superior in each examined point of time. The
differences are more evident when higher target returns are imposed, forcing the selection of
riskier portfolios. (Examining optimal solutions reveals that the two-stage model produces
more diversified portfolios.)

According to our knowledge, the solution methods applied in the above mentioned projects do
not exploit the special structure of CVaR~optimization problems. Research in this direction
started recently:

Kiinzi-Bay and Mayer (2006) proposed a polyhedral representation of CVaR, and on
the basis of this, developed a special method for the minimization of CVaR in one-stage
stochastic problems. They implemented the method and their experimental results show the
clear superiority of their approach over general-purpose methods.

Ahmed (2006) examined the complexity of mean /risk stochastic programming under dif-
ferent risk measures. He proved that the problem is tractable with Quantile-deviation as risk
measure, and hence with CVaR as a special case. He proposed a decomposition scheme and a
parametric cutting-plane algorithm to generate the efficient frontier. His approach, however,
focuses on classic two-stage models having the decision/observation/decision pattern.
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In this paper we propose a decomposition scheme and solution methods for multistage
CVaR-minimization or CVaR~constrained problems. The proposed scheme and methods can
handle problems with multiple CVaR-constraints for different time frames and at different
confidence levels.

The decomposition scheme is based on the Kiinzi-Bay — Mayer polyhedral representation.
The solution methods are special Level-type methods. In the constrained case, the method
constructs an approximation of the efficient frontier in the neighborhood of the right-hand-
side vector of the constraints.

In a former project, Fabian and Sz6ke (2006) obtained good solution results for general
two-stage problems by first transforming the problems into complete recourse forms. The
complete recourse problems were then solved as constrained convex problems. (In such a
constrained problem, the constraint function value is the expectation of an infeasibility mea-
sure. The constraint function can be evaluated in the same manner as the expected recourse
function.) In that approach, feasibility and optimality issues are taken into consideration
simultaneously, and regularization extends to both. Though that approach is practicable
only if the transformation to complete recourse can be done in a computationally efficient
way.

In portfolio management context, the slope of the efficient frontier is interpreted as a
measure of the decision maker’s risk aversion. Hence in the neighborhood of well-calibrated
parameter values, the efficient frontier has a reasonably moderate slope. This feature allows
us to transform portfolio management problems into complete recourse forms in a computa-
tionally efficient way.

With minor modifications, the proposed scheme can be used to decompose further risk
constraints in dynamic portfolio management problems. We describe adaptations to

— Integrated Chance Constraints. A generic ICC was formulated by Klein Haneveld et al.
(2005).

— Second-order Stochastic Dominance constraints. A single-stage portfolio optimization
model involving an SSD constraint was proposed by Dentcheva and Ruszczyniski (2006).
We propose multistage generalization of the SSD-constrained model.

— constraints involving a special value-of-information risk measure proposed by Pflug (2006).
We suggest application to further financial problems:

— Option pricing. Ryabchenko et al. (2004) propose a grid-based replication model for the
pricing of a European option in an incomplete market. We start from this method as a
basis but apply a direct approach: we propose a dynamic risk-constrained optimization
model.

— Asset-liability management models with special mid-term constraints were proposed by
Drijver et al. (2002) and Klein Haneveld et al. (2005). We propose another type of
mid-term constraints that serves similar purpose but is easier to handle.
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The paper is organized as follows: In Section 1.1 we cite the representation result of Rock-
afellar and Uryasev, and the polyhedral representation formula of Kiinzi-Bay and Mayer. In
Section 1.2 we present a one-stage prototype model, and sketch the solution method proposed
by Kiinzi-Bay and Mayer.

In Section 2 we present a decomposition framework for the minimization of CVaR in
dynamic stochastic models. We propose a solution scheme based on an inexact version of
the Level Method of Lemaréchal, Nemirovskii, and Nesterov (1995). The inexact version
was proposed by Fébidn (2000).

In Section 3 we formulate and decompose a dynamic model with a constraint on end-of-
horizon CVaR. In Section 4 we formulate a dynamic model with constraints on the respective
risks of the different time periods. We also present a solution scheme based on an asymmetric
version of the Constrained Level Method of Lemaréchal, Nemirovskii, and Nesterov (1995).
The asymmetric method is described in Appendix B.

The results of the paper are summarized and potential fields of application are suggested
in Section 5.

1.1 Conditional value-at-risk. Formulas for discrete distributions
Let us consider a one-period financial investment.

w denotes the total wealth at the end of the examined period. This is a random variable.

w?®  denotes a benchmark for end-of-period wealth (i.e., the wealth that we intend to
accumulate by the end of the examined period). We assume it is a parameter that has
been set by the decision maker.

B

Then the loss relative to the benchmark can be expressed as: w” — w. Given a probability

«, a heuristic definition of the risk measures is the following.

a- Value-at-Risk (VaR) answers the question: what is the maximum loss with the confidence
level a * 100% ?

a-Conditional- Value-at- Risk (CVaR) is the (conditional) mean value of the worst (1 — «) *
100% losses.

Rockafellar and Uryasev (2000) proved that a-VaR and a-CVaR can be computed through
the solution of the following problem:

. 1 B
min z+mE<[w —w—z]+). (1)

Namely, VaR is the optimal value of z; and CVaR is the optimal objective value.
In this paper we assume that w has a discrete distribution. Let the realizations be

w®, ..., w™N) with probabilities pi, ..., py, respectively. Problem (1) takes the form
min z + L g:pi {wB —wl® — z] : (2)
zeR 11—« +

=1
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Rockafellar and Uryasev (2000) proposed transforming (2) into a linear programming prob-
lem by introducing new variables y; (i =1,..., N):

N
min z 4+ = > piyi
i=1
such that (3)

24y >wl—w®, 4, >0  (i=1,...,N).

The dual of (3) can be written as
N )
max w? — ﬁ > o w®
i=1
such that

OSTFZSPZ (Z:]_,,N),

m=1—q.

™M=

Il
—

7

Remark 1 The dual problem (4) clearly expresses the (conditional) mean value of the worst
(1 —a) % 100% losses. Indeed,

the dual variable 0 < m; < p; can be interpreted as the weight of the ith scenario in an
event &,

N
the constraint > m; = 1 — « determines the probability of the event &,
i=1

N .

the term ﬁ S mw® in the objective function can be interpreted as the conditional
i=1

expectation of the end-period wealth given that £ occurs. By mazimizing the gap between

the benchmark w® and the above conditional expectation, we find the worst (1—a)*100%

cases.

(This is a straightforward proof of the wvalidity of the Rockafellar-Uryasev representation
formula (2) in case of discrete distributions.)

The benchmark wealth w® appears as a constant in the objective function of the dual
problem (4). Hence its setting does not affect the respective optimal solutions of either (4)
or (3). From a purely mathematical point of wiev, we could set w® = 0.

Rockafellar and Uryasev (2002) showed (in their Proposition 8) that problem (2) can be
solved by just sorting the values w®. The same conclusion is reached through observing
that the dual problem (4) has but a single constraint.
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Kiinzi-Bay and Mayer (2006) consider (3) as a two-stage problem: z is the first-stage
variable, and y; are the second-stage variables. Based on this approach, they proposed the
following equivalent formulation:

min z + ﬁv
such that z,v € IR, (5)

Zpi(wB—w(i)—z> <v (Zc{l,...,N}).

i€

A subset T C {1,..., N} represents the possibility that w® — w® — z is positive for i € T ;
and non-positive for i ¢ Z. The constraint belonging to Z = ) imposes non-negativity of v.

1.2 A static stochastic model

The end-of-period wealth w will be the yield of a portfolio selected by the decision maker at
the beginning of the examined period. Assume there are n assets.

x € IR™ represents a portfolio (i.e., the amounts of money invested in the different assets).

The sum of the components of & should be equal to the initial capital that we denote
by wy. We will formalize this constraint as 1 - € = wy. By 1 we will denote a vector
having 1 in each components ; and the scalar product of vectors will be denoted by a
dot.

We may impose further constraints on the portfolios (e.g., we may prescribe proportions
between different positions or impose lower/upper bounds on certain positions). Let
X C IR™ denote the set of the feasible portfolios.

r  denotes the returns for the different assets. This is an n-dimensional random vector.

