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DATA ANALYSIS 

Peter L. Hammer  Irina I. Lozina  

Abstract. In  [12],  we  proposed  a  simple procedure for generating artificial Boolean 
variables. In  this paper,  we  present  a  formal  description  of  the  procedure and apply the 
new variables to different problems in machine-learning / data-mining. In particular, we 
demonstrate the usefulness of these concepts by showing how the introduction of artificial 
variables can enhance the accuracy of classification systems; we employ the new variables for 
identifying misclassified  observations  and  examine  how  deletion  of  such  observations  and  
reversal  of their class  influence  the  classification  accuracy;  we  apply  the  new  artificial  
variables  to  the attribute selection  problem,  i.e.,  to  the  problem  of  identifying  informative  
subsets  of  the  original attributes. All the results have been tested on eight publicly available 
datasets and validated by five well-known machine-learning / data-mining methods.                                   
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1 Introduction 
In [12], we proposed a simple procedure for generating artificial Boolean variables. In this 

paper, we present a formal description of the procedure and apply the new variables to different 
problems in machine-learning / data-mining. In particular,  

 
 we demonstrate the usefulness of these concepts by showing how the introduction of 

artificial variables can enhance the accuracy of classification systems; 
 we employ the new variables for identifying misclassified observations and examine how 

deletion of such observations and reversal of their class influence the classification 
accuracy; 

 we apply the new artificial variables to the attribute selection problem, i.e., to the 
problem of finding “good” (informative) subsets of the original attributes, or 
equivalently, identifying “bad” (irrelevant and/or redundant) attributes in the given 
datasets.   

 
In our computational experiments we use five well-known machine-learning / data-mining 

methods:  
 

 support vector machines (SMO),  
 artificial neural networks (MP),  
 linear logistic regression (SL),  
 decision trees (C4.5), 
 logical analysis of data (LAD). 

 
For the first four methods we have used software available in the WEKA package [21], while 

for LAD we have used the Datascope software developed at RUTCOR [14]. The methods were 
experimentally applied to the following eight publicly available benchmark datasets: 

 
• BUPA liver-disorders (bld),  
• German credit (ger),  
• Pima Indians Diabetes (pid),  
• Cleveland heart disease (hea),  
• Australian credit (aus),  
• Ionosphere (ion),  
• Wisconsin breast cancer (bcw),  
• Congressional voting records (vot),  

 
taken from the Repository of  the University of California at Irvine [13].  The description and 
binarization of these datasets can be found in [12]. 
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2 Generation of Composite Boolean Separators 

In this section we recall basic notions described in [12].  A binary dataset Ω consists of a 
subset of n-vectors with binary {0,1} components, each of which has an associated binary 
outcome.  The n-vectors of Ω are called observations, while those whose outcome is 1 
(respectively 0) are called positive (respectively negative) observations. We shall denote the sets 
of all positive and negative observations in Ω by Ω+ and Ω-, respectively. The i-th components of 
all the vectors in Ω will be viewed as the values of a variable xi; frequently variables are also 
called attributes or features. 

Clearly, the set of n-vectors in Ω and their outcomes represent a partially defined Boolean 
function. The central problem of machine-learning / data-mining, the so-called classification 
problem, consists in finding an “extension” of the partially defined Boolean function (i.e., a 
Boolean function which is defined in every binary n-vector, and which agrees in Ω with the 
given values) closely approximating a hidden (“target”) function. 

Given a Boolean function y depending on a subset of the Boolean variables x1, x2, … , xn in 
the dataset, the classification power of  y, CP(y), is defined in the following way: if π(y) denotes 
the number of positive observations for which the value of y is 1, and υ(y) denotes the number of 
negative observations for which the value of y is 0, then  
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In [12], we described a procedure for creating a set of artificial Boolean variables. In this 

section, we formalize this procedure. Observe that in the present paper we use a different 
terminology to name the artificial variables and call them Composite Boolean Features (CBFs).   

In order to present in detail the procedure of generating composite Boolean features we shall 
define the negation x  of a binary {0,1} variable x as 1 – x, and  define for any two binary 
variables xi and xj, their  disjunction xi ∨ xj  =  xi + xj – xi xj,  their conjunction  xi & xj, defined as 
their product  xi xj  (and denoted simply as  xi xj), and their  sum  modulo 2 as   xi ⊕ xj  = xi + xj – 
2 xi xj.   Note that treating the 0,1 values of Boolean variables as the numbers 0,1 (i.e., not as 
symbols) allows the definition of arithmetic operations with them, and does not lead to any 
confusion.  

In order to construct the composite Boolean features associated to a dataset we shall associate 
to every pair of Boolean variables xi, xj all the Boolean functions yk(xi, xj)  depending on them. In 
total, there are 16 Boolean functions of two variables: 

 
1, 0, xi, ix , xj, jx , xi ∨ xj,  xi xj,  xi ∨ jx , xi jx , ix ∨ xj, ix xj, ix ∨ jx , ix jx , xi ⊕ xj, ji xx ⊕    

 
Obviously, we can exclude from our consideration the two constant functions 0 and 1. Also, 

we do not need the two functions xi and xj as they are present in the dataset. Therefore, to every 
pair of Boolean variables we shall associate 12 Boolean functions. In order to reduce the number 
of Boolean functions generated in this way, we shall calculate the CP of each yk(xi, xj) and retain 
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only those functions whose CP exceeds a certain threshold. In this paper, we take as the 
threshold the maximum of CP(xi) for all i =   1,…, n;  clearly, choosing a higher  (lower) 
threshold would lead to the retention of a smaller (larger) set of CBFs. 

Before we proceed to a formal description of the procedure of generating composite Boolean 
features, let us consider a simple example illustrating the main steps of the procedure. 

 
Example. Let us consider a dataset containing three negative observations (A,B,C) (the 

“class” of these is labeled 0) and three positive observations (D, E, F) (the “class” of these is 
labeled 1), described in terms of four binary variables (x1, x2, x3, x4): 

 
Obs. x1 x2 x3 x4 class

A 0 1 0 0 0 
B 1 1 1 0 0 
C 0 0 0 1 0 
D 1 0 1 0 1 
E 1 0 0 0 1 
F 0 0 1 1 1 

 

We shall examine now the CBFs depending on the 



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
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 = 6 possible pairs of original 

variables. As mentioned above, for each pair of variables we shall list 12 Boolean functions 
depending on these two variables. For example, for the pair x1, x2 we shall construct the 
following functions: 

 
Obs. 1x  x1 x2 x1 ∨ x2 x1 2x  x1 ∨ 2x  x1 ⊕ x2 

A 1 0 1 0 0 1 
B 0 1 1 0 1 0 
C 1 0 0 0 1 0 
D 0 0 1 1 1 1 
E 0 0 1 1 1 1 
F 1 0 0 0 1 0 

CP 2/6 2/6 1/2 5/6 4/6 4/6 
 
 

Obs. 2x  21 xx ∨ 21xx  21 xx ∨  21xx   
21 xx ⊕  

A 0 1 0 1 1 0 
B 0 0 0 1 0 1 
C 1 1 1 1 0 1 
D 1 1 0 0 0 0 
E 1 1 0 0 0 0 
F 1 1 1 1 0 1 

CP 5/6 4/6 1/2 1/6 2/6 2/6 
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In the line called CP we indicate the classification power of each of the 12 functions above. 
For example, the CP of the function x1x2 is 2/6 (since this function agrees with the outcome in the 
observations A and C), and the CP of its compliment is 4/6 (since the complement agrees with 
the outcome in the observations B, D, E and F). Similar tables can be constructed for all the other 
pairs of variables.  

Since the largest value of CP corresponding to the variables x1,…, x4  is 4/6 (achieved on x1 
and x3),  we shall retain only those CBFs which have a CP of  5/6 or higher; the retained columns 
are the following: 

 

2x , x1 2x ,   x1 ∨ x3,  x1 ⊕ x3,  32 xx ,  42 xx ,  42 xx ∨ ,  42 xx ⊕ . 
 

