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Abstract. In this paper, we provide complete classi�cation of classesof bipartite
graphs de�ned by a single forbidden induced bipartite subgraph with respect to
bounded/unboundedclique-width.
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1 In tro duction

Clique-width is a graph parameter which is of primary importance in algorithmic graph
theory, asmany graphproblemsthat areNP-hard in generaladmit polynomial-time solutions
on graphsof boundedclique-width [5]. This parameteris known to be unboundedin general
and in many restricted graph families, such as split [14], planar or bipartite graphs [9]. In
this paper, we focus on bipartite graphs. As the clique-width of generalbipartite graphs
is unbounded, we study this parameter restricted to bipartite graphs in special classes.
Without loss of generality we assumethat all our classesare closedunder taking induced
subgraphs,becausethe clique-width of an induced subgraphof a graph G cannot be larger
than the clique-width of G [6]. Classesof graphsclosedunder taking inducedsubgraphsare
called hereditary. It is known that a classof graphsX is hereditary if and only if X can be
characterizedin terms of forbidden induced subgraphs. The classof graphs containing no
induced subgraphsin a set M will be denotedF ree(M ). If M contains only onegraph, we
say that F ree(M ) is a monogenicclass.In this paper, westudy subclassesof bipartite graphs
de�ned by a singleforbidden inducedbipartite subgraphand provide completeclassi�cation
of graph classesin this family accordingto bounded/unboundedclique-width.

The paper is organized as follows. In the rest of this section, we introduce general
notations. In the next section,we give necessaryde�nitions and auxiliary results. Section3
provesthe main result, i.e., classi�cation of monogenicclassesof bipartite graphswith respect
to bounded/unboundedclique-width. This classi�cation is basedon somepreviously known
results, as well ason three new results presented in the subsequent sections.

Most notations we use are customary: V(G) and E(G) denote the vertex set and the
edgeset of a graph G, respectively. The neighborhood of a vertex v 2 V, denoted N (v),
is the subsetof vertices adjacent to v. Given a subsetU 2 V(G), we denote by G[U] the
subgraphof G inducedby U and by G � U the subgraphof G induced by V(G) � U. Also,
NU (v) = N (v) \ U. For two disjoint subsetsU;W � V, we say that U is disconnected from
W if there are no edgesbetween U and W, and that U;W form a join if if there are all
possibleedgesbetweenU and W. As usual, Cn is the chordlesscycle, Pn is the chordless
path, and K n is the completegraph on n vertices. Also, K n;m is the completebipartite graph
with parts of sizen and m, a claw is the graph K 1;3, 2K 2 is the disjoint union of two copies
of K 2. By Si;j;k we denote the graph represented in Figure 1 and by S the classof graphs
every connectedcomponent of which has the form Si;j;k .

An independentset is a subsetof pairwise non-adjacent vertices.

2 Preliminaries

The clique-width of a graph was introduced by Courcelle, Engelfriet and Rozenberg in [4]
as the minimum number of labels neededto construct a graph by meansof the following
four operations: createa new vertex v with label i (denoted i (v)), take the disjoint union of
two labeled graphsG and H (denoted G � H ), connectverticeswith speci�ed labels i and
j (denoted � i;j ), renamelabel i to label j (denoted � i ! j ). Every graph can be built by a
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Figure 1: The graph Si;j;k

sequenceof thesefour operations, which can be described by an algebraicexpression.For
instance,the cycleC5 on verticesa;b;c;d;e (listed in the cyclic order) can be de�ned by the
following expression:

� 4;1(� 4;3(4(e) � � 4! 3(� 3! 2(� 4;3(4(d) � � 3;2(3(c) � � 2;1(2(b) � 1(a)))))))) : (1)

An expressionbuilt from the above four operations is called a k-expressionif it usesk
di�erent labels. The clique-width of a graph G, denoted cwd(G), is the minimum k such
that there exists a k-expressionde�ning G.

Alternativ ely, any k-expression� de�ning G can be represented by a rooted tree tree(� ),
whoseleavescorrespond to the operationsof vertex creation, while the internal nodescorre-
spond to the other three operations. An exampleof the tree representing the expression(1)
is depicted in Figure 2.

The above exampleshows that cwd(C5) � 4. Moreover, it is not hard to seethat the
clique-width of any cycle is at most 4. In a similar way, onecan show that the clique-width
of any path is at most 3. With someextra work, the sameconclusioncan be made for
any tree, and even more generally, for any distance-hereditarygraph [9]. As we mentioned
in the introduction, this is important becausemany problems being NP-hard for general
graphsadmit polynomial time solutionswhen restricted to graphsof boundedclique-width.
More precisely, for every �xed k, every decisionor optimization graph problem expressible
in monadic second-orderlogic with quanti�ers over vertices can be solved in linear time, if
a k-expressionde�ning G is given as input [5]. Moreover, as shown recently by Oum and
Seymour[15], a polynomial-time solution is guaranteed even if only a graph G of bounded
clique-width is given as input: an expressionof boundedwidth de�ning G can be computed
in polynomial time.

Proving boundednessor unboundednessof the clique-width is generallya nontrivial task.
To name a few results of this type, let us mention that the clique-width is unbounded in
classesof split [14], unit interval, permutation [9] and even bipartite permutation graphs[3].
Among classesof boundedclique-width wedistinguish complementreduciblegraphs(cographs
for short), which is preciselythe classF ree(P4). This is a key result that motivated many
more research directions in the theory of clique-width. For instance, the clique-width has
beenshown to be bounded in someclassesof graphs containing \few" P4's [14]. Another
line of research dealswith the bipartite analogof cographsintroducedin [8] under the name
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Figure 2: The tree representing the expression(1) de�ning a C5

bi-complementreduciblegraphs. The clique-width turned out to be boundedfor thesegraphs
and someof their extensions[7, 10, 11]. The latter paper is of particular interest, since it
dealswith a classof bipartite graphsde�ned by a singleforbidden inducedbipartite subgraph.
We call such classesmonogenic. They are of special interest, becauseany hereditray classof
graphsis the intersectionof a (possibly in�nite) seriesof monogenicclasses.