N)

Assume there are N realizations, »™), ..., r(N) occurring with probabilities p1, ..., p,

respectively.

The end-of-period total wealth w is computed by the scalar product r - . This is a random
variable with realizations w® = r® . .

In this paper we assume that no short positions are allowed, i.e., & > 0 is imposed among
the constraints of X. We assume moreover that X is determined by a homogeneous system
of linear inequalities, i.e., it prescribes bounds on proportions between different positions.
(These are technical assumptions required by the convergence proof of the proposed methods
— see Remark 3. The decomposition scheme works without these assumptions, and the
methods can be implemented under milder assumptions.)

The decision maker needs to find a balance between expected return E(w) and risk. The
latter will be measured by Conditional-Value-at-Risk CVaR(w). A customary objective is

max E(w) — ACVaR(w), (6)
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where the parameter A > 0 measures risk aversion of the decision maker. (We assume a
known fixed \.) The Kiinzi-Bay — Mayer formulation (5) yields the following polyhedral
representation of this problem:

max E(r) - x —A(z—i—ﬁv)
such that x € X, 1- =w,, z,v€ R, (7)

Zpi(ws—r(i)-w—z) <v (Zc{l...,N}).

i€z

Kiinzi-Bay and Mayer propose a special cutting-plane method for such problems: The con-
straint belonging to a subset 7 is interpreted as a cut. A model problem is constructed that
includes only certain cuts. The model problem is solved, and a new cut is added. Namely,
the cut that is deepest at the optimal solution. It is easily constructed in the present case.
This process is iterated while the depth of the currently added cut is significant. (Kiinzi-Bay
and Mayer observe that from a purely mathematical point of view, their method can be
considered as a version of the general method of Klein Haneveld and Van der Vlerk (2006),
as specialized for CVaR minimization.)

Kiinzi-Bay and Mayer implemented their method, and solved several CVaR problems with
their specialized solver called CVaRMin. Their experimental results clearly demonstrate the
superiority of CVaRMin over general-purpose linear or stochastic problem solvers. For the
largest test problems, CVaRMin was by at least one order of magnitude faster then either
of the other solvers involved.

In the sequel we extend the Kiinzi-Bay — Mayer decomposition idea to multistage models.

2 A dynamic prototype model

Topaloglou, Vladimirou, Zenios (2004) developed elaborate multistage financial models. The
objective is minimizing end-of-horizon CVaR under a constraint on expected end-of-horizon
return. (These models take into account transaction costs and hedging possibilities.) From
an algorithmic point of view, these financial problems fit the prototype to be described in
this section. Hence the special decomposition framework and solution method we propose
can also be applied to these financial problems.

In order to keep notation as simple as possible we describe a three-stage model that easily
generalizes to further stages.

wo  represents initial capital. This is a given parameter.

x; represents the portfolio selected at the beginning of the first time period. This is a
decision vector. Feasible portfolios are represented by «; € X, 1-x; = wy.

r1 denotes the random return occurring in course of the first time period.
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wy ;=171 -x7 denotes the wealth at the end of the first time period.

x, represents the portfolio selected at the beginning of the second time period. This
is a decision vector. Feasible portfolios are represented by @, € X, 1 a9 = wy.

ro denotes random return occurring in course of the second time period.
wy := 19 - x5  denotes the wealth at the end of the second time period.

x3 represents the portfolio selected at the beginning of the third time period. This is
a decision vector. Feasible portfolios are represented by 3 € X, 1 - x5 = ws.

r3 denotes the random return occurring in course of the third time period.

w3 := r3-x3 denotes the wealth at the end of the third time period.

Description of the random parameters. Assume that the (discrete finite) joint distri-

bution of the random vectors r{, ry, and r3 is known:
The realizations of r; are rgi) (1 <i < N), occurring with respective probabilities pgi).

For 1 <4 < N, the realizations of r, given that r; = 'rgi)

are rgj ) (1 <j < M®), occurring with respective probabilities pgij ),

For1<i< N, 1<5< M®_ the realizations of r3 given that r{ = rgi) and ry = réij)

are 747" (1 <k < KW), occurring with respective probabilities P,

Scenarios can be identified by the elements of the set

S = { (i,j,k) \1§@'§N, 1<j<MD 1<k< KW},
where (i, j, k) means that the first-, second-, and third-period returns rgi), 'rgij ), and r
realize. The probability of this event will be denoted by

(ijk)
3

ey =PV o (6,4, k) € S).

2.1 Problem formulation

We try to find a balance between end-of-horizon expected return and Conditional-Value-at-
Risk. Denoting end-of-horizon wealth by w := w3, the problem can be formulated as

max E(w) — ACVaR(w). (8)

We assume a known fixed .
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The Kiinzi-Bay — Mayer polyhedral representation of this problem is:

max > Diijk) T AR LU (Z + ﬁ“)
(4,5,k)ES

such that x; € X, 1-x; = wy,
2V ex, 1.2 = . 2 (i=1,...,N), (9)
e ex, 1.2{ = .5 (i=1,... N, j=1,...,MD),

z,v € IR, > Dk (wB —rgijk)~w§ij) —z) <v (RCS).
(4,5,k)eER

Decomposition. The first-stage problem will be:
SNCPNONER0
max ». p; D(Z)<r1 -y, Z) — Az
i=1

such that =, € X, 1. x; = wy, (10)

z € 1R,

where the functions D@ : R? — IR (i = 1,...,N) are defined by the second-stage
problem:

) MO B .
DO(w,¢) = max 3 pi” DI (rf? .y, )
=1 (11)

such that x, € X, 1. 29 =w,

where the functions D% :IR?> - IR (i=1,...,N, j=1,...,M®) are defined by the
third-stage problem:

, K@i -
D (w,() == max Y pz(),”k) ré”k) T N
K=1

such that x3€ X, 1 -x3=w,

v € R, Zp;(fjk) (wB —'rz(fjk)-wg —§) <w (ICC{l,...,K(U)}).
kek
(12)

Proposition 2 The three-stage problem (10 - 12) is equivalent to the polyhedral represen-
tation problem (9).
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As a heuristic proof, let us observe that in each D) function, the parameter w represents
initial wealth for the remaining period of time, and ( represents a 'tolerable’ loss level tenta-
tively set in the first-stage problem. The optimal value of the variable v is the (conditional)

expectation of losses above the ’tolerable’ level. — A formal proof can be found in Appendix
Al

2.2 Solution method

In view of the effectiveness of the solution method developed by Kiinzi-Bay and Mayer
(2006), we propose a generalized version.

Solutlon of the third-stage problems. We assume a fixed (i,7), 1 <i < N, 1 <j <
M®_ Given the parameter values & C and a tolerance €3 > 0, any cutting-plane or bundle-
type method can be used to find an ez-optimal solution for the problem (12: w = @,( = C).
Such a method builds successive cutting-plane models of the objective function.

In the present case, the model problems contain only certain cuts K C {1,..., K@)}, The
genuine variables are 3 € X only, since v just marks the upper cover of the existing cuts.
The objective functions of the respective model problems are concave upper approximations
of the original objective function over the set of the feasible o3 values. These model problems
are solved and used to construct iterate solutions. Let x3* € X denote the current iterate,
and O* the corresponding objective value in the original problem (12: w = &,¢ = ().
Obviously we have D)(o, ¢) > O,

On the other hand, the model problems can be considered as linear programming prob-
lems that have the parameters w,( in the right-hand side. (In this view the variables are

(x3,v).) Let D (w, () denote the optimum of the current model problem as a function of
the parameters. 5(ij)(w, () is obviously a polyhedral concave upper approximating function
of D) (w, ().

In course of the solution of the present problem (12: w = ©,( = C ) the model problems
are solved with the parameter setting w = &, ¢ = ¢ only. We have DY (w C) > DW)(, C)
O* at any iterate, and the method terminates when O* > D (w,(’) — €3 holds. Let us
consider the final model problem (i.e., let the current model problem be the terminal one).
Using the optimal dual variables, we can construct a linear support function to D (w, ()
at (0, ¢). Let L% (w, () denote this support function. From the termination criterion, we

have f(m( ¢) > D, )A > D (@,¢) — e3. It follows that L (w, () is an ez-support
function to D(”)(w () at (d} Q).