Obs. x1 x2 x3 x4 2x  x1 2x  x1 ∨ x3 x1 ⊕ x3 32 xx 42 xx  42 xx ∨  
42 xx ⊕

A 0 1 0 0 0 0 0 0 0 0 0 0 
B 1 1 1 0 0 0 1 0 0 0 0 0 
C 0 0 0 1 1 0 0 0 0 0 1 0 
D 1 0 1 0 1 1 1 0 1 1 1 1 
E 1 0 0 0 1 1 1 1 0 1 1 1 
F 0 0 1 1 1 0 1 1 1 0 1 0 

CP 4/6 1/6 4/6 1/2 5/6 5/6 5/6 5/6 5/6 5/6 5/6 5/6 
 
It can be seen that the CBF 42 xx ∨  takes the same values as 2x  in each of the 6 observations. 

Therefore this feature can be eliminated from the table. Similarly, both 42 xx  and   42 xx ⊕  take 
the same values as x1 2x , and therefore it is enough to retain one (say, x1 2x ) of these three 
composite Boolean features. The set of original variables and retained CBFs (to be denoted by 
x5, x6, x7, x8 and x9) becomes  

 
Obs. x1 x2 x3 x4 x5 = 2x  x6 = x1 2x x7 = x1 ∨ x3 x8  =  x1 ⊕ x3 x9 = 32 xx  class

A 0 1 0 0 0 0 0 0 0 0 
B 1 1 1 0 0 0 1 0 0 0 
C 0 0 0 1 1 0 0 0 0 0 
D 1 0 1 0 1 1 1 0 1 1 
E 1 0 0 0 1 1 1 1 0 1 
F 0 0 1 1 1 0 1 1 1 1 

CP 4/6 1/6 4/6 1/2 5/6 5/6 5/6 5/6 5/6  
 
Now let us summarize the above discussion in the following procedure for generating 

composite Boolean features. We view the computation of the classification power of a variable x 
as a single call of a subroutine CP(x). 
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As we mentioned before, the choice of the threshold M proposed in the algorithm is not the 
only possible way to define it; choosing a higher (lower) threshold would lead to the retention of 
a smaller (larger) set of composite Boolean features. 

The CBFs identified in the process described above can be regarded as synthetic variables 
associated to the dataset. As such, they can be simply added to the original data, and the process 
can now be repeated on the augmented dataset. Moreover, the resulting CBFs can again be added 
to the new dataset, and the process can be repeated again. If in a certain step Algorithm CBF 
produces no new composite Boolean features, we terminate the process and call the CBFs found 
in the previous step the Composite Boolean Separators (CBSes) of the original dataset (in [12],  
composite Boolean separators were named Approximate Boolean Classifiers).  

It is important to note that it is not necessarily true that there exists a CBS whose values 
coincide with the correct classification of all the observations in the dataset. Our experience 
shows however that in every example we have studied, several separators were found which took 
the same values as the outcome of “almost all” observations. 

 
Example (continued).  Let us repeat now the procedure for generating CBFs, with x1, …, x9 

playing the role of original variables. Applying Algorithm CBF to the extended table, we find the 
four new composite Boolean features, 75xx , x6 ∨ x8,  x6 ∨ x9, 98 xx ∨ having CP values exceeding 
5/6. 

 
 

Algorithm CBF 

Input: a pdBf F(x1,x2,…,xn)  

Output: a set B of composite Boolean features   

 M:=max{ CP(x1),…, CP(xn)} 

 p:=n 

 B:=∅ 

 For each i=1,…,n-1, 

  For each j=i+1,…,n, 

   For each k=1,…,12, 

    Compute Boolean function fk(xi,xj)  

    If CP(fk(xi,xj)) >M  and   fk(xi,xj)≠xl, for each l=1,…,p,   

then p:=p+1, xp:= fk(xi,xj), B:=BU { xp} 

 Return B 
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Obs. f1= 75xx  f2= x6 ∨ x8 f3= x6 ∨ x9 f4 = x8 ∨ x9 class 
A 0 0 0 0 0 
B 0 0 0 0 0 
C 0 0 0 0 0 
D 1 1 1 1 1 
E 1 1 1 1 1 
F 1 1 1 1 1 

CP 1 1 1 1  
 
In conclusion, we have found four functions (f1, f2,  f3 and f4) which take exactly the same 

values as the class; clearly these functions are CBSes. Substituting in the expressions of these 
separators, the expressions of x5, …, x9 as functions of the original variables x1, …, x4, we find 
that:  

f1  = 2x (x1 ∨ x3), 
            f2  = (x1 2x ) ∨ (x1 ⊕ x3), 

        f3  = (x1 2x ) ∨ ( 2x x3), 
           f4  = (x1 ⊕ x3) ∨ ( 2x x3). 

 
We conclude this section with a formal description of the procedure for generating composite 

Boolean separators. This procedure uses Algorithm CBF as a subroutine. For the conceptual 
clarity, we purposely omit some implementation details that are used to improve its efficiency. 
 
 
 
 
 
 
 
 
 

 

 
 

 

3 Classification with Composite Boolean Separators 
It has been shown in [12] that the values of the different separators coincide among 

themselves in a (usually) very high proportion of the observations given in a dataset. Moreover, 
the values of the CBSes are very frequently equal to 1 (respectively to 0) in the positive 

  Algorithm CBS (Composite Boolean Separators) 

  Input: a pdBf F 

  Output: a set B of CBSes   

  While CBF (F) ≠ ∅ 

                   Do B:= CBF (F), Augment F by adding to it composite Boolean features from B 

Return B   
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(respectively negative) observations in the dataset, a property which makes the CBSes a 
promising tool for classification.  

The CBSes can be used for classification purposes in two different ways. First, we interpret 
composite Boolean separators as artificial variables. Second, we view each separator as a 
classification system.  

3.1 Composite Boolean Separators as Artificial Variables 

In the computational experiments aimed at comparing the results of various classification 
systems we had always to clarify the extent of the collection of CBSes to be used. Since the 
number of separators can be large and addition of all of them can introduce extra noise, we have 
retained in the experiments only the set of best CBSes defined as those separators whose CPs are 
within 1% of the highest CP of all the CBSes constructed. In some experiments we used only 
one CBS with the highest CP.  

In Table 1 reported below we present the results of applying the five classification methods to 
the eight datasets listed in the introduction, using  

 
• the original variables; 
• the original variables along with the best CBSes found; 
• the original variables together with one separator with the highest CP; 
• the best CBSes only.  

 
The results in the table represent averages obtained in twenty 10-folding experiments using five 
different classification methods (i.e., every entry in the table represents the average accuracy 
found in 1,000 experiments). 
 

Table 1 
AVERAGE CLASSIFICATION ACCURACY ON DATASETS WITH (AND WITHOUT) ORIGINAL VARIABLES 

AND CERTAIN BEST CBSES 
 

Average accuracy of 5 classification methods (SMO, MP, SL, C4.5, LAD) 
using Dataset Original 

variables 
Original variables 
and best CBSes 

Original variables and one 
CBS with highest CP 

Best 
CBSes 

bld 63.37% 73.20% 73.04% 73.42% 
ger 68.37% 69.27% 69.03% 73.46% 
pid 73.78% 79.47% 79.62% 81.93% 
hea 80.75% 83.86% 84.29% 84.80% 
aus 85.32% 86.74% 86.75% 88.32% 
ion 88.92% 91.90% 91.70% 93.02% 
bcw 94.35% 95.42% 95.49% 95.55% 
vot 96.34% 96.26% 96.31% 96.79% 

 
It is interesting to note that for the datasets considered, 
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• the use of the original variables jointly either with all the best CBSes, or just with one 
separator with the highest CP, gives higher average accuracy than the use of only the 
original variables (except for vot); 

• the use of the best CBSes without original variables gives higher average accuracy than 
the use of the original variables jointly either with all the best separators, or just with one 
separator with the highest CP. 

 
The results in Table 1 show high quality of CBSes as artificial variables.  

3.2 Composite Boolean Separators as Classification Systems 

To evaluate a CBS as a classification system we have compared the accuracy of this system 
with that of several of the most frequently used machine-learning / data-mining methods.  