As we shall seelater, the result from [11] is unimprovable within the family of monogenic
classesof bipartite graphs. More generally, we shall provide completeclassi�cation of this
family with respect to bounded/unboundedclique-width. To this end, let us introducesome
auxiliary results related to the clique-width of bipartite graphs.

A systematic investigation of the clique-width in classesof bipartite graphs de�ned by
forbidding induced subgraphhas beeninitiated in [13], where the following result has been
proved:

Theorem 1. [13] Let X be a classof bipartite graphsde�ned by a �nite set F of forbidden
induced bipartite subgraphs. If F contains neither a graph in S nor a graph the bipartite
complementof which is in S, then the clique-widthof graphsin X is unbounded.

In the above theorem, the bipartite complement of a bipartite graph G = (W; B; E) is a
bipartite graph eG de�ned as follows: eG := (W; B; (W � B) � E).
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Lemma 1. [12] If G is a bipartite graph, then cwd( eG) � 4cwd(G).

Observe that throughout the paper we shall assumethat a bipartite graph G = (W; B; E)
is given togetherwith a bipartition of its vertex set into a subsetW of white verticesand a
subsetB of black vertices. Several particular bipartite graphswill be of special interest in
our paper. One of them is a skew star S1;2;3 (seeFigure 1).

Theorem 2. [11] The clique-widthof a S1;2;3-free bipartite graph is at most 5.

Four other graphs that are of particular importance in this paper are represented in
Figure 3.
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Figure 3: Four critical bipartite graphs

Theorem 3. [13] The clique-widthof a K 1;3 + 3K 1-free bipartite graph is bounded.

A connected bipartite graph is well-orderable if there is an ordering of the vertices
x1; : : : ; xn such that

1. N f x2 ;:::;x n g(x1) = f x2g in G or in eG.

2. For 1 < i < n, if N f x i ;:::;x n g(x i � 1) = f x i g in G then N f x i +1 ;:::;x n g(x i ) = f x i +1 g in eG

3. For 1 < i < n, if N f x i ;:::;x n g(x i � 1) = f x i g in eG then N f x i +1 ;:::;x n g(x i ) = f x i +1 g in G.

Lemma 2. [16] The clique-widthof a well-orderablegraph is at most 4.

Clealy whenwestudy the notion of clique-width wecanberestricted to connectedgraphs.
More generally, without lossof generality we may consideronly graphsthat are prime with
respect to modular decomposition. Given a subsetof verticesU and a vertex v 62U, we say
that v distinguishesU if v hasboth a neighbor and a non-neighbor in U. In a graph, a subset
of verticesU indistinguishable by the verticesoutside U is called a module. A graph every
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module of which is a singletonis said to beprime. Alternativ ely, we cansay that a connected
bipartite graph G is prime if any two distinct vertices of G have di�erent neighborhoods.
The importance of this notion is due to the following lemma, which allows us to consider
only prime graphsin any hereditary class.

Lemma 3. [6] cwd(G) = maxf cwd(H ) j H is a prime induced subgraph of Gg:

To introduceonemore helpful result, let us partition the vertex set of a bipartite graph
G arbitrarily into two parts and denote the graphs induced by theseparts by G1 and G2.
For i = 1; 2, we denoteby B i the set of black verticesand by Wi the set of white verticesof
Gi . Finally, we denoteby b1, w2 the number of black and white modules(subsetsof vertices
with the sameneighborhood) in the subgraphG[B1 [ W2], and by b2, w1 the number of black
and white modules in the subgraphG[B2 [ W1].

Lemma 4. cwd(G) � maxf (b1 + w1)cwd(G1); (b2 + w2)cwd(G2); (b1 + w1 + b2 + w2)g:

Proof. While creating the graph G1, we add a pre�x to the label of each vertex indicating
the module in the subgraphG[B1 [ W2] this vertex belongsto. Therefore,G1 will be created
by meansof a set of (b1 + w1)cwd(G1) extendedlabels. After completion of creation of G1,
we can keeponly pre�x of each label, which leavesus with a set of b1 + w1 di�erent labels.
Independently, we build G2 by meansof a set of (b2 + w2)cwd(G2) labels and keep only
b2 + w2 di�erent labels after the graph is build. Without lossof generality we assumethat
the setsof labelspresent in G1 and G2 after their creationaredisjoint. Then we completethe
construction by joining the two graphstogether with the � operation and connecting,where
necessary, the verticesfrom di�erent modulesof G1 and G2 with the help of b1 + w1 + b2 + w2

labels.

In the special casewhen b1 = w1 = b2 = w2 = 1, the above claim can be strengthenedas
follows.

Corollary 1. If b1 = w1 = b2 = w2 = 1, then cwd(G) � maxf cwd(G1); cwd(G2); 4g:

Applying this corollary recursively to graphs G1 and G2, we reducethe problem of de-
termining the clique-width to graphswhich

(a) are connected,

(b) have connectedbipartite complement,

(c) admit no partition into a completebipartite graph and an independent set.

Bipartite graphs satisfying (a), (b) and (c) will be called indecomposablewith respect to
canonical decomposition. The idea of canonical decomposition has been introduced in [7],
wherethe readercan be assistedwith the proof of the above corollary.

Weconcludethe sectionwith the following important result which is valid for any graphs,
not necessarilybipartite.

Lemma 5. [1] For a classof graphsX and an integer � , let [X ]� denotethe classof graphs
G such that G � U belongsto X for somesubsetU � V(G) of cardinality at most � . If X
is a classof graphsof bounded clique-width, then so is [X ]� .
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3 Main result

Theorem 4. Let X be a classof H -free bipartite graphs. If H is an induced subgraphof one
of the graphsS1;2;3, K 1;3 + 3K 1, K 1;3 + e, S1;1;3 + v, then the clique-widthof H -free graphsis
bounded. Otherwise, it is unbounded.

Proof. To prove the theorem,we will show that either

(1) H is an induced subgraphof oneof the graphsS1;2;3, K 1;3 + 3K 1, K 1;3 + e, S1;1;3 + v,

in which casethe clique-width of H -free bipartite graphs is bounded by Theorems2, 3, 6
and 7 or

(2) H or eH contains either a cycle or a K 1;4 or a 2P3,

in which casethe clique-width of H -free bipartite graphs is unboundedby Theorems1 and
5.