Remark 3 We can construct a single upper bound on the slopes of such support functions:

In the linear programming model problem, the parameter ¢ appears in the right-hand
sides of the polyhedral cuts (with coefficients < 1). The corresponding dual variables are
non-negative, and their sum is A ﬁ
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Another consequence of ¢ appearing in the right-hand sides, is that D(w, () is monotone
increasing in . Due to the assumed homogeneity of X, and the possible setting w® = 0 (see
Remark 1), we have D(pw, p¢) = pD(w, ) for p > 0.

Considering the w-direction slope, let o < w. From the above mentioned properties of D,
we have

D(w.0-D(0.0) < D(w.()-D (% %¢) = (1-2)Dw.0) < (1= 2) max o] max e

w/ (i,5,k)ES

Due to the assumption that no short positions are allowed, we have ||xs|| < ow, with a
constant o depending only on the dimension of the vector xs. Hence

D(w,¢) —D(0,¢) < (w—o0) 0 max_ Hr:(;'jk)H :

Solution of the second-stage problems. We assume a fixed i, 1 < i < N. Given the
parameter values @, f , and a tolerance e > 0, we can use an approximate method to find an
eo-optimal solution for the problem (11: w = ©,( = ¢ ). We recommend an inexact version
of the Level Method of Lemaréchal, Nemirovskii, and Nesterov (1995). The inexact version
was proposed by Fabian (2000). The Inexact Level Method is a bundle-type method that
successively builds a cutting-plane model of the objective function. It needs an oracle to
provide objective function data, in the form of es-support functions. The accuracy tolerance
€3 of the cuts is gradually decreased as the optimum is approached. (At each step, we have an
estimate of how closely the optimum has been approached. The successive cut is generated
with an accuracy tolerance derived from that estimate.)

In the present case, the oracle includes the solution of the third-stage problems (i, 7), 1 <
j < M®: Aswe have seen in the previous paragraph, we can construct an ez-support function
to the third-stage function D) at any given point from IR?. By aggregating appropriate
support functions, we obtain an es-support function to the second-stage objective function.
The lower cover of existing cuts gives a polyhedral concave upper approximating model of
the objective function. (Convergence proof of the method requires an upper bound on the
slopes of the support functions. Remark 3 provides such an upper bound.)

The model problems can be considered as linear programming problems that have the
parameters w, ( in the right-hand side. (A new variable needs to introduced to mark the

lower cover of existing cuts.) Let D" (w, ¢) denote the optimum of the current model problem
as a function of the parameters. This is a polyhedral concave upper approximating function
of DO (w, ¢).

Using optimal dual variables of the final model problem, we can construct an e;-support
function to DV (w, () at (&, ¢ ), like we did in the third stage.

Remark 4 We can construct a single upper bound on the slopes of such second-stage support
functions.
The bound on the (-direction slope is inherited from the third-stage support functions.
The construction of the bound on the w-direction slope is analogous to that described in
Remark 3.
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Solution of the first-stage problem. The Inexact Level Method can be used to find an
er-optimal solution. (The tolerance ¢; > 0 is a prescribed by the decision maker.)

3 Decomposing a CVaR constraint

We will maximize end-of-horizon return under a constraint on end-of-horizon Conditional-
Value-at-Risk. Formally, the problem is

max E(w) such that CVaR(w) <, (13)

where + is set by the decision maker. We assume that the problem is feasible, and the Slater
condition holds.

The parameter v can be calibrated by exploring the efficient frontier. This is a concave
curve in the (risk, return) coordinate system. Given A > 0, a supporting line of slope
A can be constructed by solving the unconstrained problem (8). The lower cover of such
supporting lines is an upper approximation of the efficient frontier. The convex hull of the
touching points gives a lower approximation. In calibrating the model, decision maker ought
to take into consideration the slope of the efficient frontier also. (Slope is interpreted as risk
aversion. )

Let A* > 0 be such that the supporting line of slope A\* touches the curve at a point
whose risk-coordinate is . (Of course there may be other touching points beside this.) If
we should know A\*, we could reduce the constrained problem to the unconstrained problem
(8: A = \").

Although the exact value A\* is not known, it should be of a reasonable magnitude in a
properly calibrated model. (An excessively large A* would imply unreasonable risk aversion.)
We can easily find an upper bound X > \*. (The slope of the efficient frontier is monotone
decreasing in 7.)

Assume that an upper bound X of reasonable magnitude is known. Let us transform the
CVaR-constrained problem (13) into the following form:

max E(w) — A CVaR(w) — 7 | (14)

4

Proposition 5 The set of the optimal solutions of the constrained problem (13) is identical
to the set of the optimal solutions of the penalized problem (14).

Proof. Let us contrast the efficient frontier with the contour lines of the objective function
of (14) in the (risk, return) coordinate system. 0
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The polyhedral representation of problem (14) is:

(igk) . (i) BY

max > Pjk T3 T3 - \y
(4,5,k)ES
such that
(15)
z,v € IR, > Dijk) (wB —rgijk)~w§ij) —z) <v (RCS),
(3,5,k)ER

yelR, y>0, 2z +7=v —y <7,

where dots stand for the cash balance equations identical to those in (9).
Let us substitute 0 := v — (1 — a)y for the variable v, and § := (1 — a)y for the variable
y. Considering that v > 0 obviously holds in any feasible solution of (15), and that y = 0
holds in any optimal solution, we may also add the bound v > 0. We get:
max > Pijk) IR Ay
(i,5,k)€S

such that x; € X, 1-x; = wy,

a:gi)GX, 1-a:g)=’r‘§i)‘w1 (i=1,....N),

(16)
e eXx, 1.2 =2y (i=1,... N, j=1,..., M)
2, 0€IR, ©>0, 7 + =0 <7,
jeR jz0. P (w8 =i al? —2) —j <5 (RCS).
2,],K)€E

(We interchanged the last two rows.) The aim of introducing the slack variable was to ensure
that the forthcoming decomposed problem would have a (relatively) complete recourse.
In the decomposed form, the first-stage problem will be:

N o . 4
max > pi? FO ('rgl) cxy, 2, o )
i=1
such that = € X, 1-x; = wy, (17)
zeR, WeR, o >0 (i=1,...,N), z+ = 5 il <
i=1

where the functions F@ : R® — IR (i = 1,...,N) are defined by the second-stage
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problem:
' MO . » i
FOw,¢v) = max x pi FO (r§? @y, ¢ of)
j=1

such that z, € X, 1 -z =w, (18)

LA

v €, 0 20 (=1, M), % ppT) =
]:

g = v,

where the functions F@ :IR> - IR (i=1,...,N, j=1,...,M®) are defined by the
third-stage problem:

. K@) - .
IR PR (N NI S

such that x3 € X, 1-x3=uw,

yeR, y>0, ¥ pi™" (wf i zy — () —y <v (K1,

kek
(19)

Proposition 6 The three-stage problem (17 - 19) is equivalent to the polyhedral represen-
tation problem (16).

As a heuristic proof, let us observe that in each F@) function, the parameter w represents
initial wealth for the remaining period of time, ( represents a ’tolerable’ loss level, and v
represents an upper bound on the (conditional) expectation of losses above the ’tolerable’
level. (The ’tolerable’ loss level ( is tentatively set in the first-stage problem, and the bound
v is tentatively set in the parent problem.) — A formal proof can be found in Appendix A.2.

4 Multiple CVaR-constraints

Jobst and Zenios (2001) describe an experiment: they solved one-stage portfolio selection
problems with the same time period of one year. The objective was the minimization of a risk
measure. As risk measure, they used Mean Absolute Deviation (MAD) in one experiment,
and CVaR in another experiment. They then simulated the returns of the optimal portfolios,
at the time points 3, 6, 9, and 12 months after the beginning of the time period.

With the MAD-optimal portfolio, they found that catastrophic losses are probable after
the first 3 months.

With the CVaR-optimal portfolio, worst losses were limited to around 10 % of the total
wealth throughout. Even so, the experimental distribution of the 9-month losses had a tail
significantly heavier than the experimental distribution of the end-of-horizon losses had.