Table 2 shows the average accuracies of various classification methods applied to the datasets 
in 2-folding experiments. These experiments were performed in the following way. The dataset 
was divided into two parts. One of them was used as a training set and remaining one as a test 
set. On the training set we constructed CBSes and chose one with the highest CP. The quality of 
this separator was checked on the test set. Then we exchanged training and test sets and repeated 
experiments. The same observations (before binarization) in training sets were used for 
construction of classifiers by other five classification methods and the same observations (before 
binarization) in test sets were used for validation of these classifiers. To compare the results we 
performed the paired two sample for means one-tail t test. 
 

Conclusion 1. The results of t-tests applied to the average accuracies show that CBSes seem 
to be statistically better than multilayer perceptron, decision trees, support vector machines 
considered at the confidence level of at least 90%, seem somewhat better than simple logistic 
regression, and seem to be somewhat weaker than LAD. All in all, the method is definitely 
comparable with the other methods considered.  
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Table 2 

RESULTS OF 2-FOLDING EXPERIMENTS USING SIX CLASSIFICATION METHODS 
 

AVERAGE 

  
bld ger pid hea aus ion bcw vot 

Method CBS 
t Stat P(T<=t) 

one-tail 

SMO 50.35% 67.30% 73.10% 82.80% 86.20% 81.95% 95.33% 94.53% 78.95%   

CBS 65.29% 70.26% 79.11% 81.08% 85.79% 88.77% 92.96% 94.06%   82.16% 
-1.55 0.08 

MP 67.98% 64.33% 71.63% 77.50% 81.35% 83.23% 94.53% 94.50% 79.38%   

CBS 65.29% 70.26% 79.11% 81.08% 85.79% 88.77% 92.96% 94.06%   82.16% 
-2.06 0.04 

SL 64.40% 68.68% 72.73% 81.20% 86.20% 83.75% 94.45% 96.25% 80.96%   

CBS 65.29% 70.26% 79.11% 81.08% 85.79% 88.77% 92.96% 94.06%   82.16% 
-1.12 0.15 

C4.5 63.55% 66.18% 72.38% 73.98% 83.30% 87.38% 93.03% 97.13% 79.62%   

CBS 65.29% 70.26% 79.11% 81.08% 85.79% 88.77% 92.96% 94.06%   82.16% 
-2.12 0.04 

LAD 67.44% 71.97% 74.68% 82.19% 85.57% 91.15% 94.73% 96.51% 83.03%   

CBS 65.29% 70.26% 79.11% 81.08% 85.79% 88.77% 92.96% 94.06%   82.16% 
1.06 0.16 
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4 Identification of Misclassified Observations by CBSes 
Usually, real-word datasets contain noise which can be introduced in different ways. For 

example, errors can be made at the time of sampling, i.e., incorrect data was collected for some 
observations. We refer to the problem of identifying such observations as the attribute noise 
problem. Another example deals with the situation when an operator, who creates a dataset 
electronically, inputs a wrong class to some observations. Such errors are called classification 
noise. Wrongly classified observations may appear in a different way, for instance, when a 
medical doctor makes an incorrect diagnosis. We refer to the problem of identifying 
misclassified observations as the classification noise problem, or simply misclassification 
problem.  Identifying observations containing noise is very important, since their presence may 
result in incorrect classification models. Different methods for identifying suspicious 
observations were discussed in many papers ([1], [4], [5], [6], [16], [17], [18], [19], [22], [23], 
[24]). To enhance the quality of data, we propose here a technique for identifying suspicious 
observations, i.e., those which were supposedly misclassified.   

4.1 Consistent Composite Boolean Separators and Suspicious Observations 

A phenomenon observed in many datasets is that each observation in the set is classified in 
the same way by all (or almost all) the composite Boolean separators, i.e., if an observation is 
classified as positive or negative by one of the separators, then all (or almost all) the other 
separators classify it in the same way. This phenomenon is present in particular in all the eight 
datasets examined above. This motivates the following definitions. 

 
Definition 1: An observation will be called strongly reliable if it was classified correctly by 

all the CBSes. 
 
Definition 2: An observation will be called strongly suspicious if it was classified erroneously 

by all the CBSes. 
 
We shall denote the set of all strongly reliable observations by R and the set of all strongly 

suspicious observations by S. Also, let T denote the “residual” set, i.e., the set of those 
observations in the dataset which do not belong to R or S. 

In what follows, we examine the question of whether the classes to which the observations in 
S are assigned in the dataset are correct, i.e., whether their classifications by the CBSes are 
credible. In order to derive some useful conclusions about the partitioning of the dataset into the 
subsets R, S, and T, we have carried out a large number of computational experiments meant to 
clarify the characteristics of these subsets. 

In the first experiment, to be called strong deletion, the accuracy of the five classification 
methods described in the introduction applied to all the observations in the dataset ( TSR UU ) 
was compared to that of the same methods applied to the observations in the set TRU  only, i.e., 
those remaining in the dataset after the deletion of the strongly suspicious observations.  The 
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average accuracies obtained in twenty 10-folding cross-validation experiments carried out with 
the five methods on each of the eight datasets are shown in Table 3. 

 
Table 3 

RESULTS ON THE ORIGINAL DATASETS AND ON THE DATASETS OBTAINED AFTER DELETION OF 
STRONGLY SUSPICIOUS OBSERVATIONS 

 
Average accuracy of 5 classification methods 

D a t a s e t Original 
dataset 

TSR UU  

Dataset TRU  
after deletion of  

strongly suspicious observations 

Average 
accuracy 
increase  

 
Average 

error 
rate 

reduction 
 

Size of  
dataset   

TRU  

bld 63.37% 78.91% 15.54% 42.42% 69.60% 

ger 68.37% 93.61% 25.24% 79.80% 74.00% 

pid 73.78% 87.26% 13.48% 51.41% 84.90% 

hea 80.75% 90.28% 9.54% 49.56% 90.90% 

aus 85.32% 95.26% 9.93% 67.64% 89.90% 

ion 88.92% 89.62% 0.70% 6.32% 95.50% 

bcw 94.35% 97.11% 2.76% 48.85% 97.80% 

vot 96.34% 99.50% 3.16% 86.34% 97.40% 

Average 81.40% 91.44% 10.04% 54.04% 87.50% 

  
An examination of the table above leads us to the following statement. 
 
Conclusion 2. By deleting the set S of strongly suspicious observations, we obtain a new 

dataset which includes on the average almost 90% of the observations, and on which the 
examined machine-learning / data-mining methods have on average a 10% higher accuracy and 
a 54% less error rate than on the original datasets.   

 
While the role of the first experiment was to demonstrate the predictability of the subset 
TRU  remaining after the deletion of the strongly suspicious observations, the role of the second 

experiment is to demonstrate the suspiciousness of the strongly suspicious subset S. For this 
purpose, we shall compare the average accuracies obtained in twenty 10-folding cross-validation 
experiments carried out on the original dataset TSR UU , with the average accuracies obtained 
by training on the set TRU  and testing on the strongly suspicious set S. After randomly 
partitioning in 20 different ways each of the datasets TRU  into 10 subsets, we have used in 
20×10 experiments 9 of these subsets for training and tested the results on S. The average 
accuracies obtained in this way are shown in Table 4. 
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Table 4 
RESULTS ON THE ORIGINAL DATASETS AND ON THE STRONGLY SUSPICIOUS SUBSETS S 

 
Average accuracy  

of 5 classification methods 
D a t a s e t 

Original dataset 
TSR UU  

Strongly 
suspicious 
subset  S 

Average 
accuracy 
decrease 

Average 
error rate 
increase  

Size of 
strongly 

suspicious 
subset 

bld 63.37% 27.26% 36.11% 49.64% 30.40% 

ger 68.37% 8.30% 60.07% 65.51% 26.00% 

pid 73.78% 12.12% 61.66% 70.16% 15.10% 

hea 80.75% 21.38% 59.37% 75.52% 9.10% 

aus 85.32% 3.03% 82.29% 84.86% 10.10% 

ion 88.92% 39.20% 49.72% 81.78% 4.50% 

bcw 94.35% 1.00% 93.35% 94.29% 2.20% 

vot 96.34% 0.01% 96.33% 96.34% 2.60% 

Average 81.40% 14.04% 67.36% 77.26% 12.50% 

 
An examination of the table above leads us to the following statement. 
 