Asssumethat condition (2) fails. Then each part of H contains at most six vertices,
sinceotherwiseeither H or eH contains a K 1;4. This simple observation reducesthe proof to
�nitely many casesthat can be analysedby direct inspection.

Case 1: neither H nor its complement hasa vertex of degreethree, i.e., every connected
component of H is a path. Denoteby H1 the largest of the components. Then H1 contains
at most six vertices, since otherwise a 2P3 arises. If H1 has six vertices, then H = H1

(else eH contains a vertex of degreethree), in which caseH is an inducedsubgraphof S1;2;3.
Similarly, if H1 has �v e vertices, then H is an induced subgraphof S1;1;3 + v, and if H1 has
at most 4 vertices,then H is an induced subgraphof S1;2;3.

Case 2: without lossof generality, H has a black vertex of degreethree, say a. Then,
since(2) fails, H hasno other verticesof degree3, and there are at most 2 additional black
vertices.

Case 2.1: H hasno black verticesexcepta. Then H is an inducedsubgraphof K 1;3+ 3K 1.
Case 2.2: H has exactly one additional black vertex, say b. Then, taking into account

that (2) fails, we concludethat a has at most two white non-neighbors. If the number of
such non-neighbors is 2, then H coincideswith S1;1;3 + v. If a has lessthan two white non-
neighbors, then either H is an induced subgraphof S1;1;3 + v (if b has a neighor amongthe
neighbors of a) or H is an induced subgraphof K 1;3 + e.

Case 2.3: H contains two black verticesexcepta, say b and c. Then each of b and c has
exactly oneneighbor amongthe neighbors of a, and a has at most onewhite non-neighbor,
in which caseH is an induced subgraphof S1;2;3.

4 2P3-free bipartite graphs

In this section, we show that 2P3-free bipartite graphs can have arbitrarily large clique-
width. This result also provides an a�rmativ e answer to the so far open question of the
unboundednessof the clique-width of P7-free bipartite graphs. Note that, in contrast with
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this result, in the classof P6-free bipartite (and more generally (P6; K 3)-free) graphs the
clique-width is bounded[2].

To prove the unboundednessof the clique-width in the classof 2P3-freebipartite graphs,
let us de�ne a sequenceof bipartite graphsf Gngn� 1 as follows.

Consider an (n + 1) � (n + 1) squaregrid with two vertices wi;j and bi;j in row i and
column j , where i; j 2 f 0; : : : ; ng. Delete verticesw0;i and bi; 0 for i 2 f 0; : : : ; ng. Let B1 =
f bi := b0;i j i 2 f 1; : : : ; ngg, W1 = f wi := wi; 0 j i 2 f 1; : : : ; ngg, B2 = f bi;j j i; j 2 f 1; : : : ; ngg,
W2 = f wi;j j i; j 2 f 1; : : : ; ngg. Then de�ne:

E1 := f wi;j bi;j j i; j 2 f 1; : : : ; ngg,
E2 := f wi bj j i; j 2 f 1; : : : ; ngg,
E3 := f wi bj;k j i; j; k 2 f 1; : : : ; ng; j � ig, and
E4 := f bi wj;k j i; j; k 2 f 1; : : : ; ng; j � ig.
For each integer n � 1, the bipartite graph with vertex set B1 [ B2 [ W1 [ W2 and edge

set E1 [ E2 [ E3 [ E4 will be denoted Gn . By de�nition, each of the vertex sets B1, B2,
W1, and W2 is an independent set, jB1j = jW1j = n, jB2j = jW2j = n2, B1 [ W1 inducesa
completebipartite graph, each of B1 [ W2 and W1 [ B2 inducesa 2K 2-free bipartite graph
(i.e., NW2 (bi ) � NW2 (bj ) and NB 2 (wi ) � NB 2 (wj ) for all 1 � i < j � n), and B2 [ W2 induces
n2K 2 (i.e., the disjoint union of n2 copiesof K 2).

Prop osition 1. Gn is 2P3-free.

Proof. Without lossof generality, let x 2 B1 [ B2 be the middle vertex of an induced P3,
denotedA. By contradiction, let y be the middle vertex of another P3, denotedB, such that
the set A [ B inducesa 2P3.

First, assumethat x 2 B2. Then, by de�nition of Gn , at least one edgeof A belongsto
Gn [B2 [ W1]. Then no vertex in B can belongto B1, sinceB1 is completelyadjacent to W1.
Therefore,asbefore,at least oneedgeof B belongsto Gn [B2 [ W1]. But then Gn [B2 [ W1]
contains a 2K 2, a contradiction.

So x 2 B1, and hencey doesnot belongto W1 (elsethere is an edgebetweenx and y).
To rule out the casesy 2 B2 and y 2 W2, which are symmetric to the oneconsideredabove,
we concludethat y 2 B1. Therefore,all edgesof A [ B belongto Gn [B1 [ W2], which is not
possiblesincethis is a 2K 2-free graph.

Theorem 5. cwd(Gn) � n=3.

Proof. Let cwd(Gn) = t and let � be a t-expressionde�ning Gn . The subtree of tree(� )
rooted at a node x will be denotedtree(x; � ). This subtreecorrespondsto a subgraphof Gn

which will be denotedGn(x). We shall say that the subgraphGn (x) contains a full row if
there is an i such that Gn(x) contains all white verticesof the row i (i.e., wi; 0; wi; 1; : : : ; wi;n ),
all black vertices of the row i (i.e., bi; 1; : : : ; bi;n ) and all the edgesof the form wi;j bi;j for
j = 1; : : : ; n. We de�ne the notion of Gn(x) containing a full column in a similar way.

Let x be a lowest � node in tree(� ) such that Gn (x) contains a full row or a full column.
Denote the children of x in tree(� ) by y and z. Let us color all vertices in Gn (y) blue and
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all verticesin Gn (z) red, and the remainingverticesof Gn yellow. We will usethe term non-
yellow to meana vertex that is either blue or red. The color of a vertex v will be denoted
color(v).