(K@)}
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We suggest shaping the distributions of intermediate returns by imposing additional
CVaR-constraints on the respective yields of the different time periods.

As an example let w’ := wy denote the wealth at the end of the second time-period, and
let us consider the problem

max E(w) such that CVaR(w) <~, CVaR(w') <+, (20)

where (7,7') are set by the decision maker. We assume that the problem is feasible and the
Slater condition holds.

Remark 7 Let us observe that the forthcoming discussion easily adapts to the case when
w' = w, and we wish to impose an additional CVaR constraint (with different confidence
level) on the end-of-horizon risk.

Moreover, the simultaneous handling of several CVaR constraints is possible in the same

manner.

Calibration. The parameters can be calibrated by exploring the efficient frontier. This is
a concave surface in the (CVaR(w), CVaR(w'), E(w)) space. Given (A, \) > 0, a supporting
plane to the efficient frontier can be constructed by solving the unconstrained problem

max E(w) — ACVaR(w) — NCVaR(w"). (21)

(The decomposition scheme and solution methods described in Section 2 generalize to the
above problem in a straightforward manner.) The lower cover of such supporting planes is
an upper approximation of the efficient frontier.

Assume that unconstrained problems of the type (21) have been solved with the pa-
rameters (Mg, ;) ({ =1,...,L), and let (s, s, 1) denote the (CVaR(w), CVaR(w'), E(w))
coordinates of the respective optimal solutions. The convex hull

C:=Conv{ (s,s,m) : 1<L<L}

gives a lower approximation of the efficient frontier.

Using these approximations of the efficient frontier, the decision maker will be able to set
the parameters (7,v’) in problem (20). In calibrating the model, the decision maker ought
to take into consideration the slope of the efficient frontier also. (Slope is interpreted as risk
aversion. )

Let (A*, A*) > 0 be such that the supporting plane of slope (A*, \*') touches the frontier
at a point whose risk-coordinates are (y,7’). (Of course there may be other touching points
beside this.) If we should know (A*, \*), then we could reduce the constrained problem to
the unconstrained problem (21: A = A*, X = X\¥). Although the exact values (A*, \*') are
not known, they should be of a reasonable magnitude in a correctly calibrated model. (An
excessively large \* or A* would imply unreasonable risk aversion.)
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Remark 8 The above defined objects can be used in constructing upper bounds for the slopes:
From the upper approximation of the efficient frontier, we obtain an upper bound 7 for the
optimal objective value of (20). Suppose that C contains a point (s,<',n) such that ¢ < v and
¢ =7+". Then (1 —n)/(y — <) is clearly an upper bound for \*. (The convex hull C can be
extended in a desired direction by solving the unconstrained problem (21) with appropriately
tuned parameters.)

Equivalent formulation. Assume that upper bounds A > \* and N > M\ of reasonable
magnitude are known, and let us consider the problem:

max  E(w) —A[CVaR(w) —v], —X[CVaR(w') —~'],. (22)

Proposition 9 The set of the optimal solutions of the constrained problem (20) is identical
to the set of the optimal solutions of the penalized problem (22).

A formal proof can be found in Appendix A.3.

The polyhedral representation of problem (22) can be constructed in a way analogous to
(15) in Section 3: Let us introduce the notation

S={(i.j) [1<i<N 1< <MD} and py =pi"pf” ((i.5) €S,
and extend (15) by adding the variables and cuts

Zla U/ € ]R7 Z p,(z]) (wB - ’I"g]) ’ mg) - Z/) S U/ ( Q C Sl) )

Moreover, the term —X/y’ is added to the objective function.



RRR 24-2006 PAGE 17

Carrying on the analogy to Section 3, the extended problem can be transformed into the
form

ijk ij - 1 -
max > Diijk) Tf?.] ) 'ng) —A=7 —A ==Y
(3,3,k)€S

such that x; € X, 1-x; = wy,
wéi)eX, 1-:cg) = 'rgi)wcl (t=1,...,N),

a::(fj)EX, 1-58:(5”) = 'rgij)-a:g) (t=1,...,N, j=1,..., M;),

~ i . (23)
z,v€IR, v>0, z + 150 <7,
jER, §>0, pmy (w8 —r§™ 2 —z) —§ <5 (RCS),
(4,5,k)ER
2.0 elR, >0, 74+ =0 <A,
~/ ~ ’ B ,.0G) (@) AN, ~/ ’
yelR, y >0, > p(w)(w Ty - Ty z) 7y <7 (QcCcd8)
(1,§)€Q
The above problem yields a relatively-complete-recourse decomposition.
Decomposition. The first-stage problem will be:
@) () () (i) (i)
max Zpl f(z) (rl “ &Ly, 2, U1, Z/a Uy )
i=1
such that x; € X, 1-x; = wy,
(24)

(i) (i) . 1 X 66
zelR, v;”€R, v’ >0 (1=1,...,N), =X <7,
=1

Z7eR, vWeR, vW"W>0 (i=1,...,N), z’—l—%Zpgl)v%Z)’ <+,
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where the functions F@ : R® — IR (i = 1,...,N) are defined by the second-stage
problem:

) MO - . . _
]-"(z)(w7 Cv, ',V = max .Zl pgﬂ) Fi5) (’I‘SLJ) @y, C, Ugj) ) _ ﬁy/
J:

such that x, € X, 1. 25 =w,

Uéj) € IR) Ugj) > 0 (] = 17 .- aM(Z))v Z pglj)v(j) =V,
j=1
yeER, y 20, X p (wf i m — () —y <V

JjeJ
(7 c{1,....MO}),
(25)

where the functions F@ :IR* - IR (i=1,...,N, j=1,..., M%) are defined by the
third-stage problem:

.7:(”)<w7<71/) ‘= max Y, pgjk) ""Z(”ijk) " &3 —Xﬁy
k

such that x3e€ X, 1 -x3=w,

yeR, y=>0, Zpgjk)(ws —réijk)-:zzg —C) -y <v (ICc{l,...

kek
(26)

Proposition 10 The three-stage problem (24 - 26) is equivalent to the polyhedral represen-
tation problem (23).

The proof is analogous to the formal proof of Proposition 6. Equivalence can be established
separately between

—  the (R C S)-cuts in problem (23) and the aggregates of K(@)-cuts from the different
third-stage problems, and

—  the (Q C &')-cuts in problem (23) and the aggregates of J@-cuts from the different
second-stage problems.
Non-negativity of the variables v, v{?) (@ on the one hand, and of v\", 4@ on the other
hand, can also be treated separately.

K@)}
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4.1 Framework of the solution method

The framework will be the same as the one described in Section 2.2: Suppose we want to
find an near-optimal solution of the first-stage problem. (The accuracy is prescribed by the
decision maker.) The first-stage solution method will require objective function information
in the form of approximate cuts of increasing accuracy.

In order to find an e-supporting linear function to the first-stage objective, we must
find e-optimal solutions of the appropriate second-stage problems. The second-stage solu-
tion method will require objective function information in the form of approximate cuts of
increasing accuracy. Etc.

Due to risk constraints, however, the present subproblems are constrained convex pro-
gramming problems.

We do not describe the whole framework in detail, but discuss only the second-stage step:
Assume we can construct approximate support functions to the third-stage functions F#)
at any point with any prescribed accuracy. We show that this will enable construction of
e-support functions to the second-stage functions F@.

Problem formulation. Let us consider the second-stage problem (25) with fixed i, and
fixed parameter values (w, ¢, 7, (’, 7). The problem can be written in the form

min ¢(x)
subject to
xreclX, (27)
(x) <0.
The feasible polyhedron in the above constrained convex problem is
X = {(w2>v27y/) ’$2€X7 1",132:(;)7 ’U220, j)'/UZZIjv 9/20 }7
where the vector vy consists of the components vgj) (j=1,...,M®) and the vector p
consists of the components pg] ) (j=1,...,M®). Anupper bound %’ of 3/’ can be constructed

because

max Zpgij) (wB —p{ gy — é”) such that J c {l,...,. M} x,e X, 1 - 23=0
Jj€T

is finite due to the compactness of the feasible domain. Imposing the bound 7 > ¢’ makes
X compact.
The objective and constraint functions are

M@ i B i o . —
pl) = — Lo FO(r o, (o) X
]:

max 5 pp? (wf — 7wy ) -y -
Jc{1,... M®D} jeg
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If we select a bound 7' large enough, then the Slater condition

zrcne% P(x) <0 (28)

will obviously hold. We assume this henceforth.