Conclusion 3. On the set S of strongly suspicious observations, which includes on the average 

12.50% of the observations in the examined datasets, the average accuracy of the examined 
machine-learning / data-mining methods decreases by almost 70% and the average error rate 
increases by almost 80%  compared to the original dataset.  

 
In light of the above conclusion it is natural to wonder whether the very low accuracy (or very 

high error rate) of classification methods on the strongly suspicious set S is due to  
 
• errors in the given descriptions of attribute values in the dataset,  or 
• a difference in the nature of the observations in S compared to those in TRU , or  
• errors in the given classifications of the observations in S.  

 
The results of the second experiment can be presented in a different way by showing how the 

models learned on the set TRU  classify the “reversed” set S consisting of the observations in 
the set S, having reversed classifications (i.e., reversing the classification of a positive 
observation to negative, and of a negative one to positive). These results are shown in Table 5. 

It can be seen that reversing the classification of the observations in the strongly suspicious  
set  S,  the  accuracies  on  S   become  comparable  to  those  on  TSR UU .  
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Table 5 
RESULTS ON THE ORIGINAL DATASETS AND ON THE REVERSED STRONGLY SUSPICIOUS SUBSETS S  

Average accuracy  
of 5 classification 

methods 
D a t a s e t Original 

dataset 
TSR UU

Reversed 
strongly 

suspicious 

subset S  

Average 
change 

in 
accuracy 

Average 
error 
rate 

change 

bld 63.37% 72.74% +9.37% -25.58% 

ger 68.37% 91.70% +23.33% -73.76% 

pid 73.78% 87.88% +14.10% -53.78% 

hea 80.75% 78.62% -2.13% +9.96% 

aus 85.32% 96.97% +11.65% -79.36% 

ion 88.92% 60.80% -28.12% +71.73% 

bcw 94.35% 99.00% +4.65% -82.30% 

vot 96.34% 99.99% +3.65% -99.73% 

Average 81.40% 85.96% +4.56% -41.60% 

 
Moreover, it is interesting to notice that in six of the eight datasets the accuracy on S  is 

actually higher than that on  TSR UU , the  increase  averaging at almost 5%. The only dataset 
on which the reversal produces a sizeable decrease in accuracy is ion; the other dataset on which 
there is a small (approx. 2%) decrease of accuracy is hea, on which however the accuracy found 
on TSR UU  and on S  remain comparable. It also can be noticed that the average error rate was 
reduced by more than 40%. These observations lead to the following statement. 

 
Conclusion 4. The reversal of the given classifications of the strongly suspicious observations 

produces a set S  of observations on which the machine-learning / data-mining methods 
examined in this study provide accuracies comparable with  and usually higher than on the 
original dataset.  

 
In view of the above three conclusions, it is natural to ask which one of the two methods 

presented above, deletion or reversal, can produce better results. In order to answer this question 
we have compared the accuracies of the five machine-learning / data-mining methods on the 
eight datasets; the original dataset TSR UU , the dataset TRU  obtained by deletion (i.e., by the 
deletion of S), and the dataset TSR UU obtained by the reversal of the classifications of the 
strongly suspicious observations. The average results of twenty 10-folding cross-validation 
experiments are presented in Table 6. These results lead to the following statement. 
 

Conclusion 5. Regardless of the classification methods used, deletion and reversal improve 
the accuracy of classification, the average improvements in accuracy being of approximately 
10% and 11% respectively; the improvement obtained by reversal is slightly higher in most cases 
than that obtained by deletion. Both deletion and reversal cut the error rate more than in half. 
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Table 6 

D a t a s e t SMO MP SL C4.5 LAD Average 
Average 

increase in 
accuracy 

Average 
error rate 
reduction 

Original 50.03% 67.63% 66.24% 63.65% 69.29% 63.37%    
Deletion 50.65% 84.42% 78.67% 97.87% 82.94% 78.91% 15.54% 42.42% bl

d 

Reversal 69.56% 87.88% 70.98% 98.64% 84.11% 82.23% 18.87% 51.51% 

Original 69.39% 65.50% 68.56% 66.18% 72.21% 68.37%     
Deletion 89.56% 95.41% 89.97% 97.37% 95.75% 93.61% 25.24% 79.79% ge

r 

Reversal 90.45% 95.73% 91.25% 98.57% 97.69% 94.74% 26.37% 83.36% 

Original 72.31% 73.81% 72.07% 76.13% 74.60% 73.78%     

Deletion 84.13% 86.51% 85.81% 93.09% 86.77% 87.26% 13.48% 51.42% pi
d 

Reversal 85.95% 88.37% 87.84% 94.26% 87.61% 88.81% 15.03% 57.33% 

Original 83.05% 78.70% 82.48% 77.16% 82.35% 80.75%     

Deletion 90.22% 90.73% 89.85% 91.44% 89.17% 90.28% 9.54% 49.55% he
a 

Reversal 89.86% 89.89% 89.57% 92.72% 89.95% 90.40% 9.65% 50.12% 

Original 86.47% 82.98% 86.66% 84.93% 85.57% 85.32%     

Deletion 95.26% 94.93% 95.44% 95.39% 95.26% 95.26% 9.93% 67.65% au
s 

Reversal 95.34% 95.23% 95.77% 96.20% 95.30% 95.57% 10.25% 69.83% 

Original 91.10% 88.78% 85.08% 88.05% 91.58% 88.92%     

Deletion 86.13% 89.93% 85.91% 92.13% 93.99% 89.62% 0.70% 6.32% io
n 

Reversal 84.90% 89.09% 84.83% 93.59% 91.76% 88.83% -0.08% -0.72% 

Original 95.28% 94.39% 94.86% 92.78% 94.44% 94.35%     

Deletion 97.92% 96.90% 97.61% 95.78% 97.33% 97.11% 2.76% 48.85% bc
w

 

Reversal 97.97% 96.93% 97.45% 95.65% 97.28% 97.06% 2.71% 47.96% 

Original 97.05% 94.42% 96.49% 96.61% 97.14% 96.34%     

Deletion 99.58% 99.16% 99.58% 99.58% 99.60% 99.50% 3.16% 86.39% vo
t 

Reversal 99.58% 99.17% 99.58% 99.58% 99.59% 99.50%    3.16% 86.39% 
                                                                                                       Average 81.40%   
                                                                                                          Average    91.44%        10.04% 54.04% 
                                                                                                                                  Average    92.14%       10.75%          55.71% 
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Before concluding this section, let us return to the question of whether the observations in S 
have been misclassified in the original dataset. We have seen before that the models learned on 

TRU  and tested on S have very low accuracies (Table 4). Also, we have seen in Table 5 that the 
models learned on TRU  and tested on S  have very high accuracies. In order to understand the 
structure of the strongly suspicious sets S and complete the tests we have developed and cross-
validated a series of models on these sets. Since in some of the datasets the size of the sets S was 
too small to carry out the experiments, we have only performed it for the datasets pid, bld, aus, 
ger – whose strongly suspicious sets are sufficiently large. In Table 7 and Table 8 below we 
present the results of these experiments. These results are averages of twenty 10-folding 
experiments performed in the following way. The set S (respectively S ) is randomly partitioned 
into 10 approximately equally sized parts, 9 of which are used as a training set, and the resulting 
model is tested on TRU . In each of the 10 tests in a 10-folding experiment another part of S is 
removed. 