Also, for 1 � i; j � n, we denoteci;j the pair of verticeswi;j ,bi;j . We color ci;j red (blue)
if and only if bi;j and wi;j are red (blue) and there is an edgeconnecting them in Gn (x),
otherwisewe color ci;j yellow.

We note that edgesof Gn between di�erent colored vertices are not present in Gn (x).
By the choice of x, Gn (x) contains a non-yellow row or column, but none of its rows and
columnsis completely red or blue. Without lossof generality, assumethat Gn(x) contains a
non-yellow column. We denotethis column j and de�ne three disjoint setsof rowsasfollows:

� S1 := f i j wi := wi; 0 and bi;j have di�erent colorsg

� If i 62S1, there exists j 0 6= j such that ci;j and ci;j 0 have di�erent colors(otherwise i is
monochromatic). Then

{ S2 := f i j wi := wi; 0 and bi;j 0 have di�erent colorsg

{ S3 := f i j wi := wi; 0 and bi;j 0 have the samecolorg

Claim . For 1 � i � 3, Gn (x) contains jSi j verticeswith pairwise di�erent labels.

Case 1: Let i; i 0 2 S1, i < i0. Sincecolor(wi ) 6= color(bi;j ) and color(wi 0) 6= color(bi 0;j ),
neither of the edgeswi bi;j and wi 0bi 0;j is present in Gn (x). On the other hand, in Gn vertex
bi 0;j is connectedto wi 0 but not to wi , therefore wi and wi 0 must have di�erent labels in
Gn (x).

Case 2 is similar to Case1.
Case 3: Consider a row i 2 S3 and a column j 0 such that color(wi ) = color(bi;j ) =

color(bi;j 0) andcolor(ci;j ) 6= color(ci;j 0). Then the vertex bi;j 0 is not adjacent to the vertex wi;j 0

in Gn (x). Indeed,if they areadjacent, then they have the samenon-yellow color, which is the
color of the pair ci;j 0. But then color(ci;j ) = color(ci;j 0), a contradiction. If jS3j > 1, consider
one more row i 0 2 S3 and a column j 00such that color(wi 0) = color(bi 0;j ) = color(bi 0;j 00) and
color(ci 0;j ) 6= color(ci 0;j 00). In Gn (x), wi;j 0 is adjacent neither to bi;j 0 nor to bi 0;j 00, while in
Gn , wi;j 0 is adjacent to bi;j 0 but not to bi 0;j 00. Therefore, in Gn (x), bi;j 0 and bi 0;j 00 must have
di�erent labels.

Then by usingthe pigeonholeprinciple with the aboveclaim, weconcludethat cwd(Gn) =
t � n=3.

5 (K 1;3 + e)-free bipartite graphs

In the present section we prove that the clique-width of (K 1;3 + e)-free bipartite graphs is
bounded. A partial result on this topic can be found in [16], which proves that the clique-
width is boundedfor (K 1;3 + e;2P3)-free bipartite graphs. We now extend this result to the
entire classof (K 1;3 + e)-free bipartite graphs.
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Theorem 6. The cliquewidthof (K 1;3 + e)-free bipartite graphsis bounded by a constant.

Proof. Let G be a (K 1;3 + e)-free bipartite graph. Without lossof generality we assumethat
G is prime and indecomposablewith respect to canonical decomposition. Let let H be a
maximum well-orderableinducedsubgraphof G, with the corresponding ordering x1; : : : ; xp

of its vertex set. Without lossof generality, assumex1 is adjacent to x2. Sincethe �rst 7
verticesof H inducean S1;2;3, we may supposethat p � 7, otherwiseG is S1;2;3-free in which
casethe clique-width of G is at most 5 (Theorem 2).

Let H1 and H2 denote the sets of odd- and even-indexedvertices of H , respectively.
Let V1 [ V2 be the bipartition of V(G) such that H i � Vi for i = 1; 2. De�ne T1 to be
the set of vertices in V1nH adjacent to every vertex of H2, I 1 to be the set of vertices in
V1nH disconnectedfrom H2, and P1 to be the set of vertices in V1nH with a neighbor and
a non-neighbor in H2. T2, P2, and I 2 are de�ned analogously. Observe that in the bipartite
complement to G the rolesof Tj and I j change.

Prop osition 2. If x 2 P1 (resp. x 2 P2) and x is adjacent to x i 2 H and 2 � i � p � 3
(5 � i � p � 1), then x is adjacent to x i +2 (x i � 2).

Proof. Assumex 2 P1 is adjacent to x i 2 H2 and not to x i +2 , then the graph induced by
f x; x i ; x i � 1; x i +3 ; x i +1 ; x i +2 g forms a K 1;3 + e, a contradiction. Similarly, if x 2 P2 is adjacent
to x i 2 H1 and not to x i � 2, then the graph induced by f x; x i ; x i +1 ; x i � 3; x i � 1; x i � 2g forms a
K 1;3 + e, a contradiction.

Prop osition 3. T1 and T2 form a join. I 1 and I 2 are disconnected.

Proof. If a vertex x 2 T1 is not adjacent to a vertex y 2 T2, then the graph induced by
f x1; x3; x7; y; x6; xg forms a K 1;3 + e. The secondpart follows by complementary arguments.

Keeping in mind thesepropositions, as well as the fact that G is indecomposablewith
respect to canonicaldecomposition, we now show that either G is a well-orderablegraph or
it contains �nitely many vertices. The proof is devidedinto 3 generalcases.

Case 1: p � 10. Considera vertex x 2 P1. Then

� x is not adjacent to x2. Indeed, if x is adjacent to x2, then p is even, sinceotherwise
x is adjacent to every vertex of H2 by Proposition 2, which contradicts the de�nition
of P1. If p is even, then x is adjacent to f x4; : : : ; xp� 2g but not to xp. But now
f x1; x2; : : : ; xp; xg forms a well-orderablegraph larger than H , a contradiction.

� x is not adjacent to any vertex x i in H2 with i � 10, sinceotherwisethe graph induced
by f x1; x2; x5; x7; x; x i g forms a K 1;3 + e.

