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ON DOMINATION
IN CUBIC GRAPHS

Alexander K. Kelmans

Abstract. Let v(G) and v(G) denote the number of vertices and the domination
number of a graph G, respectively, and let p(G) = v(G)/v(G). In 1996 B. Reed
conjectured that if G is a cubic graph, then v(G) < [v(G)/3]. In 2005 A. Kostochka
and B. Stodolsky disproved this conjecture for cubic graphs of connectivity one and
maintained that the conjecture may still be true for cubic 2-connected graphs. Their
minimum counterexample C' has 4 bridges, v(C) = 60, and ~(C) = 21. In this
paper we disprove Reed’s conjecture for cubic 2-connected graphs by providing a
sequence (Ry : k > 3) of cubic graphs of connectivity two with p(Rg) = % + %,
where v(Ry11) > v(Rg) > v(R3) = 60 for k > 4, and so y(R3) = 21 and y(Ry) —
[v(Ry)/3] — oo with k — co. We also provide a sequence of (L, : r > 1) of cubic
graphs of connectivity one with p(L,) > % + %. The minimum counterexample
L = L in this sequence is ‘better’ than C in the sense that L has 2 bridges while C'
has 4 bridges, v(L) = 54 < 60 = v(C), and p(L) = %4— 5*14 > %—i— % = p(C). We also
give a construction providing for every r € {0, 1,2} infinitely many cubic cyclically
4-connected Hamiltonian graphs G, such that v(G,) = rmod3, r € {0,2} =
v(Gy) = [v(G,)/3], and r =1 = v(G,) = [v(G,)/3]. At last we suggest a stronger
conjecture on domination in cubic 3-connected graphs.

Keywords: cubic graph, domination set, domination number, connectivity.
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1 Introduction

We consider simple undirected graphs. All notions on graphs that are not defined here
can be found in [5].

Let G be a graph, V(G) and E(G) the sets of vertices and edges of G, respectively,
v(G) = |V(G)| and e(G) = |E(G)|. Let N(v,G) denote the set of vertices in G' adjacent to
a vertex v. Let k(G) denote the vertex connectivity of G. A vertex subset X of G is called
dominating if every vertex in G — X is adjacent to a vertex in X. Let 7(G) denote the size
of a minimum dominating set in G; 7(G) is called the dominating number of G. We call
p(G) =~(G)/v(G) the dominating ratio of G. A graph G is called cubic if every vertex of G
has degree three.

Quite a few papers (e.g. [1, 2,4, 7,9, 10, 11, 12]), a survey paper [4], and a book [6] are
devoted to various problems related to the domination number and its relations with some
other parameters of graphs.

In 1996 [12], B. Reed proved that if the minimum vertex degree in G is at least three,
then v(G) < 3v(G)/8 and conjectured that if in addition G is cubic, then v(G) < [v(G)/3].
In 2005 [9] A. Kostochka and B. Stodolsky disproved Reed’s conjecture for cubic graphs
of connectivity one by presenting a sequence of cubic graphs G of connectivity one with
p(G) > %+ % and maintained that Reed’s conjecture may still be true for cubic 2—connected
graphs. Let C' and H be the minimum counterexample and another counterexample in [9],
respectively. Then C' has four bridges, v(C) = 60, and p(C) = o5 = 5+ g5 > p(H) > 5+ 5.

In this paper we disprove Reed’s conjecture for cubic 2-connected graphs by giving sev-
eral constructions (see 2.5, 2.8, and 2.12) that provide infinitely many counterexamples of
connectivity two. One of our constructions (see 2.5) provides a sequence (R : k > 3) of
cubic graphs of connectivity two with p(Ry) = % + %, where v(Ryy1) > v(Ry) > v(R3) = 60
for k > 4, and so y(R3) = 21 and y(Ry) — v(Ry)/3 — oo with k — oco. Thus the violation
7(G) — [v(G)/3] of the inequality in the Reed’s conjecture may be arbitrarily large. Graph
R3 is the minimum 2-connected counterexample we have found.

We also present (see 2.6) a sequence (L, : r > 1) of ‘better’ counterexamples of con-
nectivity one than those in [9]. Namely, L; has two bridges, v(L;) = 54, v(L,) < v(L,41),
and p(L,) = o + 5550315 — 25 With 7 — 00, and so p(C) = 5 + g5 < pRi) < p(Lyy1) <
p(Ly) = % + i. Therefore every counterexample in this construction has larger domination
ratio than every counterexample in [9]. Moreover, L; has less vertices, larger domination
ratio, and less bridges than C.