 
Table 7 

AVERAGE ACCURACY OF MODELS LEARNED ON S BY 5 CLASSIFICATION METHODS  
 

D a t a s e t Cross-validation on S Testing on TRU  
bld 82.11% 25.17% 
pid 93.32% 15.93% 
ger 89.30% 10.64% 
aus 95.72% 5.28% 

 
 

Table 8 
AVERAGE ACCURACY OF MODELS LEARNED ON S  BY 5 CLASSIFICATION METHODS 

 
D a t a s e t Cross-validation on S  Testing on TRU  

bld 81.41% 74.86% 
pid 93.18% 84.02% 
ger 91.70% 91.65% 
aus 95.80% 94.78% 

 
The results shown in Table 7 indicate clearly that the sets S in these four datasets, considered 

in isolation, allow a very accurate classification. The same conclusion is also true for the sets S  
(see Table 8).  

All in all, it is clear that the models built on S, respectively on S , have high accuracy, and that 
TRU  is “inconsistent” with S, but it is perfectly consistent with S .  

 
Therefore, it seems that all the strongly suspicious observations in all the eight datasets 

examined were simply misclassified in their original version. 
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4.2 Expanding the Suspicious Set 

In the previous section, we have defined as strongly reliable (respectively, as strongly 
suspicious) those observations for which (i) all the CBSes gave the same classification, and (ii) 
that classification coincided with (respectively, differed from) the classification given in the 
original dataset. In this section, we shall relax the requirements of this definition in order to 
identify more of the observations whose classifications given in the original dataset may be 
questionable. 

Let c be the number of CBSes constructed as in Section 2, and let p be an arbitrary number in 
[0,1].  Let us give first an intuitive definition of a natural partition of Ω, which reflects the 
classifications given by the CBSes. Let us define the p-reliable subset Rp of the dataset Ω as the 
subset which consists of those observations for which the outcomes (1 or 0) of at least pc CBSes 
agree both among themselves and with their classifications (positive or negative) given in the 
dataset. Similarly, the p-suspicious subset Sp of Ω is defined as consisting of those observations 
for which the outcomes (1 or 0) of at least pc CBSes agree among themselves, but disagree with 
their classifications (positive or negative) given in the dataset. The remaining “divergent” subset 
Tp consists of the observations for which the CBS outcomes are split in such a way that both the 
number of 1’s and that of 0’s is less than pc; clearly, Tp =  Ω \ ( Rp U  Sp). The observations in Rp 
and Sp will be called p-reliable, respectively p-suspicious. Clearly, the strongly reliable and 
strongly suspicious observations represent the special case of p-reliable, respectively p-
suspicious, observations corresponding to p = 1. We shall examine later in this section a way of 
determining a good value of p. 

In the computational experiments reported below the value of p was chosen to be 0.75. The 
following Table 9 presents the average accuracies obtained in twenty 10-folding experiments 
using five machine-learning / data-mining methods, as well as the sizes of the corresponding sets 
of p-suspicious and strongly suspicious observations. 

 
Table 9 

AVERAGE ACCURACY OF 5 CLASSIFICATION METHODS ON THE ORIGINAL DATASETS AND ON THE 
DATASETS OBTAINED AFTER DELETION AND REVERSAL  (P=1 AND P=0.75)  

 
Average accuracy of 5 classification methods Size 

 
Dataset Original 

dataset 
Strong 

deletion 

Deletion 
for 

p=0.75 

Strong 
reversal 

Reversal for 
p=0.75 

Strongly 
suspicious 

set 

p-suspicious 
set  for 
p=0.75 

bld 63.37% 78.91% 78.91% 82.23% 82.23% 30.43% 30.43% 
ger 68.37% 93.61% 94.57% 94.74% 95.11% 26.00% 26.50% 
pid 73.78% 87.26% 88.81% 88.81% 89.96% 15.10% 16.07% 
hea 80.75% 90.28% 93.53% 90.40% 93.61% 9.10% 12.46% 
aus 85.32% 95.26% 96.82% 95.57% 96.74% 10.10% 11.88% 
ion 88.92% 89.62% 89.74% 88.83% 89.13% 4.50% 5.11% 
bcw 94.35% 97.11% 97.61% 97.06% 97.65% 2.20% 2.90% 
vot 96.34% 99.50% 99.48% 99.50% 97.81% 2.60% 3.88% 

Average 81.40% 91.44% 92.43% 92.14% 92.78% 12.50% 13.65% 
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The following conclusions can be drawn from these results: 
 

• the average number of observations in the p-suspicious sets exceeds the 
average number of observations in the strongly suspicious sets by about 1% of 
the size of the datasets; 

• on every dataset studied, the accuracy of classification after deletion for p = 
0.75 is higher than classification after strong deletion; the average increase in 
accuracy being of approximately 1%; 

• on every dataset studied, with the exception of vot, the accuracy of 
classification after reversal for p = 0.75 is higher than classification after 
strong reversal; the average increase in accuracy being of approximately 
0.6%; 

• the accuracy of classification after reversal for p = 0.75 is moderately 
increased in most datasets compared to classification after deletion for p = 
0.75, the average increase being of approximately 0.4%. 

 
In order to illustrate the influence of various values of p on the accuracy of deletion and 

reversal we shall consider the dataset hea, for which the number of CBSes is 12. In Table 10 we 
show the effects of deleting and of reversing all the suspicious observations, for different values 
of the parameter p between 0.75 and 1. Since in this dataset there are no observations in which 
the values of exactly 9 (= 0.75 x 12) CBSes coincide, the reliable and suspicious sets are defined 
by the observations in which the values of at least 10 separators coincide; these sets of 
observations corresponds to p less than 0.917.  When p exceeds 0.917, at least 11 separators have 
to agree in the observations defining Rp and Sp, and for p = 1.0 this number is 12. 
 

Table 10 
AVERAGE ACCURACY OF 5 CLASSIFICATION METHODS FOR THE DATASET HEA (0.75 ≤ P ≤ 1) 

 

Average accuracy  
of 5 classification methods Value of p 

Deletion Reversal 

Size of 
|Sp| 

0.75 ≤ p <0. 917 93.53% 93.61% 12.46% 
 0.917 ≤ p < 1.0 92.91% 92.92% 11.78% 

p = 1.0 90.28% 90.40% 9.09% 
 

In order to identify a good value of the parameter p, let us make some observations, based on 
the accumulated experimental evidence. First, we have noticed in our experiments that for large 
values of p∈[0,1] the accuracy of classification after reversal is generally higher than the 
accuracy of classification after deletion. Second, it was remarked that the accuracy of 
classification after deletion increases monotonically when p decreases. Third, it was also 
observed that the accuracy of classification after reversal increases with decreasing p until it 
reaches a peak, after which it starts decreasing. The second and third remarks indicate that – if 
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we disregard small irregularities – the accuracy of deletion is a monotonically non-increasing 
function of p, while the accuracy of reversal is a unimodal function of p. The dependence of the 
accuracy of deletion and of reversal on p is illustrated in Figure 1. It is important to remember 
however that this picture provides only an approximate description of the real phenomenon. 

 
Figure 1 

 
 

Based on the above, it is natural to assume that for high values of p the suspicious set S 
includes only a part of those observations whose classification is perhaps erroneous, while for 
low values of p too many observations are included in S. Our objective is to find a true set of 
misclassified observations. Therefore, we do not want to leave out those observations which are 
really misclassified or to include those which are not.  In this respect, the following hypothesis 
seems reasonable.  

 
Hypothesis: the optimal value of the parameter p is that one for which the accuracy of 

deletion is closest to that of reversal.   
 
In the computational experiments reported in this paper, we have used a simple heuristic for 

finding a relatively good value p* of the parameter p. For evaluating the accuracies of classifying 
the various sets of observations in this process we have always used twenty 10-folding cross-
validation experiments with each of the five machine-learning / data-mining methods listed in 
the introduction, and reported the average accuracy of these 1,000 experiments. For every t = 1, 
2,… let the suspicious set St consist of those observations in which at least ct of the total number 
c of CBSes have the same value, and this value differs from the given classification of the 

corresponding observations. Let us define ct to be c – t + 1, and pt to be 
c
ct . We shall denote by 

δ(t) and ρ(t) the accuracy of classification on the dataset Ω \ St obtained  by  deletion,   
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respectively  the  accuracy  of  classification  on  the  dataset     (Ω \ St) U  tS  obtained by 
reversal, and we define the tolerance ε to be  an arbitrary small  nonnegative number.  Let  t̂   be  
the  first  index  t  for  which  |ρ(t) - δ(t)|   ≤  ε ,  and  let t* = min { t̂ , c/2  + 1}. We shall take 

p* = pt* =1- 
c

t )1*( − . This value was chosen so as to satisfy the property of p* stated by the 

hypothesis given above, while making sure that the set of CBSes used in the definition of the p-
suspicious set Sp* includes at least half of all CBSes. 