� x is not adjacent to any vertex x i in H2 with 4 � i � p � 3, sinceotherwisethe graph
induced by f x1; x2; x; x i ; x i � 1; x i +3 g forms a K 1;3 + e.
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� x is not adjacent to any vertex x i in H2 with 8 � i � p � 1, sinceotherwisethe graph
induced by f x; x i ; x i � 7; x i � 6; x i � 3; x i +1 g forms a K 1;3 + e.

But then x has no neighbors in H2, which meansthat P1 must be empty. In a similar
way, we can show that P2 must be empty too. But then T1 = T2 = I 1 = I 2 = ; , since
otherwiseG is decomposablewith respect to canonicaldecomposition. Therefore,G = H is
a well-orderablegraph, and by Lemma 2 the clique-width of G is at most 4.

Case 2: p = 8 or p = 9. We will show that P1 and T2 form a join (P2 and T1 form a
join) and P1 is disconnectedfrom I 2 (P2 is disconnectedfrom I 1).

Assumethe contrary: a vertex x 2 P1 is not adjacent to a vertex y 2 T2. By Proposition 2,
x is adjacent to either x6 or x8. Then either the graph induced by f x; x6; y; x1; x3; x7g or
f x; x8; y; x1; x3; x5g forms K 1;3 + e, a contradiction.

Now let a vertex x 2 P2 be non-adjacent to a vertex y 2 T1. If x is adjacent to either x3

or x1, we arrive at a contradiction similarly as above. If x is adjacent to neither x3 nor x1,
then p = 9 and x is adjacent only to x9. But then f x1; x2; : : : ; xp; xg inducea well-orderable
graph larger than H , again a contradiction.

Now assumethat a vertex x 2 P2 is adjacent to a vertex y 2 I 1. A K 1;3 + e can be
easily found if x is not adjacent to x9 or x7. If x is adjacent both to x9 (in casep = 9)
and to x7, then by Proposition 2, x is adjacent to x5 and x3 and hencethe graph induced
by f x; x1; x2; : : : ; xpg forms a well-orderablegraph larger than H . This contradiction shows
that P2 and I 1 are disconnected.

Finally, let x 2 P1 be adjacent to y 2 I 2. In casep = 8, the arguments are symmetric
to thosepresented before. If p = 9 and x is adjacent to x2, we know it must be adjacent to
x4, x6 and x8, which contradicts the de�nition of P1. If x is not adjacent to x2, the graph
induced by f x; y; x1; x2; x5; x7g forms a K 1;3 + e.

From the above discussionwe conclude that if at least one of the sets T1, T2, I 1, or
I 2 is not empty, then G is decomposablewith respect to canonical decomposition, which
contradiscts our initial assumption. To completethe proof, we will show that P1 and P2 are
of boundedsize.

For a subsetof verticesS � H2, wede�ne P1(S) := f x 2 P1 j N (x)\ H2 = Sg. Remember
that P1(; ) and P1(H2) are empty by de�nition. For any other S � H2, if P1(S) contains at
least two vertices, then any y 2 S is the center of a claw, and the readercan easily �nd an
edgein H that forms a K 1;3 + e together with that claw. Therefore,for any S � H2, P1(S)
contains at most 1 vertex and henceP1 is of boundedsize. Similarly, we can show that P2

is of boundedsize. But then the sizeof G, and hencethe clique-width of G, is boundedby
a constant.

Case 3: p = 7. Similar to the previouscase,we can show that P1 and P2 are of bounded
size. Also, by analogywith Case2 we candeducethat P1 and T2 form a join, while P1 and I 2

are disconnected.However, we cannot make the sameobservations about P2. To overcome
this di�cult y, we partition P2 with respect to its relationship with I 1 and T1 as follows:

� P1
2 is the set of vertices in P2 that have a neighbor in I 1 and form a join with T1;
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� P2
2 is the set of vertices in P2 that are disconnectedfrom I 1 and have a non-neighbor

in T1;

� P3
2 is the set of vertices in P2 that are disconnectedfrom I 1 and form a join with T1.

Let us show that P 1
2 [ P2

2 [ P3
2 is a partition of P2. To this end, consider a vertex

x 2 P2 and assumex is not an element of P 3
2 . Then either x has a neighbor y 2 I 1 or a

non-neighbor z 2 T1. Notice that if x is adjacent to y 2 I 1, then x is adjacent to each vertex
of T1, sinceotherwisethe graph induced by f x; y; z; x2; x4; x6g forms a K 1;3 + e. Therefore,
if x has a neighbor in I 1, it belongsto P1

2 . Similarly, if x has a non-neighbor in T1, then x
is disconnectedfrom I 1, in which casex 2 P2

2 .
We shall say that a vertex v 2 P2 is adjacent to a subsetS � H1 if N (v) \ H1 = S.

Observe that v cannot be adjacent to f x7; x5; x3g or f x7g, for then the set f x1 : : : ; xp; vg
would inducea well-orderablegraph larger than H . A simplecaseanalysisshows that v can
only be adjacent to the setsS1 := f x5; x3; x1g, S2 := f x5; x3g, S3 := f x3; x1g, S4 := f x1g,
S5 := f x7; x3g or S6 := f x7; x1g.

Now let us show that either P 1
2 or P2

2 is empty. Assumeotherwise: x 2 P 1
2 and y 2 P2

2 .
By de�nition, there must exist a vertex w 2 T1 non-adjacent to y and a vertex z 2 I 1

adjacent to x. We then observe the following:

� y is not adjacent to S4, S2 or S3, sinceotherwisethe graph induced, respectively, by
f w; x4; x3; x7; y; x1g, f w; x1; x2; x7; y; x3g, and f w; x2; x5; x7; y; x3g forms a K 1;3 + e.

� y is not adjacent to S1, sinceotherwiseG contains a K 1;3 + e induced by

{ f w; x4; x6; x; y; x1g if x is adjacent to S2 or S5,

{ f w; x2; x6; x; y; x3g if x is adjacent to S4 or S6,

{ f x; z; y; x5; x2; x6g if x is adjacent to S3.

