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Abstract. Let  C {0,1}" be a set of binary vectors, and let us associate to each
vector w € ) a real weight. Consider now the problem of finding a conjunction C
such that the sum of the weights of the vectors in € satisfying C' is maximized. This
problem can be formulated as a pseudo-Boolean optimization problem in which ev-
ery term has degree n. This problem is a generalization of the so-called “maximum
pattern problem” and has a natural application in an iterative algorithm for regres-
sion with binary predictors. We propose a simple branch-and-bound algorithm for
this class of pseudo-Boolean problems and analyze its performance on a number of
randomly generated instances.
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1 Introduction

In this report we describe a branch-and-bound algorithm for a family of pseudo-Boolean
optimization problems, and report the results of a series of computational experiments that
compare the solution quality and running time of our algorithm with those of the Xpress
[17] integer linear programming solver.

2 Related Work

The branch-and-bound approach dates back to 1960 when the pioneer work of Land and
Doig [29] was published, in which they described a novel algorithm for solving integer linear
programming problems. Since then, several versions of the algorithm were proposed for
special classes of optimization problems, such as the traveling salesman problem [20, 35, 38],
facility location [19, 32, 43], network design [16, 21, 27], nonlinear programming problems
2, 25, 44, 46], to name a few.

The algorithm is essentially a combination of two procedures: the partitioning of the
original problem into a series of successively simpler subproblems (branching), and the com-
putation of bounds that permit the elimination of a significant fraction of the subproblems
(bounding). The expectation is that large parts of the search space can be removed from
consideration and only a small number of solutions have to be actually computed.

The branching procedure basically partitions the space of feasible solutions. The typical
branching operation consists of (i) enumerating (or implicitly describing) the possible values
of one or more variables that can actually be realized in a feasible solution, and (ii) par-
titioning the space of feasible solutions according to those values. Each partition is called
a branch and creates a restricted version of the original problem. Therefore, the objective
function value in each branch can be at most as good as that in the original problem. Note,
however, that branching operations as described here do not remove any feasible solution
from consideration. Thus, after a branching operation the set of solutions of a problem is
completely preserved in its subproblems.

Due to the successively more refined partitions of the search space generated by the
algorithm, we often refer to the search tree or the branch-and-bound tree associated to the
application of a branch-and-bound algorithm to a particular instance. At the root of the tree
we have a special node corresponding the original problem. Each of the remaining nodes of
such a tree corresponds to a version of the original problem whose space of feasible solutions
has been reduced by a branching operation. Two nodes are connected by an arc if one of
them was obtained from the other by the application of a branching operation, i.e., one of
them is a restricted version of the other. We usually say that the restricted subproblem is
a descendant or a child node of the other, which is referred to as the parent node. In this
paper we will sometimes identify a node in the search tree with the subproblem associated
to it.

The bounding procedure relies on the computation of an explicit bound on the optimal
objective function value for a given problem. Let us assume that our original problem is a
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maximization one, and let z; be the objective function value associated to a given feasible
solution. We can use an upper bound on the optimal objective function value of a subproblem
to conclude that it cannot contain an optimal solution to the original problem. If the upper
bound on the optimal value of a given subproblem is 2, and Z < z¢, then it is clear that the
given subproblem cannot contain an optimal solution to the original problem.

In most applications, the bounding procedure produces a solution for a relaxation of the
subproblem, and that can be used as a candidate solution for the original problem. For
example, in the case of integer linear programming problems, solving the linear relaxation
of the current problem S provides a bound on the objective value of S while producing a
candidate solution x for the original problem. If x turns out to be integral and the objective
function value associated to it is better than that of the best solution of the original problem
produced so far, we declare x the best known solution so far. If z is fractional, problem S can
be either discarded or further branched on, depending on the value of the bound computed:
if the objective function value associated to z is better than that of the current best known
solution, then problem S is still considered for further branching; otherwise, x is discarded,
and the current subproblem is removed from the search tree (as discussed above) without
producing any descendant node. If the procedure for computing a bound on the optimal
objective value of a subproblem does not produce a candidate solution, some mechanism
of producing one or more candidate solutions from each subproblem is needed as a way of
generating feasible solutions for the original problem.