We give constructions (see 3.1 and 3.3) that for every r € {0, 1,2} provide infinitely
many cubic 3-connected and cyclically 4-connected graphs G, such that v(G,) = r mod 3,
r € {0,2} = 1(G,) = [v(G,)/3], and r = 1 = 1(G,) = [v(G,)/3).

At last we suggest a stronger conjecture (see 3.5) on domination in cubic 3-connected
graphs.

The results of this paper were discussed in the Department of Mathematics, UPR, in
February 2006.
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2 Constructions of counterexamples

We start with the following easy observation.

2.1 Let G be a graph, H an induced subgraph of G, and X the set of vertices in H adjacent
to some vertices in G — V(H). Suppose that v(H — V') = ~v(H) for every VC X. If D is a
dominating set of G, then |D NV (H)| > ~v(H).

Let H be a graph, {hi,hy} C V(H), and H = (H,{hy, hy}). Let G and H be disjoint
graphs and e = vjve € E(G). If G’ is obtained from G — e and H by identifying hy with v,
and hy with vs, then we say that G’ is obtained from G by replacing edge e by H.

Let U be a graph, {uy,us, ust C V(U), and U = (U, {uy, us,us}). Let G and U be
disjoint graphs, v € V(G), and N(v,G) = {vy,v9,v3}. If G’ is obtained from G — v and
U by adding three new edges w;v;, i € {1,2,3}, then we say that G’ is obtained from G by
replacing vertez v by U.

Let (X, {z1, 22} and (Y, {y1,v2}) be two disjoint copies of (H, {hi,hso}) and let F' (F")
be obtained from X UY U {x1y1, 22y2} by subdividing edge x1y; with a new vertex z;
(respectively, by subdividing each edge x;y; with a new vertex z;, i € {1,2}).

Let F5 be the graph obtained from F” U 212, by subdividing two edges 121 and y;2z; with
new vertices x and y, respectively. Let F3 be the graph obtained from F, by subdividing
edge z12; with a new vertex z. Let Ti(H) = (F',2z), T(H) = (F",{z1,2)})), F2(H) =
(£2, {z,y})), and F3(H) = (F3,{z,y,2})).

Let e1, e2, and es be three edges in K33 3 incident to the same vertex. Let A be the graph
obtained from K33 by subdividing e; with a new vertex a; for every i € {1,2}. Similarly,
let B be the graph obtained from K33 by subdividing e; with a new vertex b; for every
€ (1,23} | o o

Let A = (A, {a1,a2}), B = (B, {b1,b2,b3}), T1(A) = S = (S,5), T2(A) =T = (T, {t1,t2}),
Fo(A) =P = (P, {p1,p2}), and F3(A) = Q = (Q.{a1, ¢, a3})-

It is easy to see the following.

2.2 9] v(A) =8, v(A) =v(A —a;) =3 for every i € {1,2}, and y(A — {a1,a2}) = 2.
It is also easy to see the following.

2.3 v(B)=9 and v(B —V) =3 for every V. C {by, b, b3}.
From 2.2 we have:

2.4 Obviously v(S) = 17, v(T') = 18, v(P) = 20, and v(Q) = 21. Moreover,
(al) v(S) = (S = 8) =T) =T — t1) = (T — t2) = (T — {t:1,t2}) = 6,
(a2) y(P) =y(P —p1) = (P —p2) = y(P — {p1,p2}) = 7, and
(a3) v(Q = V) =17 for every V. C {q1, g2, g3}
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Let Ry be a graph obtained from a 2k-vertex cycle (v, ..., vag_1, Vo) With ve, = vy by
replacing each edge va;va;11 by a copy (B, {pi, py} of (P, {p1,p2})-

2.5 Let k > 3. Then Ry is a cubic graph, k(Ry) = 2, v(Ry) = 20k, and v(Ry) = Tk,
and so p(Ry) = 55 = 5 + g5 and v(Ry) — v(Ry)/3 = k/3 — oo with k — oo.

Proof Since U(P) = 20, clearly v(Ry) = 20k. By 2.1 and 2.4 (a2), y(Rx) = 7k.