In the next table we shall show the influence of the choice of the value of p on the accuracy of 
deletion and reversal, as well as on the size of the suspicious set. It can be seen that while strong 
deletion as well as strong reversal can improve the average accuracy by more than 10%, deletion 
or reversal using the value p* of the parameter p can add to this a further improvement of 1-2%. 
Also, while in strong deletion or strong reversal the size of the suspicious set averages at 12.5% 
of Ω, the size of Sp* averages at 13.7%.  

 
Table 11 

RESULTS ON THE DATASETS OBTAINED AFTER DELETION AND REVERSAL  (P=1, P=0.75, P=P*)  
 

Average accuracy of 5 classification methods   
Deletion for  Reversal for 

Size of suspicious set for 
Dataset p* Original 

dataset p=1 p=0.75 p=p* p=1 p=0.75 p=p* p=1 p=0.75 p=p* 
bld 0.53 63.37% 78.91% 78.91% 79.40% 82.23% 82.23% 82.32% 30.4% 30.4% 31.3% 

ger 0.5 68.37% 93.61% 94.57% 95.02% 94.74% 95.11% 95.39% 26.0% 26.5% 27.0% 

pid 0.53 73.78% 87.26% 88.81% 89.32% 88.81% 89.96% 90.42% 15.1% 16.1% 17.6% 

hea 0.83 80.75% 90.28% 93.53% 93.53% 90.40% 93.61% 93.61% 9.1% 12.5% 12.5% 

aus 0.91 85.32% 95.26% 96.82% 96.77% 95.57% 96.94% 96.84% 10.1% 11.9% 11.6% 

ion 1.00 88.92% 89.62% 89.74% 89.62% 88.83% 89.13% 88.83% 4.5% 5.1% 4.5% 

bcw 1.00 94.35% 97.11% 97.61% 97.11% 97.06% 97.65% 97.06% 2.2% 2.9% 2.2% 
vot 1.00 96.34% 99.50% 99.48% 99.50% 99.50% 97.81% 99.50% 2.6% 3.9% 2.6% 

 
An interesting question concerning the suspicious sets is to know whether there is a clear 

relationship between their sizes and the improvement of accuracy by deletion or reversal.  Table 
12 provides an affirmative answer to this question.  It shows that, when p ≥ p* the correlation 
between |S| and the possible accuracy improvements is of 0.88 for deletion and 0.92 for reversal. 
Moreover, it can also be seen from the table that there is a strong negative correlation between 
average accuracy on the original data and its possible improvement by deletion or reversal; not 
surprisingly there is a -0.98 correlation between the average accuracy on the original set and the 
size of the suspicious set.  
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Table 12 
CORRELATIONS BETWEEN ACCURACY ON ORIGINAL DATA, IMPROVEMENTS BY DELETION AND 

REVERSAL, AND SIZE OF SUSPICIOUS SET FOR P ≥ P* 
 

Improvement of average 
accuracy of 5 classification 

methods by 

Size of 
suspicious 

set  

Average 
accuracy of 5 
classification 
methods on 

original dataset Deletion Reversal  

Average accuracy of 5 machine 
classification methods on original 

dataset 
 

-0.86 -0.89 -0.98 

Deletion 
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  0.92 

Size of suspicious set 

    
 

5 Attribute Selection 
Attribute selection is the process of identifying and removing as many of the irrelevant and 

redundant attributes as possible. Alternatively, we want to find minimum sets of attributes that 
provide as much information for determining the class of the observations in the dataset as the 
original set of attributes. We shall refer to such subsets of attributes as informative subsets. There 
is a rich literature dedicated to the problem of identifying informative subsets of attributes (see 
[10], [11], [15] and for survey see [2] and [7]).  In this section, we contribute to this problem by 
employing the concept of CBS and compare our approach with two other methods, CFS and 
Consistency, which are standard procedures of the WEKA package [21].     

5.1 Attribute Selection Using Composite Boolean Separators 

Let us repeat that we work with binary data to obtain CBSes. If the dataset is not binary, then 
the Binarization procedure (see [3]) is applied. We call the variables in the original dataset 
before binarization the original variables, and the variables obtained after this procedure the 
original binary variables. First, our attribute selection technique finds an informative subset of 
the original binary variables. Then using thus identified binary attributes and their relationship 
with the original ones (see Appendix in [12]) we identify the respective informative subset of the 
original variables.  
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In the attempt to reveal informative subsets of variables by utilizing the obtained CBSes, we 
consider two different approaches. The first approach (to be called All_CBSes) consists of the 
following steps: 

 
• for each CBS, find the subset of all original binary variables on which this CBS depends; 
• take the union of all the subsets found in the previous step. 

 
To illustrate this approach, let us return to the example in Section 2. In this example, variables 

x1, x2, x3, and x4 are original binary variables; f1, f2, f3, and f4 are obtained CBSes.  It can be seen 
that x1, x2 and x3 are included in the formulas for the CBSes, so these variables form the set we 
are looking for. It is not necessary that the formula of each CBS should include each variable 
from the constructed set of variables, but it is necessary that each variable from this set should be 
in the formula for at least one separator.   
 
Example 
 

Obs. x1 x2 x3 x4 f1 = 2x (x1 ∨ x3) 
f2 = (x1 2x ) ∨ 

(x1 ⊕ x3) 

f3  = (x1 2x ) ∨ 
( 2x x3) 

f4 = (x1 ⊕ x3) ∨ 
( 2x x3) 

class 

A 0 1 0 0 0 0 0 0 0 
B 1 1 1 0 0 0 0 0 0 
C 0 0 0 1 0 0 0 0 0 
D 1 0 1 0 1 1 1 1 1 
E 1 0 0 0 1 1 1 1 1 
F 0 0 1 1 1 1 1 1 1 

CP 4/6 1/6 4/6 1/2 1 1 1 1  

 
The second approach (to be called One_CBS) defines the informative set of attributes to be 

those original binary variables which are present in the formula for a CBS with the highest CP. 
If there is a tie, i.e., there are several CBSes with the same highest CP, then we have several 
informative subsets of attributes. In this case, only additional experiments (for example, cross-
validation) can show which subset is better. In the above example all CBSes have the highest 
CP. Since all these separators depend on the same original binary variables, only the set { x1, x2 , 
x3 } is defined as an informative subset of attributes in the example.  

In the next four tables, we present the results of application of the above two approaches to 
the eight datasets listed in the introduction. Each entry in the tables is the average result of 
twenty 10-folding cross-validation experiments. First, we present the results for the original 
binary variables.  

From Table 13 and Table 14 we can conclude that the subsets of attributes obtained by using 
One_CBS on average are better than the ones obtained by All_CBSes.  First of all, these subsets 
contain fewer variables (on average 7 versus 9). Second of all, on average the One_CBS 
approach leads to slightly better classification results. It also can be seen that the average 
accuracy obtained on the original binary datasets is very close to that obtained on the informative 
subsets. The accuracy goes down for four datasets and it goes up also for four datasets. The 
highest loss of accuracy is for the bld dataset. On average the number of the original binary 
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variables is 35. This number decreases to nine variables in case of the first approach and to seven 
variables in case of the second approach. 