� y is not adjacent to S5, sinceotherwiseG contains a K 1;3 + e induced by

{ f x7; y; x2; x4; x; zg if x is adjacent to S1 or to S2,

{ f x4; x7; x; y; x5; x6g if x is adjacent to S6,

{ f x1; w; x; z; y; x7g if x is adjacent to S3 or to S4.

� y is not adjacent to S6, sinceotherwiseG contains a K 1;3 + e induced by

{ f x7; y; x3; x5; x; wg if x is adjacent to S1 or S2,

{ f x1; x2; x; y; x3; x4g if x is adjacent to S4,

{ f x; x3; z; w; y; x7g if x is adjacent to S3,

{ f x7; x; y; x4; x5; x6g if x is adjacent to S5.



RRR 31-2006 Page 13

Thus we concludethat either P 2
2 or P1

2 is empty. Without lossof generality, we may assume
that P2

2 is empty, sinceotherwisewe can switch to the bipartite complement of G. SinceG
is indecomposablewith respect to canonicaldecomposition, we must concludethat T1 and
I 2 are empty.

If I 1 is empty, then T2 is empty too, sinceotherwiseG is decomposablewith respect to
canonicaldecomposition. But then G, and hencethe clique-width of G, is of boundedsize.

Assumenow I 1 is not empty. By de�nition, any vertex x 2 P 1
2 has a neighbor y 2 I 1.

Therefore,x cannot be adjacent to S1, S3, S5, or S6, sinceotherwisethe graph induced by
f x1; x5; x; y; x7; x4g, f x3; x1; x; y; x6; x5g, f x7; x3; x; y; x6; x5g, or f x7; x1; x; y; x6; x5g respec-
tively forms a K 1;3 + e.

If T2 is non-empty, then, to avoid an induced K 1;3 + e, we conclude that T2 forms a
join with the subset of vertices of I 1 that have a neighbor in P 1

2 . But then G is can be
partitioned into a biclique and an independent set, a contradiction. Therefore,T2 is empty,
which implies that jI 1j is bounded. Indeed,any vertex v 2 I 1 hasa neighbor in P1

2 , elsev is
isolated in G. On the other hand, every vertex of P 1

2 is adjacent to at most 2 verticesof I 1,
sinceotherwisea K 1;3 + e arises.But then jI 1j � 2jP1

2 j, and thereforeG is of boundedsize.
This completesthe proof of the theorem.

6 (S1;1;3 + v)-free bipartite graphs

Theorem 7. The clique-widthof (S1;1;3 + v)-free bipartite graphsis bounded by a constant.

Proof. The proof of this theorem follows the samestrategy as that of Theorem 6. In par-
ticular, we assumethat G is a prime (S1;1;3 + v)-free bipartite graph indecomposablewith
respect to canonicaldecomposition, and H is a maximum well-orderableinduced subgraph
of G. We keepthe samenotation H1, H2, P1, P2, I 1, I 2, T1, and T2 for subsetsof verticesof
G, and assumethat G is indecomposablewith respect to canonicaldecomposition.

As before,we observe that any 7 consequtive vertices of H induce an S1;2;3. Therefore,
we assumethat p � 7, sinceotherwiseG is S1;2;3-free and the clique-width of G is bounded
by Theorem2. We alsoconcludethat p < 9, elsethe verticesx3 through x9 induce an S1;2;3

which togetherwith x1 createsan S1;2;3+ v. The rest of the proof is partitioned into 2 general
casesaccordingto the number of verticesof H .

Case 1: p = 8. This caseis symmetric in the sensethat any statement on an odd-indexed
subsetof G follows by symmetry for a respective even-indexedsubset.Therefore,we analyze
odd-indexedsubsetsonly.

First, we observe that I 1 is empty, sinceotherwisethe verticesx2; x1; x5; x7; x4; x3; x with
x 2 I 1 induce an S1;1;3 + v.

Next we notice that T1 is empty, sinceotherwisethe verticesx4; x3; x7; x; x6; x5; x1 with
x 2 T1 induce an S1;1;3 + v.

Now we analyze the structure of P1 and P2. Let Pi (S) denote the set of vertices in
Pi adjacent to the set S in H . The sameproof that T1 is empty can be usedto show that
P1(x2; x4; x6), P1(x4; x6), P1(x4; x6; x8) areempty. Now we identify thosesubsetsS for which
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P1(S) contains at most one vertex. To this end, we assumex; y 2 P1(S) and concludeby
contradiction that jP1(S)j � 1 in case

� S = f x6g or S = f x6; x8g, sinceotherwisef x6; x; y; x5; x2; x7; x3g inducesan S1;1;3 + v.

� S = f x8g or S = f x4; x8g, sinceotherwisef x6; x; y; x7; x2; x5; x3g inducesan S1;1;3 + v.

� S = f x2; x8g or S = f x2; x6; x8g, since otherwise f x8; x; y; x7; x4; x3; x1g induces an
S1;1;3 + v.

By Lemma 5, the sets P1(S) with jP1(S)j � 1 can be neglected. So we are left with
P1(x2), P1(x4), P1(x2; x4), P1(x2; x6), and P1(x2; x4; x8). By symmetry we are restricted to
the following subsetsof P2: P2(x7), P2(x5), P2(x7; x5), P2(x7; x3), and P2(x7; x5; x1). In what
follows we analyzethe structure of bipartite graphsinducedby P1(S) and P2(S0) for various
subsetsS � H2 and S0 � H1. The results of the analysisare summarizedin the following
table.

P2(x7) P2(x5) P2(x7; x5) P2(x7; x3) P2(x7; x5; x1)
P1(x2) deg� 1 edgeless edgeless edgeless complete
P1(x4) edgeless edgeless complete complete edgeless

P1(x2; x4) edgeless complete complete edgeless complete
P1(x2; x6) edgeless complete edgeless edgeless complete

P1(x2; x4; x8) complete edgeless complete complete deg� 1

Due to the symmetry, it is enoughto consideronly half of the table.