Let T, be obtained from a 2r-vertex path (vy,...,vs.) by replacing each edge vg;_1v9; by
a copy (P, {pi,ph} of (P, {p1,p2}). Let L, = T,, U S; U Sy U {s1v1, $ov2, }, where (S, s1) and
(Sa, s2) are two copies of (S, s) and T}, S7, and Sy are disjoint.

From 2.1 and 2.4 (al),(a2) we have:
2.6 Letr > 1. Then L, is a cubic graph, L, has exactly r + 1 bridges (and so
K(Ly) = 1) v(L,) = 20r 4 34, and (L,) = 7r + 12, and so p(L,) = 55 + 5552315 — 2
with r — 00 and p(C) = 1 + &5 < p(Lr11) < p(Ly) < p(Ly) = 1 + 2.

Let P’ be the graph obtained from P by adding two new vertices p, py and two new
edges p1p}, paph and let P' = (P, {p},py}). Let G(P) be a graph obtained from a graph G
by replacing each edge e by a copy P! of P'.

From 2.1 and 2.4 (a2) we have:

2.7 Let G be a graph. If K(G) = 1, then also k(G(P)) = 1. If G is 2-connected, then
k(G(P)) =2. Also v(G(P)) = v(G) + 20e(G) and v(G(P)) = Te(Q).

From 2.7 we have:

2.8 Let G be a connected cubic graph with 2k vertices and possible parallel edges. Then
v(G(P)) = 62k, v(G(P)) = 21k, and so p(G(P)) = 5 + 5. If k(G) = 1, then also
k(G(P)) =1. If G is 2-connected, then k(G(P)) = 2.

Given a cubic graph G, let G(P, B) be a graph obtained from G by replacing each vertex
v of G by a copy B, of B and each edge e of G by a copy P! of P

From 2.1, 2.3, and 2.4 (a2) we have:

2.9 Let G be a cubic graph with possible parallel edges and with 2k vertices. Let G' =
G(P,B). Then v(G') = T8k, v(G') = 2Tk, and so p(G') = 5 + =. If K(G) = 1, then also
k(G') = 1. If G is 2-connected, then k(G') = 2.

Let us define P? recursively. Let P! = P and P! = Fy(P). Let P = {P":i > 1}.

2.10 Let Pt = (P’ {p1,p2}), i > 1. Then
(a) Y(P*) =29(P") + 1 and y(P') = y(P" = p1) = (P —

p2) = (PZ —{p1,p2}) and
(b) v(P") = 2123 — 4 and v(P") = 272 — 1, and so p(P?) = % + 1

12(2'3-1)
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Proof (uses 2.4). Claim (a) can be easily proved by induction using 2.4. We prove (b).
Obviously v(P') = 20 and by 2.4, y(P') = 7. By the definition of P*, v(P™) = 2u(P?) +4.
Now (b) follows from the above recursions for v(P™1) and ~(P™*).

Let Q' = F3(P") and Q = {Q" : i > 1}. From 2.4 (a3) and 2.10 we have:

2.11 Let Q' = (Q",{q1, @2, a3}). Then
(a) Y(Q") =+(Q" = V) for every V C {q1,¢2, 43} and
(0) v(Q) =v(P)+1=3(2""*—1) and v(Q") = 2% — 1, and so v(Q") = 3v(Q").

From 2.10 and 2.11 we have:

2.12 Let G be either Ry or L, or H(P) or H(P, B) for some connected cubic graph H.
Let G be obtained from G by replacing some copies of P and/or Q in G by copies of some
members of P and some copies of B by some copies of members of Q. Then G’ is a cubic
graph, ¥v(G") > [v(G")/3], and if G is 2-connected, then G’ is also 2-connected.

3 Cubic 3-connected graphs G with +(G) = [v(G)/3]

Let G be a cubic graph and G [B} be a graph obtained from G by replacing every vertex
v in G by a copy B, of B. Let K3 be the graph with two vertices and three parallel edges.
We assume that K3 is 3-connected by definition.

From 2.3 we have:

3.1 Let G be a cubic graph with possible parallel edges and G' = G[B]. Thenv(G') = 9v(G),
(G = 30(G), k(G") = k(G), and G’ is not cyclically 4-connected.

The minimum cubic 3-connected graph provided by the above construction is K3[B].
Obviously v(K3[B]) = 18, v(K3[B]) = 6, and K3|B] is obtained from two disjoint copies
(B, {b},0,,05}) and (B”, {07, b5, b5}) of (B,{b1,be,b3}) by adding three new edges bb!, i €
{1,2,3}.