 
 

 
Table 13 

RESULTS FOR ATTRIBUTE SELECTION WITH ALL_CBSES  
 

Average accuracy obtained by 

Dataset 

# of original 
binary  
variables 
 
   #of variables 
             in 
      informative 
             subset     

SMO MP SL C4.5 LAD 

Average 
accuracy 

of 5 
methods 

Difference 
between 
average 

accuracy of 
informative 
subset and 

original  
binary 
dataset 

29 76.89% 72.51% 75.50% 70.44% 69.29% 72.93%   bld 
8 69.05% 67.34% 69.15% 68.85% 68.51% 68.58% -4.35% 

57 68.22% 65.63% 68.31% 64.58% 72.21% 67.79%   ger 
12 61.72% 67.60% 65.20% 66.47% 72.00% 66.60% -1.19% 

23 75.56% 73.20% 75.54% 76.49% 74.60% 75.08%   pid 
9 70.22% 75.12% 77.17% 75.89% 74.17% 74.51% -0.57% 

17 83.77% 80.18% 83.21% 81.49% 82.35% 82.20%   hea 
8 83.26% 80.74% 83.63% 82.10% 84.51% 82.85% 0.65% 

45 86.12% 83.53% 85.95% 84.65% 85.57% 85.16%   aus 
9 86.17% 86.09% 86.59% 85.28% 86.14% 86.05% 0.89% 

71 87.69% 86.59% 89.02% 88.13% 91.58% 88.60%   ion 
14 89.20% 88.02% 89.29% 88.69% 83.88% 87.82% -0.79% 

20 95.19% 94.51% 94.72% 93.81% 94.44% 94.53%   bcw 
11 95.39% 94.80% 95.46% 94.94% 93.71% 94.86% 0.32% 

16 97.05% 94.42% 96.49% 96.61% 97.14% 96.34%   vot 
1 97.12% 97.12% 97.12% 97.12% 97.12% 97.12% 0.77% 

        Average 82.83%  
      Average 82.30% -0.53% 
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Table 14 
RESULTS FOR ATTRIBUTE SELECTION WITH ONE_CBS  

 
# of original 
binary  
variables 
 

Average accuracy obtained by 

Dataset         #of 
variables 
          in  

informative   
subset   

SMO MP SL C4.5 LAD 

Average 
accuracy 

of 5 
methods 

Difference 
between 
average 

accuracy of 
informative 
subset and 

original  
binary 
dataset 

29 76.89% 72.51% 75.50% 70.44% 69.29% 72.93%  
bld 

7 66.25% 70.17% 69.44% 70.17% 68.87% 68.98% -3.95% 

57 68.22% 65.63% 68.31% 64.58% 72.21% 67.79%  
ger 

11 61.93% 65.22% 67.63% 68.67% 70.97% 66.88% -0.90% 

23 75.56% 73.20% 75.54% 76.49% 74.60% 75.08%  
pid 

9 70.22% 75.12% 77.17% 75.89% 74.17% 74.51% -0.57% 

17 83.77% 80.18% 83.21% 81.49% 82.35% 82.20%  
hea 

7 83.89% 84.08% 82.86% 82.71% 84.31% 83.57% 1.37% 

45 86.12% 83.53% 85.95% 84.65% 85.57% 85.16%  
aus 

9 86.17% 86.09% 86.59% 85.28% 86.14% 86.05% 0.89% 

71 87.69% 86.59% 89.02% 88.13% 91.58% 88.60%  
ion 

9 88.78% 89.59% 89.83% 88.37% 81.65% 87.64% -0.96% 

20 95.19% 94.51% 94.72% 93.81% 94.44% 94.53%  
bcw 

6 95.09% 95.12% 95.38% 95.30% 93.85% 94.95% 0.41% 

16 97.05% 94.42% 96.49% 96.61% 97.14% 96.34%  
vot 

1 97.12% 97.12% 97.12% 97.12% 97.12% 97.12% 0.77% 

      Average    82.83%  
      Average   82.46% -0.37% 

 
The results for the binary datasets are good, but we are interested in obtaining an informative 

subset of the original variables. To this end, we restore the original variables from binary ones. 
Let us illustrate the restoration procedure with an example. 
 

Example.  Consider the subset of attributes for bld obtained by using One_CBS. This subset 
consists of seven original binary variables (9, 11, 12, 19, 22, 23, 25). Table A in the Appendix 
(see [12]) shows that binary variables 9, 11, and 12 are obtained by binarization of the original 
variable “sgpt”, the binary variable 19 is the result of binarization of the original variable “sgot”, 
and binarization of the original variable “gammagt” gives the binary variables 22, 23 and 25. 
Therefore, the three original variables “sgpt”, “sgot” and “gammagt” form the informative subset 
chosen by the attribute selection procedure. 

 
Table 15 and Table 16 present the results obtained on the informative subsets of the original 

variables. These tables show that the results obtained on the original variables are similar to 
those obtained on the original binary datasets. The average number of variables in the original 
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datasets is 15. This number reduces to 7 if All_CBSes is used and to 6 in case if only One_CBS is 
used. The average accuracy on the original datasets is very close to the average accuracy 
obtained on the informative subsets and is better only by 0.43% for the first approach and by 
0.30% for the second one. The informative subsets win in accuracy for four out of eight datasets 
and lose for the remaining four. On the basis of the above discussion the following conclusion 
can be made. 

 
Conclusion 6.  The informative subsets of variables chosen by using All_CBSes and by using 

One_CBS have fairly small size, since their number of variables is about half of the number of 
the original ones. The second approach produces subsets of slightly smaller size. Both methods 
also perform well in terms of classification accuracy regardless of classification methods applied 
to the chosen subsets. The difference between the average accuracy on the informative subsets 
and on the original data is small. It is difficult to compare these two methods with respect to 
accuracy, since for some datasets the first method is better (for example, for bld) and for other 
datasets the second one is better (for example, for ger). 
 

Table 15 
RESULTS FOR ATTRIBUTE SELECTION WITH ALL_CBSES  

 
# of  
original 
variables   

Average accuracy obtained by 

Dataset # of variables  
in  

informative  
subset 

SMO MP SL C4.5 LAD 

Average 
accuracy 

of 5 
methods 

Difference 
between 
average 

accuracy of 
informative 
subset and 

original 
dataset 

6 50.03% 67.63% 66.24% 63.65% 69.29% 63.37% bld 
4 50.00% 68.28% 64.85% 64.27% 65.75% 62.63% 

 
-0.74% 

24 69.39% 65.50% 68.56% 66.18% 72.21% 68.37% ger 
8 61.80% 64.72% 64.71% 65.59% 69.71% 65.31% 

 
-3.06% 

8 72.31% 73.81% 72.07% 76.13% 74.60% 73.78% pid 
6 71.90% 74.74% 72.79% 75.93% 76.02% 74.28% 

 
0.49% 

13 83.05% 78.70% 82.48% 77.16% 82.35% 80.75% hea 
7 83.27% 78.86% 82.52% 78.49% 82.04% 81.04% 

 
0.29% 

14 86.47% 82.98% 86.66% 84.93% 85.57% 85.32% aus 
8 86.21% 85.85% 87.05% 85.26% 86.31% 86.13% 

 
0.81% 

33 91.10% 88.78% 85.08% 88.05% 91.58% 88.92% ion 
12 84.05% 89.92% 83.48% 88.72% 88.94% 87.02% 

 
-1.90% 

9 95.28% 94.39% 94.86% 92.78% 94.44% 94.35% bcw 
7 95.23% 94.53% 94.76% 93.18% 93.66% 94.27% 

 
-0.08% 

16 97.05% 94.42% 96.49% 96.61% 97.14% 96.34% vot 
1 97.12% 97.12% 97.12% 97.12% 97.10% 97.11% 

 
0.77% 

       Average    15                                                                                                                                    81.40%  
                                                7                                                                                                                       80.97%        -0.43% 
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Table 16 
RESULTS FOR ATTRIBUTE SELECTION WITH ONE_CBS  

 
# of  
original 
variables   

Average accuracy obtained by 

Dataset # of variables  
in  

informative  
subset 

SMO MP SL C4.5 LAD 

Average 
accuracy 

of 5 
methods 

Difference 
between 
average 

accuracy of 
informative 
subset and 

original 
dataset 

6 50.03% 67.63% 66.24% 63.65% 69.29% 63.37%   bld 
3 50.00% 66.81% 64.81% 61.73% 64.00% 61.47% -1.90% 