Oracle providing function information for a constrained convex programming
algorithm. Given 6 > 0, assume that we can construct d-support functions to the third-
stage functions @) (j = 1,..., M®). Assume moreover that there exists a single upper
bound on the slopes of such §-support functions.

Such d-support functions enable construction of bounded-slope d-support functions to ¢.

Remark 11 Construction of §-support functions to the third-stage functions F) requires
a solution algorithm for the third-stage problems, analogous to the one being presented.

A single upper bound on the slopes of the d-support functions can be constructed in the
manner described in Remark 3.

57|

On the other hand, we can obviously construct exact support functions to 1, and max; < ;< v
is an upper bound on the slopes of such support functions.

An algorithm for constrained convex programming. In case ¢)(x) < 0 holds for each
@ € X, then problem (27) reduces to unconstrained minimization, and can be solved by the
Inexact Level Method. An e-support function can be constructed to F® in the manner
described in Section 2.2.

In what follows we assume that (27) is really a constrained problem. For the solution
we propose a modified version of the Constrained Level Method of Lemaréchal, Nemirovskii,
and Nesterov (1995).

Let ®* denote the optimal objective value of the constrained convex problem (27). Given
€ > 0, the original Constrained Level Method finds an e-optimal solution «* in the sense

e X, Yx')<e plxF) <P +e.

Due to this feature, the original Constrained Level Method requires no Slater condition,
but p(x*) < ®* may occur. Near-optimal solutions in the above sense can not be used to
construct support functions to F @,

In contrast, we have provided for the Slater condition (28), and will construct an e-optimal
solution * in the sense

rreX, Y(x') <0, o) <P +e (29)

The modified method is described in Appendix B. We call it asymmetric Level Method, be-
cause it works with approximate objective cuts but observes the constraint without tolerance
(and requires exact cuts for the constraint function).
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The method builds cutting-plane models ¢, and 1, of ¢ and 1, respectively. (The
model functions are polyhedral convex lower approximations of the objective and constraint
function, respectively.) Based on these objects, a cutting-plane model problem (38) is con-
structed. The optimum of this model problem is a lower approximation of the optimum of
the original convex problem (27). (Indeed, lower-valued function is minimized over a broader
set.)

Suppose the method had terminated with an e-optimal solution in the sense (29).

Parametric model problem. Let us consider the terminal model problem (38) as a
parametric problem: The parameters w, v appear in the right-hand side of the inequality
system determining X. In the cutting-plane model functions ¢, and ., the parameters
¢ and (', appear in the right-hand sides of the cuts. Let F® (w, (v, (', V) denote the
optimum of the model problem as a function of the parameters. This is a polyhedral convex
lower approximation of F®(w, (,v,(’,v). Using the optimal values of the dual variables of
the cutting-plane model problem (38), a supporting linear function L can be constructed
to £ at (dz,é’,ﬁ,é”,ﬁ’).

The termination criterion of the asymmetric Level Method implies F® (&, é D, é’ ) —
ﬂ“(@,@ 0,(’,0') < e. This in turn means that L® is an e-support function to F® at

(&, ¢, 0,0, 0").

Remark 12 Such e-support functions enable construction of e-support functions to the ob-
jective function of the first-stage problem (24).

This problem can then be solved by an unconstrained inexact Level Method. Convergence
proof of this method requires a single upper bound on the slopes of the e-support functions.
This can be constructed in the manner described in Remarks 3 and 4.

5 Conclusions and prospect

We proposed a decomposition scheme and solution methods for multistage portfolio manage-
ment problems with CVaR constraints. In portfolio management context, the slope of the
efficient frontier is interpreted as a measure of the decision maker’s risk aversion. Hence in
the neighborhood of well-calibrated parameter values, the efficient frontier has a reasonably
moderate slope. This feature allows us to construct complete recourse problems by penalizing
violations of CVaR constraints.

In a former project, Fébian and Széke (2006) obtained good solution results for general
two-stage problems by first transforming the problems into complete recourse forms. The
complete recourse problems were then solved as constrained convex problems. (In such a
constrained problem, the constraint function value is the expectation of an infeasibility mea-
sure. The constraint function can be evaluated in the same manner as the expected recourse
function.) In that approach, feasibility and optimality issues are taken into consideration si-
multaneously, and regularization extends to both. (Feasibility cuts of the traditional solution
methods may cause the scope of optimization to alternate between minimizing the objective
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function and finding a solution that satisfies existing feasibility cuts. No feasibility cuts are
imposed in the new approach.) The new approach is practicable only if the transformation
to complete recourse can be done in a computationally efficient way, as in the case of the
present portfolio models.

Fabian and Szoke solved general two-stage stochastic programming problems with 20,000
scenarios. (Even larger problems were solved by integrating a distribution-approximation
procedure into the decomposition scheme.) Effectiveness of the Kiinzi-Bay — Mayer approach
to the present special subproblems implies that the present multistage decomposition scheme
has practical relevance.

5.1 Decomposition of further risk constraints

With minor modifications, the proposed scheme can be used to decompose further risk
constraints in portfolio management problems:

Integrated Chance Constraints were introduced by Klein Haneveld (1986) for static
models. Drijver et al. (2002) and Klein Haneveld et al. (2005) use single-stage ICCs
in dynamic models. Fébidn and Széke (2006) proposed two-stage ICCs to formulate non-
traditional stochastic constraints.

Klein Haneveld and van der Vlerk (2006) proposed a polyhedral representation of generic
ICCs. As we mentioned in Section 1.2, the Kiinzi-Bay — Mayer polyhedral representation
is the CVaR analogue of this. Based on the polyhedral representation, Klein Haneveld
and van der Vlerk developed a cutting-plane method for simple recourse problems. They
implemented the method and for simple recourse problems, their special solver proved orders
of magnitude faster then existing complete recourse solvers.

A generic ICC has the form E([w® — w],) <. In portfolio management context, w? is
a user-defined parameter that represents the wealth we intend to accumulate by a certain
point of time, w is a random variable that represents our yield at this point of time, and ~
is a user-defined tolerance.

CVaR constraints in problems (16) and (17-19) can be transformed into ICCs by fixing
the variable z to 0. (Let us moreover set the parameter a = 0 since ICCs do not involve
quantiles.) The Kiinzi-Bay — Mayer polyhedral cuts transform into Klein Haneveld — van
der Vlerk cuts. This gives a decomposition scheme for generic ICCs.

Second-order Stochastic Dominance establishes a partial ordering between random
variables. Let w and @ denote the respective random yields of two different portfolios. If
E(U(w)) > E(U(w)) holds for any monotonic and concave (integrable) utility function U,
then w is said to dominate @. This is equivalent to E([w® — w],) < E([w® — @], ) holding
for any w® € IR. (Consistency between SSD and CVaR is established in Ogryczak and
Ruszezyniski (2002).)

Dentcheva and Ruszezynski (2006) propose a single-stage portfolio optimization model
involving an SSD constraint. The motivation is the following: assume we want to emulate a
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certain stock index w. This is achieved by constructing a portfolio whose yield w dominates
w.

In general, an SSD constraint can be expressed by a continuum of ICCs. If, however, w
has a finite discrete distribution with realizations @) (s=1,...,95), then the SSD constraint

is equivalent to the finite set of ICCs
E([@® —w]y) < E([@® —al,)  (s=1,...,9).

Assuming discrete finite distributions, Dentcheva and Ruszczyniski formulate the SSD-constrained
problem in linear programming form. The LP problems have a specific structure. For such
specific problems, they develop a duality theory in which the dual objects are utility func-
tions. Based on this duality theory, they construct a dual problem that consists of the
minimization of a weighted sum of polyhedral convex functions. Domains, function values,
subgradients are easily computable. The authors adapted the Regularized Decomposition
method of Ruszczynski (1986) to these special dual problems.