� P1(x2) and P2(x7) induce a bipartite graph of vertex degree at most 1: if a vertex
x 2 P1(x2) would have two neighbors y; z 2 P2(x7), then f x; y; z; x2; x7; x4; x6g would
form an S1;1;3 + v. By symmetry, no vertex of P2(x7) can have more than oneneighbor
in P1(x2).

� P1(x2) and P2(x7; x5) induce an edgelessgraph: if a vertex x 2 P1(x2) is adjacent to a
vertex y 2 P2(x7; x5), then f y; x; x5; x7; x4; x3; x1g inducesan S1;1;3 + v.

� P1(x2) and P2(x7; x5; x1) induce a complete bipartite graph: if x 2 P1(x2) and y 2
P2(x7; x5; x1) are not adjacent, then f y; x1; x5; x7; x4; x3; xg inducesan S1;1;3 + v.

� P1(x2) and P2(x5) induce an edgelessgraph: if x 2 P1(x2) and y 2 P2(x5) are adjacent,
then f x7; x8; x4; x2; x; y; x6g inducesan S1;1;3 + v

� P1(x2) and P2(x7; x3) induce an edgelessgraph unlessjP2(x7; x3)j = 1: First we show
that any vertex x 2 P1(x2) has at most one neighbor in P2(x7; x3). Indeed, if x is
adjacent to y; z 2 P2(x7; x3), then f x; y; z; x2; x5; x6; x4g inducesan S1;1;3 + v. Now
we show that if jP2(x7; x3)j > 1, then x 2 P1(x2) cannot have neighbors in P2(x7; x3).
Assumethe contrary: x is adjacent to y 2 P2(x7; x3) andnon-adjacent to z 2 P2(x7; x3).
Then f x3; x4; z; y; x; x2; x6g inducesan S1;1;3 + v, a contradiction.
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� P1(x4) and P2(x5) induce an edgelessgraph: if x 2 P1(x4) and y 2 P2(x5) are adjacent,
then f x4; x7; x3; x; y; x5; x1g inducesan S1;1;3 + v.

� P1(x4) and P2(x7; x5) induce a complete bipartite graph: if x 2 P1(x4) and y 2
P2(x7; x5) are not adjacent, then f x4; x3; x; x7; y; x5; x1g inducesan S1;1;3 + v.

� P1(x4) and P2(x7; x3) induce completebipartite graph: if x 2 P1(x4) and y 2 P2(x7; x3)
are not adjacent, then f x2; x1; x5; x7; y; x3; xg inducesan S1;1;3 + v.

� P1(x4) and P2(x7; x5; x1) induce an edgelessgraph: if x 2 P1(x4) and y 2 P2(x7; x5; x1)
are adjacent, then f x5; x2; x6; y; x; x4; x8g inducesan S1;1;3 + v.

� P1(x2; x4) and P2(x7; x5) induce a completebipartite graph: if x 2 P1(x2; x4) and y 2
P2(x7; x5) are not adjacent, then f x5; x6; y; x2; x; x4; x8g inducesan S1;1;3 + v.

� P1(x2; x4) and P2(x7; x3) induce an edgelessgraph: if x 2 P1(x2; x4) and y 2 P2(x7; x3)
are adjacent, then f x; y; x4; x2; x5; x6; x8g inducesan S1;1;3 + v.

� P1(x2; x4) and P2(x7; x5; x1) induce a completebipartite graph: if x 2 P1(x2; x4) and
y 2 P2(x7; x5; x1) are not adjacent, then f x5; y; x6; x2; x; x4; x8g inducesan S1;1;3 + v.

� P1(x2; x6) and P2(x7; x3) induce an edgelessgraph: if x 2 P1(x2; x6) and y 2 P2(x7; x3)
are adjacent, then f x; x2; x6; y; x3; x4; x8g forms S1;1;3 + v.

� P1(x2; x6) and P2(x7; x5; x1) induce a completebipartite graph: if x 2 P1(x2; x6) and
y 2 P2(x7; x5; x1) are not adjacent, then f y; x1; x5; x7; x4; x3; xg inducesan S1;1;3 + v.

� P1(x2; x4; x8) and P2(x7; x5; x1) induce a bipartite graph of vertex degree at most 1:
if y 2 P2(x7; x5; x1) is adjacent to x; z 2 P1(x2; x4; x8), then f x8; x; w; x7; y; x1; x3g
inducesan S1;1;3 + v. By symmetry no vertex of P1(x2; x4; x8) can have more than one
neighbor in P2(x7; x5; x1).

SinceG is a prime graph, every set of vertices with the sameneighborhood has size1.
From this we concludethat P1(x4), P1(x2; x6), P1(x2; x4), P2(x5), P2(x7; x5), and P2(x7; x3)
are singletons.

By deleting �nitely many vertices we are left with the graph induced by H , P1(x2),
P1(x2; x4; x8), P2(x7), and P2(x7; x5; x1). By deleting eight more vertices, we can rid our-
selves of H as well. The bipartite complement of the remaining graph has two connected
components, each of which is S1;2;3-free. Therefore,the remaininggraph hasboundedclique-
width. By Lemma 5, this implies that G is of boundedclique-width too.

Case 2: p = 7. This caseis not symmetric, but in this caseH is self-complementary.
Remember that S1;1;3 + v is self-complementary too and hencethe bipartite complement of
G is again (S1;1;3 + v)-free, which allows us to simplify the proof by using complementary
arguments, whereapplicable.
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As in the casewhen p = 8, we know that T1 and I 1 are empty. Also, we conclude
that either T2 or I 2 is empty. Indeed, if x 2 T2 and y 2 I 2, then the graph induced by
f x5; x6; x2; x; x3; x4; yg forms S1;1;3 + v. Without lossof generality, we may assumethat T2

is empty, sinceotherwisewe can considerthe bipartite complement of G.
If we do an analysis similar to that done when p = 8, we �nd that Pi (S) contains at

most onevertex, except for P1(x2), P1(x4), P1(x2; x4), P1(x2; x6), P2(x5), P2(x7), P2(x5; x7),
P2(x3; x7), P2(x1; x5; x7), P2(x3; x5; x7).