24 69.39% 65.50% 68.56% 66.18% 72.21% 68.37%  ger 
7 63.66% 68.22% 65.98% 66.43% 71.29% 67.12% -1.25% 

8 72.31% 73.81% 72.07% 76.13% 74.60% 73.78%  pid 
6 71.90% 74.74% 72.79% 75.93% 76.02% 74.28% 0.49% 

13 83.05% 78.70% 82.48% 77.16% 82.35% 80.75%  hea 
6 83.10% 79.47% 82.33% 80.58% 82.56% 81.61% 0.86% 

14 86.47% 82.98% 86.66% 84.93% 85.57% 85.32%  aus 
8 86.21% 85.85% 87.05% 85.26% 86.31% 86.13% 0.81% 

33 91.10% 88.78% 85.08% 88.05% 91.58% 88.92%  ion 
8 83.98% 90.38% 83.89% 89.64%  87.58% 87.09% -1.83% 

9 95.28% 94.39% 94.86% 92.78% 94.44% 94.35%  bcw 
5 94.62% 94.13% 94.32% 93.58% 93.31% 93.99% -0.36% 

16 97.05% 94.42% 96.49% 96.61% 97.14% 96.34%  vot 
1 97.12% 97.12% 97.12% 97.12% 97.10% 97.11% 0.77% 

       Average    15                                                                                                                                    81.40%  
                                                6                                                                                                                       81.10%       -0.30% 
 

5.2 Comparison of Attribute Selection Results Obtained with CBS and with 
WEKA Approaches 

In this section, we report attribute selection results obtained with two WEKA methods (CFS 
and Consistency) and compare them with the results obtained in the previous section.  
 

CFS [10], [11] (Correlation-based Feature Selection) is an attribute selection technique which 
builds an informative subset of attributes so that any two attributes in the subset have a low 
correlation with each other, while each of them has a high correlation with the class. 

 
Consistency [11] (Consistency-Based Subset Evaluation) builds a combination of the 

attributes whose values divide the data into subsets containing a strong single class majority. 
This method looks for the smallest subset with consistency equal to that of the full set of 
attributes. 
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In Table 17 we present the percentage of correct classifications averaged over twenty 10-
foding experiments obtained by the two WEKA methods.   

 
Table 17 

RESULTS OF ATTRIBUTE SELECTION OBTAINED WITH TWO WEKA METHODS (CFS AND 
CONSISTENCY) 

 
# of variables 
in informative 
set obtained 
by WEKA 

using 

Average accuracy obtained by 

CFS 

Dataset 

# of 
variables 

in 
original 
dataset 

Consistency 
SMO MP SL C4.5 LAD 

Average 
accuracy 

of 5 
methods 

1 50.00% 56.94% 50.21% 60.50% 52.93% 54.12% 
bld 6 

1 50.00% 56.94% 50.21% 60.50% 52.93% 54.12% 

4 60.48% 66.20% 65.01% 66.28% 69.76% 65.55% 
ger 24 

19 68.01% 65.08% 68.15% 65.32% 72.54% 67.82% 

2 73.24% 72.40% 73.12% 77.84% 73.18% 73.95% 
pid 8 

7 71.03% 70.14% 72.11% 71.76% 74.52% 71.91% 

5 83.74% 81.52% 82.69% 82.24% 83.56% 82.75% 
hea 13 

12 83.44% 78.50% 83.01% 77.36% 81.94% 80.85% 

1 86.21% 86.21% 86.21% 86.21% 86.21% 86.21% 
aus 14 

14 86.47% 82.98% 86.66% 84.93% 85.57% 85.32% 

9 83.92% 90.71% 83.67% 89.53% 88.67% 87.30% 
ion 33 

10 84.51% 89.50% 83.86% 89.49% 88.94% 87.26% 

8 93.96% 93.51% 93.18% 91.54% 93.88% 93.21% 
bcw 9 

4 94.85% 93.67% 94.18% 91.73% 94.25% 93.73% 

1 97.12% 97.12% 97.12% 97.12% 97.10% 97.11% 
vot 16 

15 97.12% 94.23% 96.57% 96.61% 97.01% 96.31% 

                    Average    4                                                                                  Average     80.03%   
                                                      10                                                                                             79.67%       
 

It can be seen from the above table that the average size of the chosen subsets of variables is 
four for CFS and 10 for Consistency. Thus, we conclude that the size of the subsets obtained by 
Consistency is maximum among the two CBS methods and the two WEKA methods. We also 
see that the average accuracy obtained by Consistency is minimum among the four mentioned 
methods.   

In Table 18, we compare the two CBS based methods with the two WEKA approaches. To 
make the comparison we performed the paired two sample for means two-tail t test using the 
confidence level of 95%. We use the sign + in favor of the CBS based methods and the sign -  in 
favor of the WEKA approaches. For example, the sign + located at the intersection of the CFS 
row and the One_CBS column for the ger dataset indicates that the One_CBS method statistically 
performs better than CFS on the given dataset.  The sign - located at the intersection of the CFS 



RRR 14-2007  PAGE 27 

row and the One_CBS column for the hea dataset shows that One_CBS performs statistically 
worse than CFS.  

 
Table 18 

COMPARISON OF CBS BASED METHODS WITH CFS AND CONSISTENCY 
 

Dataset Method All_CBSes One_CBS 

CFS +  bld 
Consistency +  

CFS  + ger 
Consistency   

CFS   pid 
Consistency + + 

CFS  - hea 
Consistency   

CFS   aus 
Consistency   

CFS   ion 
Consistency   

CFS +  bcw 
Consistency   

CFS   vot 
Consistency   

 
The above table shows that the All_CBSes method has four wins; One_CBS has two wins and 

one loss. CFS has one win and three losses, and Consistency has three losses. 
 
Conclusion 7.  None of the four analyzed methods provides the best results uniformly for all 

datasets. However, in most cases the CBS based approaches show better results than the CFS 
and Consistency methods.   

6 Conclusion 
In this paper, we presented a formal description of the procedure for creating new variables 

that represent logical functions of the given variables (called CBSes) and demonstrated in 
various ways the usefulness of these artificial variables for data analysis. In particular,  

 
• we demonstrated how the introduction of CBSes can enhance the accuracy of 

classification systems; CBSes also proved to be a promising tool as classification systems 
themselves; 

• we employed CBSes for identifying misclassified observations and examined how 
deletion of such observations and reversal of their class influence the classification 
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accuracy; the obtained results showed high effectiveness of the proposed technique, since 
it reduces the error rate more than in half; 

• we applied CBSes to the attribute selection problem and demonstrated that the CBS 
based methods allow to identify small subsets of attributes that provide as much 
information for determining the class of the observations in the dataset as the original set 
of attributes.     

 
All the results have been tested on eight publicly available datasets and validated by five well-
known machine-learning / data-mining methods.  

Our results are purely experimental, which is in accordance with the following observation by 
Thomas G. Dietterich [8]:  
     “Fundamental research in machine-learning is inherently empirical, because the      

performance of machine-learning algorithms is determined by how well their underlying 
assumptions match the structure of the world. Hence, no amount of mathematical analysis 
can determine whether a machine-learning algorithm will work well. Experimental studies 
are required”.  

The results demonstrated in this paper showed that for many real-life datasets, CBSes have 
noticeable advantages over other techniques (higher classification accuracy, smaller informative 
subsets of attributes identified, etc.). For some data, CBSes do not provide improvements, though 
show results comparable with other techniques, verifying the so-called No Free Lunch Theorem:  
     “All algorithms are equivalent, on average. Or to put it another way, for any two learning 

algorithms, there are just as many situations in which algorithm one is superior to algorithm 
two as vice versa” (D.H. Wolpert [20]).  

We hope that along with other techniques the CBSes will be a useful tool in the area of machine-
learning / data-mining.  

The usefulness of CBSes has been already confirmed by a practical application.  Richard 
Hoshino (Senior Project Officer, Canada Border Services Agency, Government of Canada) in his 
talk given at DIMACS [9] reported the application of composite Boolean separators to Marine 
Container Security. We hope that in the future this concept will find many other applications.  
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