As an alternative, we propose a direct approach. Since the SSD constraint is equivalent
to a finite set of ICCs, the above mentioned cutting-plane scheme of Klein Haneveld and van
der Vlerk (2006) can be easily adapted to the present problem.

Moreover, we propose a multistage generalization of the SSD-constrained model. To
extend the notation introduced in Section 2, let @y, wsy, w3 denote the stock index at the
respective ends of the first, second, and third periods. We want our first-period yield w; to
dominate wy, our second-period yield wy to dominate ws, and our third-period yield w3 to
dominate ws. The resulting problem can be solved by the proposed decomposition scheme.

A value-of-information risk measure for multiperiod income processes was introduced
by Pflug (2006). If the random process is represented by a scenario tree, then the value-
of-information risk measure is computed as a weighted sum of conditional-value-at-risk
deviations. 'The conditional-value-at-risk deviation of a random income Y is defined as
CVaRD(Y) := E(Y) + CVaR(Y). At each non-terminal node of the tree, the single-stage
CVaRD of next period’s income is computed relative to the knowledge available at that node.
(Confidence level is determined by deterministic parameters.)

Pflug defines the random income process in case of a special multiperiod portfolio opti-
mization problem. He proposes minimizing the value-of-information risk measure under a
constraint on expected end-of-horizon wealth. He constructs a linear programming problem.
The number of the decision variables and constraints in this problem is a multiple of the
number of nodes in the scenario tree. Hence in a realistic application this LP problem will
be very large.

We propose relaxing the constraint on expected end-of-horizon wealth and including it in
the objective function. The decomposition scheme and solution method described in Section
2 can be easily adapted to the resulting problem.

Alternatively, we propose maximizing expected end-of-horizon wealth under a constraint
on the value-of-information risk measure. The decomposition scheme and solution method
described in Section 3 can be easily adapted to the resulting problem.
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5.2 Further fields of potential application

Option pricing. Ryabchenko et al. (2004) propose an ingenious grid-based replication
model for the pricing of a European option in an incomplete market. Replication models
represent option price as the value of a portfolio consisting of the underlying stock and a risk-
free asset. The replicating portfolio is dynamically rebalanced as the value of the underlying
stock varies. (Background information and references can be found in the cited paper.)

Ryabchenko et al. approximate optimal rebalancing strategy through a grid in the (time
x underlying stock price) plane. They use a set of sample paths to model underlying stock
behavior. Variables in this model belong to grid points, hence the number of the variables
is independent of the number of the sample paths. Sample paths only affect the objective
function and a single constraint, and these contain only expectations. The objective is
the minimization of the average of squared approximation error. The mentioned constraint
prescribes that the approximation error should average out to 0. Further constraints express
distribution-independent monotonicity and convexity characteristics of option prices. (A
special convexity result allows formulating the problem in continuous convex quadratic form.)
The paper reports remarkably good test results obtained with only 100 - 200 sample paths.

The present decomposition scheme enables a direct approach. Underlying stock behavior
is modeled by a scenario tree. We construct a self-financing portfolio, i.e., no re-financing is
allowed at decision points. We assume an incomplete market, hence the final net result of the
option seller is random. We impose a CVaR constraint on final net result (or multiple CVaR
constraints with different confidence levels). Moreover we prescribe that expected final net
result should cover administration costs of the seller. (Transaction costs can also be taken
into consideration.) We minimize the required initial investment under these conditions.

The models presented in sections 3 and 4 need but slight modifications: Option price
will be represented by initial investment wg, hence it will be a decision variable. Option
value at maturity will be represented by benchmark wealth w®, hence it will be a random
parameter. There will be two assets (n = 2), only one of them having random returns.
Instead of maximizing end-of-horizon portfolio yield E(w), we will impose a constraint on
expected final net result E(w — w?), and minimize wy.

Asset-Liability Management. Drijver et al. (2002) and Klein Haneveld et al. (2005)
model the operation of a company-owned pension fund. In this case, liabilities consist of
future pension payments. Funding comes from revenues of investments and regular contri-
butions by active members. The funding ratio is A/L, where A is the value of the assets,
and L is the value of liabilities. Seen over a number of years, the funding ratio may fall short
occasionally, but if this happens too often or if the shortage is too large, then the owner
company is required to make a remedial contribution to the fund.

The cited authors represent random parameters by a scenario tree and build a multistage
stochastic programming model. Time periods are years, and decisions are made at the points
of time t = 0,1,...,T. At each non-terminal decision node, a short-term risk constraint is
imposed. It is an integrated chance constraint on subsequent year’s funding ratio in the form
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of E([aLlyr1 — Aira]y) < B, where «, § are user-defined parameters, and the expectation
is composed relative to the knowledge available at the relevant node. Moreover, in the
regulation prescribing that 'funding ratio should not fall short too often’, the term ’too often’
is interpreted as 'in two consecutive years’. Hence at each (non-root) node an additional,
mid-term constraint is imposed: if previous years’s funding ratio fall short, then any shortage
in current year’s funding ratio has to be corrected by a remedial contribution at the present
node. These mid-term constraints are expressed by binary variables.

As an alternative to these mid-term constraints, we propose a direct generalization of
the above described short-term constraints: Given a decision node that belongs to the point
of time t < T — 1, we impose a risk constraint on the funding ratio of year t 4+ 2. If
we use integrated chance constraints, then this alternative mid-term constraint takes the
form E([aLiio — Airo]+) < 5, where the expectation is composed relative to the knowledge
available at the relevant node.

These alternative mid-term constraints are clearly less direct than thsoe proposed in
the cited papers. But the heuristic meaning is similar: at each decision point, special care
must be taken of short- and mid-term consequences. From computational point of view, the
alternative formulation requires no binary variables, and the alternative mid-term constraints
fit into the proposed decomposition scheme.
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A Formal proofs

A.1 Proof of Proposition 2

Let us construct the equivalent linear programming form (ELPF) of the three-stage problem
(10 - 12) in the usual manner. It means defining a separate set of second-stage variables for
each i = 1,..., N ; and of third-stage variables for each i = 1,....N, j=1,...,M®. Let
a:éi) denote the second-stage variables corresponding to 7 ; and :c;(fj ), v the third-stage
variables corresponding to (i, 7).

There is a straightforward matching between the variables of the ELPF problem and those

of the polyhedral representation problem (9). There is but one non-trivial case: variable v of
N MO

the polyhedral representation problem will correspond to the weighted sum > > p p (1), (i)
=1 j=1

of the ELPF-variables v(¥).
The objective function of the ELPF problem is

N M) K (i) 1
Ep@{E pé”(Eﬁpé”ré”wg)—Al v“))} — Az,
i=1 j=1 k=1

—

and this is obviously equivalent to the objective function of the polyhedral representation
problem (9).

Now we show that cuts in the polyhedral representation problem (9) are just aggregates
of ELPF-cuts: Let us select a subset K@ < {1,..., K@} for each i = 1,...,N,j =
1,...,M®. The corresponding ELPF-cuts are

Z pmk ( ,r(wk) wéijk) —z) Sv(ij)_
kek(id)

(In case of an empty set W) = (), the corresponding cut is 0 < v(¥).) Aggregating these
ELPF-cuts with the weights p\”p{? we get

N M® N M®
7 ijk) 7k ijk) 7 7
Z pg)p Z p] ( (J) :c’ ) < Z p)p(]v (30)
i=1 j=1 kekc(id) i=1 j=1
Introducing

N MU

= U U {GikeS|[keki},
i=1 j=1
the aggregate ELPF-cut (30) takes the form

ijk ijk
> PG (wB — i gl — Z) <w,
(3,7,k)ER

that is a cut in the polyhedral representation problem (9).
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In order to show that a single ELPF-cut corresponding to the set K is also valid in the
polyhedral representation problem; let us select K9) := ) for (4, 7) # (4, j) in the aggregation.

Conversely, given a cut in the polyhedral representation problem (9), i.e., a subset R C S,
we can construct the sets

K@ = {k|(i,jk)eR} (i=1,...,N, j=1,...,MY).