Let P? be the Petersen (7,2)-graph. Obviously P? is a cubic cyclically 4-connected graph
with 14 vertices. It can be checked that y(P?) =5 = [v(P?)/3] and P? is Hamiltonian.

Below (see 3.3) we give constructions that for every r € {0, 1,2} provide infinitely many
cubic 3-connected and cyclically 4-connected graphs G, such that v(G,) = r mod 3, r €
{0,2} = 1(Gy) = [v(Gy) /3], and r = 1 = (Gy) = [v(Gy)/3].

Let S be square (t1s1tasot1), P be 4-vertex path P = (q1p1p2q2). Let W be the graph
obtained from disjoint S and P by identifying ¢; with s; and ¢ with sy. Obviously
T = {t1,t2,p1,p2} is the set of degree two vertices in W.

It is easy to prove the following.
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3.2 Let W = (W,T) andV CT. Thenv(W—=V) =1ifV = {p1,ps.t;} for somei € {1,2},
and y(W — V') = 2, otheruwise.

Let £ > 1 be an integer, X = (zo---x3) and Y = (yo---ysk) be two disjoint cycles,
and M2 = X UY U {zoyo, t1y1} U{ziy; : 1 < i < 3k — 2,4 = 1mod 3} U {z¥is1, i1V :
2 <i<3k—1,i = 1mod3}. Let Mp = (M} — {zo,90}) U {z123, y1y31}, and M} =
(M2 —{x0,y0, 1, y1}) U {x2Z38, Yoy3r }. Obviously v(M}) =i mod 3.

3.3 Each M, is a cubic cyclically 4-connected Hamiltonian graph and
(a0) v(Mp) = 6k and y(M}) = 2k,

(al) v(M}) = 6k — 2 and v(M}}) = 2k — 1, and

(a2) v(M}) = 6k + 2 and v(M}) = 2k + 1.

Proof (uses 3.2). It is easy to see that each M, i € {0,1,2}, is cyclically 4-connected
and has a Hamiltonian cycle. We prove (a2). Claims (a0) and (al) can be proved similarly.
Obviously v(M?) = 6k + 2.

Since M7 is Hamiltonian, it has a dominating set with 2k + 1 vertices, and so v(M?) <
2k + 1. Thus it is sufficient to show that if D is a dominating set in M7, then |D| > 2k + 1.
We prove our claim by induction on k. It is easy to check that our claim is true for k& € {1,2}.
So let £ > 3.

Let Rs;;, be the subgraph of M2 induced by the vertex subset
{1'31‘4_7,, T3itr+15 L3i+r+2,5 Ysitr, Y3itr+1, y3i+7‘+2}7 where 7 € {0, R 1} and r € {1, 2} Then
each Rg;y, is isomorphic to W in 3.2 with {3,441, ¥Ysitrs1} corresponding to {si,sa},
V(R3i+r) ﬂV(R:SjM) = () for i #* 7, V(R3i+r) m{l’rfl, yrfl} = (Z), and V(le) = {%«—1;%4} U
{V<R3i+r) Tl € {0, ce ,]{3 — 1}} Let M = Mlg and R = R3i+1.

(pl) Suppose that M has a minimum dominating set containing Z = {x3;r, ysi+r } for some
i€{0,...,k—1} and r € {2,3}. By symmetry of M, we can assume that » = 2. Obviously
Z is a dominating set of R and every degree two vertex in R is adjacent to exactly one vertex
in M — R. Therefore ’7(M) = ’Y(M - R) + |Z| Let M’ = (M — R) U {x3i~r3i+47y3iy3i+4}-
Then v(M — R) > v(M"). By the induction hypothesis, y(M') = 2k — 1. Thus (M) =
YM—-R)+|Z| >~v(M)+|Z]| =2k —-1)+2=2k+ 1.