Exactly asin casep = 8, weconcludethat P1(x2) and P2(x7; x5) inducean edgelessgraph,
while P1(x4) and P2(x7; x5) induce a completebipartite graph. Observe that the set P1(x2)
plays the samerole in G asthe set P1(x2; x4) in the complement to G. A similar relationship
exists between P1(x4) and P1(x2; x6). But the role of P2(x7; x5) does not change in the
complement of G. This discussionleadsto the conclusionthat the verticesin P2(x7; x5) have
the sameneighborhood andhencejP2(x7; x5)j = 1. Analogously, wederive that jP2(x7; x3)j =
1. For the remaining subsetswe createa table similar to that in casep = 8. We alsoinclude
in this table I 2.

P2(x7) P2(x5) P2(x7; x5; x1) P2(x7; x5; x3) I 2

P1(x2) deg� 1 Claim 1 complete Claim 2 Claim 5
P1(x4) edgeless edgeless Claim 3 Claim 4 Claim 6

P1(x2; x4) * * * * Claim 7
P1(x2; x6) * * * * Claim 8

Taking into account the relationship betweenP1(x2) and P1(x2; x4), as well as between
P1(x4) and P1(x2; x6), we complete only the �rst two lines of the table, the rest follows
by complementary arguments. Where applicable, the information in this table is borrowed
from the respective table in the previouscase.To �ll in the remaining entries, we provide a
number of claims.

Claim 1. The graph induced by P1(x2) and P2(x5) either

� hasno verticesof degree more than one, or

� has at most one non-trivial connected component, which is a K 1;n with central vertex
in P2(x5).

Proof. If a vertex x 2 P1(x2) has two neighbors y; z 2 P2(x5), then the graph induced
by f x; y; z; x2; x7; x4; x6g forms S1;1;3 + v. Therefore, any vertex of P1(x2) has at most one
neighbor in P2(x5).

Now assumethat y 2 P2(x5) has at least two neighbors x; y 2 P1(x2). If the graph
induced by P1(x2) and P2(x5) has at least one more non-trivial connectedcomponent with
vertices a 2 P2(x5) and b 2 P1(x2), then the set f x; y; z; x5; a;b;x3g inducesan S1;1;3 + v.
This contradiction completesthe proof.

Claim 2. No vertex of P1(x2) distinguishesP2(x3; x5; x7)



RRR 31-2006 Page 17

Proof. If x 2 P1(x2) is adjacent to y 2 P2(x3; x5; x7) but not z 2 P2(x3; x5; x7), then the set
f x3; z; x4; y; x; x2; x6g inducesan S1;1;3 + v.

Claim 3. No vertex of P1(x4) distinguishesP2(x1; x5; x7).

Proof. If x 2 P1(x4) is adjacent to y 2 P2(x1; x5; x7) but not z 2 P2(x1; x5; x7), then the set
f x1; z; x2; y; x; x4; x6g inducesan S1;1;3 + v.

Claim 4. No vertex of P2(x3; x5; x7) distinguishesP1(x4).

Proof. If a vertex x 2 P2(x3; x5; x7) is adjacent to y 2 P1(x4) and non-adjacent to z 2 P1(x4),
then the set f x; y; x3; x7; x2; x1; zg inducesan S1;1;3 + v.

Claim 5. No vertex of P1(x2) has more than two neighbors in I 2.

Proof. If y 2 P1(x2) is adjacent to x; w 2 I 2, then the set f y; x; w; x2; x5; x6; x4g inducesan
S1;1;3 + v.

Claim 6. No vertex of P1(x4) has more than two neighbors in I 2.

Proof. If y 2 P1(x4) is adjacent to x; w 2 I 2, then the set f y; x; w; x4; x7; x2; x6g inducesan
S1;1;3 + v.

Claim 7. No vertex of P1(x2; x4) distinguishesI 2.

Proof. If y 2 P1(x2; x4) is adjacent to x 2 I 2 but not w 2 I 2, then the setf y; x; x4; x2; x5; x6; wg
inducesan S1;1;3 + v.

Claim 8. No vertex of P1(x2; x6) distinguishesI 2.

Proof. If y 2 P1(x2; x6) is adjacent to x 2 I 2 but not w 2 I 2, then the setf y; x; x6; x2; x7; x4; wg
inducesan S1;1;3 + v.

From the above seriesof claims we know that no vertex of P2(x7) [ P2(x1; x5; x7) [
P2(x3; x5; x7) distinguishes P1(x2; x6). On the other hand, we know that no vertex of
P1(x2; x6) distinguishesP2(x5) or I 2. Therefore, P1(x2; x6) consistsof at most 4 modules
and hencejP1(x2; x6)j � 4. This allows us to excludeP1(x2; x6) from further considerations.
The rest of the proof is devidedinto 2 subcases.

Case 2.1: I 2 is nonempty. Then P2(x5) and P2(x7) areempty (if x 2 P2(x5) [ P2(x7) and
y 2 I 2, then either f x5; x; x6; x2; x7; x4; yg or f x7; x; x4; x2; x5; x6; yg inducesan S1;1;3 + v).
We now partition the graph G � H into two induced subgraphsG1 and G2 as follows:
G1 = G[P1(x2) [ P1(x4) [ I 2] and G2 = G[P1(x2; x4) [ P2(x1; x5; x7) [ P2(x3; x5; x7)]. In
G1, every connectedcomponent is a star K 1;n . In the complement to G2, every component
is a path with at most 3 vertices. Therefore, the clique-width of G1 and G2 is bounded.
Consequently, by Lemma 4, the clique-width of G � H and henceof G is bounded.
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Case 2.2: I 2 is empty. Then P1(x4) consistsof �nitely many modules and hencethe
sizeof P1(x4) is bounded. We now partition the graph G � (H [ P1(x4)) into two induced
subgraphsG1 and G2 as follows: G1 = G[P1(x2) [ P2(x5) [ P2(x7)] and G2 = G[P1(x2; x4) [
P2(x1; x5; x7) [ P2(x3; x5; x7)]. As before,we concludethat the clique-width of G1 and G2,
and henceof G (Lemmas4, 5), is bounded.
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