In the manner of (30), let us aggregate the ELPF-cuts corresponding to the above sets. This
results just the cut corresponding to R in the polyhedral representation problem (9).

A.2 Proof of Proposition 6

Let us construct the equivalent linear programming form (ELPF) of the three-stage problem
(17 - 19) in the usual manner. It means defining a separate set of second-stage variables
for each @ = 1,..., N ; and of third-stage variables for each i = 1,...,N, j =1,..., M®.
Let :Izg), véij ) (j =1,...,M®) denote the second-stage variables corresponding to i ; and
:céij ), ) the third-stage variables corresponding to (7, 7).

There is a straightforward matching between the variables of the ELPF problem and
those of the polyhedral representation problem (16). There are but two non-trivial cases:

o — Spf? = 3l { > pb ol } and g 3 piply), (31)
i=1 i=1 j=1 i=1 j=1
i.e., the variables v and y of the polyhedral representation problem will correspond to the
weighted sums of the ELPF-variables vy), vgj ), and y“) | respectively.

The objective function of the ELPF problem is obviously equivalent to the objective
function of the polyhedral representation problem.

Cuts in the ELPF problem have the form

5 (= ol ) g < o) -
ke
where 1 <i < N, 1< ;< M®% and K% c {1,..., K@}, Equivalence between aggregate

ELPF-cuts and the cuts of the polyhedral representation problem can be established like in
Al

It remains to be shown only that any non-negative values of the variables © and g in the
polyhedral problem (16) can be represented in the forms (31) with non-negative values of
the ELPF-variables v\”, v{), and y().

Suppose the variables in the polyhedral problem (16) had been fixed at feasible values.
Thus the left-hand-side sums in the cuts (32) are determined. Let us select the deepest cut
foreach 1 <i< Nand1<j<M® ie, let

o) =  max > péijk) (wB — réijk) . ngk) - z) such that K% < {1,..., K@},
kexc(is)
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We have ¢(@) > 0 since K@) = ) can be selected.
The aggregate of these deepest cuts is valid in the polyhedral problem (16), hence

oc—y <0 holds with o := > ) P pliD) i) (33)
i=1 j=1
Assumed o > 0, let
y (i5) . (i5) ,
g =gl W@ =T (1<i< N, 1<j< M)
o o

These are obviously feasible values in the ELPF-problem. (The trivial case of ¢ = 0 can be
easily dealt with.)
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A.3 Proof of Proposition 9

Let Y denote the feasible domain of the unconstrained problem (21). Feasible solutions
will be denoted by x € ). The end-of-horizon expected return n := E(w) is considered
a component of x. Similarly, the vector of risk measures ¢ := (CVaR(w),CVaR(w')) is
considered a sub-vector.

We assume that the constrained problem (20) is feasible, and the Slater condition holds.
The Lagrangian function of this problem is:

VA =n— A (s—v) (xe€V, A>0),

where v := (v,7/) is the right-hand-side vector of the CVaR constraints.
Let x* € Y denote an optimal solution of the constrained problem. From the Karush-
Kuhn-Tucker theorem, there exists A* > 0 such that

VX A) = Vx,A") (x€Y), ad A -(¢"—7) =0, (34)

where ¢* is the relevant sub-vector of x*.
Let us define

W, A)=n—X[s—v], (xX€V, A>0),

where the positive part of the vector ¢ — -« is meant componentwise.
Let A > A*, and consider the problem

max W(x, A) such that x € Y. (35)

(The above problem is obviously equivalent to the penalized problem (22) where the com-
ponents of XA had been selected to be respective upper bounds of the components of A.)

We are going to show that x* is also an optimal solution of the problem (35): Indeed, for
any x € Y, we have

W(x,A) <W(x,A*) because A > A",

<V(x,A*) obviously,

< V(x* A*) from the inequality in (34), (36)

=W(x*,A) from the equality in (34),
and from x* satisfying the CVaR constraint.

Conversely, let ¥ € ) denote an optimal solution of the problem (35). We are going to show
that x is also an optimal solution of the constrained problem (20). Indeed, substituting
X = X in the chain (36), each link should hold with equality.
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The first link is W(x, A) = W(Xx, X*). Using the definition of W:

0= WHXA)-WHXX) = N=X)-[s—7],,

where § is the relevant sub-vector of . Since A > A*, the right-hand side is 0 only if
S — < 0 holds. It means that X is a feasible solution of the constrained problem (20).
Optimality of x in (20) follows from the second and third links in the chain (36) of equalities:

From W(x, A*) = V(x, X¥) it follows that A* - [§ — v ]_ = 0 holds. Since x satisfies the
CVaR constraint, it follows that

A (5—7) =0. (37)

The third link is V(x, X*) = V(x*, A*). Taking (37) and the equality in (34) into account,
it follows that % and x* have the same objective values in the constrained problem (20).

B An asymmetric Level Method

In this section we introduce an asymmetric version of the Constrained Level Method of
Lemaréchal, Nemirovskii, and Nesterov (1995). This version works with approximate ob-
jective cuts but observes the constraint without tolerance (and requires exact cuts for the
constraint function). Minor modifications are needed in the constructions and proofs of
Lemaréchal, Nemirovskii, and Nesterov.

A sequence of feasible points is generated. At each point, we have a support function
to v, and an approximate support function to . These linear functions are used to build
cutting-plane models of 1 and .

Suppose that we have already constructed the points xq,...,x, € X. At the point
x, (tL=1,...,K), let I} denote the support function constructed to ¢ ; and let I, denote the
d,~support function constructed to ¢. (Here 6, > 0 is a tolerance, and a §,-support function
means a linear function satisfying [, < ¢ and [,(x,) + 0, > ¢(x,).)

The cutting-plane models of ¢ and ¢ will be

R . f n
pu(@) = max L(z) and Yu(z):= max f(x) (z€R").

Obviously we have ¢, < ¢ and 1, < . A linear programming model of the constrained
convex problem (27) will be constructed as

min @, ()
subject to
xrelX,

V() <0.

(38)

Let @7 denote the optimal objective value of the model problem (38). Obviously we have
P* < ®*. (Lower-valued function is minimized over a broader set.)
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The best point associated with @,...,x, will be constructed in the form of a convex
combination of the former iterates:

zh =) o0, (39)
=1

The weights o1, ..., 0, will be determined through the solution of the following linear pro-
gramming problem:

min ; 0.(@x(x,)+9,)
subject to
0.>0 (t=1,...,K), ZH:QL:L
1

1=

k
; o (x,) < 0.

(40)

(The values 9(x,) are known since they had been computed for the construction of the linear
support functions {*. On the other hand, o, (x,) + , is an upper approximation for ¢(x,)
foreach 1 =1,... k.)

Unlike the original Constrained Level Method, the present sharp-constrained version
needs special arrangement to ensure feasibility of problem (40): Let ¥ denote an optimal
solution of the problem

min ¢(x).

rex

Assume that we have selected ¥ as starting point, i.e., we have set , := ¥ for t = 1. Then
01=1, 0 =0(=2,...,k) is a feasible solution, due to the Slater condition (28). Hence
an optimal solution also exists (because the feasible domain is compact). Let @ denote
the optimal objective value of problem (40). From the convexity of the set X, and of the
functions ¢ and ¢, it follows that

zieX, Y(xh) <0, oz <P (41)

Consequently ®* < @ holds. (Indeed, x* is a feasible solution of the convex programming
problem (27), and ®* denotes the optimum of (27).)

Remark 13 The inequality ®* < 3; does not necessarily hold with the original Constrained
Level Method: In the original method, the objective in problem (40) is the simultaneous
mazimization of an optimality measure and a feasibility measure. Hence the best point x},
may only satisfy the non-positivity constraint with a tolerance.

®* is unknown but the optimum @7 of the model problem provides a lower bound. If we
can achieve 5; — &% < € then x} will be an e-optimal solution of the convex programming
problem (27) in the sense (29).

The linear programming dual of problem (40) can be written in the form

max (), (42)
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where

he(B) i= min { oa(@) + B(@,) + 6, }.