(p2) Suppose that M has a minimum dominating set D containing one of the sets {31, Ysitri2},
{Ysitrs Taivrtats {Ysivr Ysitr+2}s {Ysitr, Ysiprr2} for some i € {0,...,k — 1} and r € {1,2}.
By symmetry of M, we can assume that D contains {311, ys3:43} from V(R). If there is
z € DN{x3i19,Ysir2}, then D — z+ 3,43 is also a minimum dominating set of M. Therefore
we are done by (pl). If y3;11 € D, then D — y3;41 + x3; is also a minimum dominating set
of M. Thus we can assume that D N V((R) = {I3Z‘+1, y3i+3}‘ Then D' = D \ {JZ3¢+1, y3i+3}
dominates V(M) \ ({3, Y314} UV (R —23;13)). Since D’ dominates x3;.3, clearly x3;.4 € D'.
Let M' = (M — R) U {x3;73;14,Y3:Y3i+4}- Then M’ is isomorphic to M7 ; and since x3;14
dominates {3, y3iya}, clearly D’ dominates M’. Therefore |D’| > ~v(M’). By the induction
hypothesis, 7(M') = 2k — 1. Therefore 2k+1 > |D| = |D'|+ |{z3i41, Ysi+s}| = 2k—1)+2 =
2k + 1.
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(p3) Suppose that M has a minimum dominating set D containing one of the sets {3;1+, Y3itri1}s
{y3izr, X3i4r41} for some i € {0,...,k — 1} and r € {0,1}. By symmetry of M, we can
assume that D contains {x3;11,ysir2} from V(R). By (pl) and (p2), we can assume that
DN{x3i10, T3i13, T3i14, Y3iss, Ysira} = 0. Therefore {xs;ys5,ysirs} C D. If w31 5y3i05 € E(M),
then we are done by (pl). Therefore x5, 5ysi15 € E(M). If y3;11 € D, then D —ys;11 +ys; is
also a minimum dominating set of M. Thus we can assume that DNV (R) = {2311, Ysit+2}-
Then D' = D \ {x3i+1,Ysi+2} dominates V(M — x3;) \ V(R). Let M’ be as in (p2). If
D' N {ws;_1,23i,y3i-1} # 0, then D’ dominates M’, and we are done by the arguments simi-
lar to those in (p2). If D'N{w3;_1, T3i,y3i_1} = 0, then y3; € D’. By (p2), we can assume that
D' Nn{x3i_2,ysi—2} = 0. Then {x3;_3,y3—3} € D’. Since k > 3, clearly x3;_3ys;_3 ¢ E(M).
Therefore we are done by (p1).

(p4) Suppose that M has a minimum dominating set D that has exactly one vertex z in
Ry, for some ¢ € {0,...,k — 1} and r € {1,2}. By symmetry of M, we can assume that
r = 1. Then by 3.2, z € {x3;+3,y3i+3}. By symmetry of M, we can assume that z = x3;,3,
and so by 3.2, y3;14 € D. Since {x3;13,Ysi1a} C D, we are done by (p3).

(p5) Now suppose that for some s € {0,...,k — 1},

(d1) a minimum dominating set D contains exactly one of the four sets {x3si9, %3513},

{73512, Ysst3}, {73513, Yssva}, and {Yssr2, Yssia)-
We can also assume by (p1) and (p2) that

(d2) Dn {33'3s+173/35+17 T3s+4, y3s+4} = 0.
Then (d1) and (d2) hold for every i € {0,...,k — 1}. Hence D N {xg,z1,90,y1} # 0
because D is a dominating set of G. Thus |D| > 2k + 1.

Let Nj(i) = (M} — {23i11%3042, Y3ir1¥3:) U {T3i11Ys0, Ysip1 03542}, where 1 < 4 < k and
r € {0,1,2}. One can also prove the following.

3.4 Fach N[ (i) is a cubic 3-connected (but not cyclically 4-connected) Hamiltonian graph
and

(a0) v(NR(i)) = 6k and y(NQ(i)) = 2k,
(al) v(NE(i)) = 6k — 2 and y(NL(i)) —2k—1 and
(a2) v(N2(i)) = 6k + 2 and y(N°()) = 2k + 1.

We believe that the following is true.

3.5 Conjecture Let G be a cubic 3-connected graph. If v(G) # 1 mod 3, then v(G) <
[v(G)/3]. If v(G) = 1 mod 3, then v(G) < |v(G)/3].

From 3.1, 3.3, and 3.4 it follows that Conjecture 3.5 is best possible for both 3-connected
and cyclically 4-connected cubic graphs.

From the results in [8] it follows that if G is a Hamiltonian cubic graph with v(G) =
1 mod 3, then v(G) < |v(G)/3]|. Therefore Conjecture 3.5 is true for Hamiltonian cubic
graphs.
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