Hence we have
=k

max h,(8) = ®

nas (43)

K

from the duality theorem. Our aim is to direct the search for new iterates x, in such a way
that max he(B) < ®% + € will hold with x as small as possible. In order to be able to deploy

the scheme worked out by Lemaréchal, Nemirovskii, and Nesterov, we must re-formulate
problem (42) so that the feasible domain would be compact.
Let us introduce the notation

_ LA
d = %161/1% p(x) and [:= W

The denominator in the above fraction is positive due to the Slater condition (28). The
numerator is non-negative due to the definition of ®. It follows that 7 > 0.

Proposition 14 Assume that we have selected a:f as starting point, i.e., we have set x, :=
x¥ for . =1. Then h.(8) < ® holds for any 3 > f3.

Proof. From the selection of the starting point, we have

Due to ¥ (x¥) < 0 we have hy(3) < hi(B) for 8 > 3. Moreover we have h;, < h; by definition.
Summing these up, we get that

he(B) < hi(B) < hi(3) = @ holds for g > f.

[
A direct consequence of Proposition 14 is that optimal solutions of problem (42) fall into the

interval [O,ﬂ. Indeed, we have ® < p(x*) < O, = max he(B) by (41) and (43). It follows
that the dual problem (42) can be written in the form

max  h(0). (44)
=620
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For the above objects we can apply the scheme worked out by Lemaréchal, Nemirovskii, and
Nesterov. The framework of the asymmetric Level Method is the following:
Initialize.
Set the stopping tolerance € > 0.
Set the parameters 6, u, and 7 (0<f,u<1; 0<7<(1-6)%).
Let k :=1 (iteration counter).
Set the starting point x; € arg Inin ().
Set starting tolerance d;.
_ ‘P(ml)*%in »()
Set upper limit for the feasible interval of the dual problem as (§ := Tiéf)
Update bundle.

Given the point @, construct the support function I¥ to v, and the d.-support function
l. to .

: . _ :
Define the model functions ¢, (x) : max I(x), () : max I*(x).

Compute the optimum of the model problem ®* := min {p,(x) |z € X, ¥, () < 0}.
Define the function h,(3) := 11£1i£1k {pu(x,) + p(2,) +0,},

and compute its maximum @ := max h,(3).
=620

Check for optimality.

If 5,: — ®* < ¢, then near-optimal solution found ; construct best point according to
(39) and stop.

Find dual iterate.

Determine the interval [3 , 3,] := { 0<B<B | heB) > 2" }
Compute [,:

— for , = 1’ let ﬁl = %(Bl +Q1)’

Br-1, if QH‘F%(ﬁ,@—Q ) < Br-1 Sﬁn—g(@—ﬁn),

K

—forv > 1, let B, := B
5(B,+08),  otherwise.
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Find primal iterate.

Let x.,1 be the optimal solution of the convex quadratic programming problem

min ||z — x,|?
subject to
xrclX,

pr(@) + Betou(®) < (1= 0)25 + 0he(fr)

Loop.
Set 0,y1 := Thy(Bx).

Increment k.

— Update bundle.

We give explanations and sketch proofs on the basis of Lemaréchal, Nemirovskii, and Nes-
terov (1995) and Fabian (2000).

Find dual iterate. A dual iterate f, is selected such that h,(f5,) is 'sufficiently close’ to

max h(). (The term ’sufficiently close’ will be specified in (46).) First consider the set
B=8>0

Li={0<B<B|h(B) > @ }. (45)

I, is an interval since h, is a concave function. In the algorithmic description the notation

I, = [, B,] is used. This interval is not empty since we have max h,(3) = &, > ®*. Let
" F>(>0

the subinterval IAH C I, be obtained lzy shrinking I.: the center of ]A,{ will be the same as
the center of I,;, and for the lengths, || = (1 — p)|I,| will hold with some preset parameter
0 < p < 1. Owing to the concavity of h,, it follows that

* -~ *
he(B) = &1 > 5 (0 -2} ) (46)
holds for any 3 € I,. The dual iterate 3, will be selected from I,. The aim is to leave the
dual iterate unchanged as long as possible.

Find primal iterate. The primal iterate x,,; is selected by applying an unconstrained
Inexact-Level-Method-type iteration to the convex function p+3,1. (A complete description
of the unconstrained Level Method can be found in Lemaréchal, Nemirovskii, and Nesterov
(1995), and of the inexact version, in Fabian (2000).) For 1 < ¢ < k, the linear function
I, + B.l* is a 6,-support function of ¢ + B at x,. Hence o, + (.1, is an appropriate
cutting-plane model of ¢ + (,1.

The best upper approximation , i.e., the lowest known upper approximation of the function
values is BUA := 1rgigﬁ{goﬁ(aa) + Be(x,) +0,} = hi(Be).
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A lower model value is a certain value of the cutting-plane model function. We select it
specially as LMV := ®*. The lower model value in the Inexact Level Method must satisfy
two requirements:

(1) BUA> LMV should hold.

(2)  There should exist a point in X whose model-function value is lower than or equal
to LMV

In the present case,

(1) BUA = h.(B8:) > @ = LMV holds owing to the selection 5, € I of the dual
iterate.

(2) Let &, denote the minimizer of the model problem (38). Obviously we have ¢, (x,)+
ﬁﬁ¢ﬁ(§;{) S Q:

The gap between BUA and LMV is GAP := h,(0,) — ®;. Consider the level set of the
model function ¢, (x) + B.¥x(x) belonging to the level LMV + 6 GAP, where 0 < 0 < 1is
some preset parameter. We have LMV + 0 GAP = (1 — 0)®% + 0h,(0,), hence the level set
will be

Xy= {2 e X | pul@) + frtbn(@) < (L 0)2: + 01, (5,) }

This is a convex polyhedron. The next primal iterate @x,,; will be the projection of the
former iterate x, onto the level set X,. (L.e., the point of X, that is closest to x, in
Euclidean distance. This can be determined through the solution of a convex quadratic
programming problem.)
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Convergence. Since the dual iterate is left unchanged as long as possible, the method
consists of runs of the (unconstrained) Inexact Level Method. First we estimate the length
of a single run. Let € be a positive number (different from the stopping tolerance € of the
constrained method). Fabian proved that to obtain GAP < ¢ in the Inexact Level Method,

it suffices to perform
DR\’
‘ () (47)
£

iterations, where D is the diameter of the feasible polyhedron, A is a Lipschitz constant of
the objective function (presently ¢ + (.¢), and c is a constant that depends only on the
parameter . (The proof is based on the convergence proof of the Level Method given by
Lemaréchal, Nemirovskii, and Nesterov.) Obviously we have A < (1 + 3)A where A is a
common Lipschitz constant of the functions ¢ and 1.

In the present case, the GAP after k iterations is h.(0,) — @%. If it has decreased below
g, then we have

5>%(@—@:)

from (46). Here we must have 3; — ®@% > € with the stopping tolerance € of the constrained
method, otherwise the whole procedure would have been stopped. Hence € > £e must hold,
which from (47) gives the bound

2 2
2 —2 (DA
— (1 — 48
() e (2 (15)
on the length of a single run of (unconstrained) Inexact Level Methods.

On the other hand, a bound can also be constructed on the number of the runs: Let
|1(?)| denote the length of the interval (45) at the beginning of the oth run. Then

14)] < 2|1

2—p
holds due to the selection of the dual iterate. (Indeed, the shrunken interval ¢+ ¢ @+
must be contained in one of the halves of I(®) otherwise the dual iterate would not have
changed.)

Hence the length of the interval decreases by a geometric progression. Since I, is the
support of the function h,(3) — ®%, and ®, — ®* is the maximum of this function, the
latter must decrease with the length of the support. Indeed, the function h,(3) is Lipschitz
continuous with the constant

max |¢(x)| < DA.

Tex
(The function 1 is assumed to take negative as well as positive values over X.)
The length of the initial interval is not larger than 3. Owing to the geometric progression,
the number of the runs can not be larger than

(r22).
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where ¢’ is a constant that depends only on the parameter u.
The above bound, combined with (48), gives the following efficiency estimate: To obtain
an e-optimal solution in the sense (41), it suffices to perform

¢ 9) (B2) m (35

iterations, where ¢’ is a constant that depends only on the parameters of the algorithm.