More recently many modifications of the original branch-and-bound algorithm have been
proposed based on combinations of the original principles of branching and bounding with
those of other techniques, such as primal heuristics [3, 5, 34], cutting planes [20, 26, 35, 36, 38,
46], column generation [4, 5, 41, 45], and constraint satisfaction [1, 31, 37, 47]. These variants
are mainly used for solving specific classes of problems, as they typically explore the structure
of the problem being solved, for instance by the use of valid inequalities and special-purpose
heuristics. For the solution of real-life problems, commercial solvers rely heavily on branch-
and-bound algorithms, implementing some version of the standard algorithm enriched by a
number of preprocessing techniques, heuristics for fixing of variables, branching and node
selection strategies [1, 17, 26, 42|, and general-purpose cutting planes [39, 40, 14].

Certain classes of combinatorial optimization problems possess structural properties that
allow the opportunistic use of branch-and-bound algorithms. In this paper we describe a class
of pseudo-Boolean optimization problems [9, 10, 15, 22, 23, 24] with applications in Logical
Analysis of Data, and present a simple branch-and-bound algorithm that satisfactorily solves
problems from this class.

In the next section we describe the pseudo-Boolean optimization problem considered in
this paper. Section 4 presents the branching strategies of our algorithm, and Section 5 de-
scribes the node selection strategy utilized. In Section 6 we discuss the bounding procedure,
and in Section 7 we report on computational experiments carried out on randomly generated
instances. Finally, Section 8 discusses the contributions of the paper.
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3 Problem Formulation

Let us consider a set of binary points Q C {0,1}", with |2] = m, and let us associate to
each point w* € Q a real weight 3. Consider now the problem of finding a conjunction C
such that the sum of the weights of the points in {2 satisfying C' is maximized. The following
pseudo-Boolean optimization problem asks for such a conjunction:

(PB)  maximize (b:iﬁk Iz 1 7
k=1

ook ok —
tw=0 Jiw; =1

subject to:  y;,z; €{0,1}, j=1,...,n,

where y; is a Boolean variable associated to the inclusion of literal z; in the resulting con-
junction C, and z; is a Boolean variable representing the inclusion of literal z; in C, for
j=1,...,n. Note that the weights f; (k = 1,...,m) do not have necessarily the same sign.

Problem (PB) describes a particular class of pseudo-Boolean optimization problems in
which every term has degree equal to n and variables appear only complemented in the
expression of ¢. As a simple example, let n = 3, Q = {(1,0,1),(1,1,0)}, 51 = 1 and
(B = —1. Then, function ¢ equals to z7 73 Z3 — Z1 22 3.

We remark here that the so-called Maximum Pattern Problem described in [8] is a special
case of problem (PB) if the fuzziness parameter is set to zero. In such a case, we assume
that Q = QTUQ~, with QT NQ~ = (), and we ask, for instance, for a conjunction that covers
the largest number of points from Q7 and does not cover any of the points in Q7. This
is equivalent to setting weights 3; = 1 for the points w/ € QF, 3; = —|QF| for the points
w! € 7, and solving problem (PB).

Problem (PB) can also be used to produce maximum patterns with nonzero fuzziness
by a proper setting of the weights 3;. In that case, however, (PB) is not equivalent to the
formulation described in [8], since we cannot impose a nontrivial strict upper bound on the
number of points from 2~ that are covered. On the other hand, by adjusting the weights [,
we can obtain fuzzy patterns with optimal coverage with respect to a criterion closer to the
one used in the context of subgroup discovery [30].

A more natural application of problem (PB) is in the context of pseudo-Boolean regression
[6, 7], in which (PB) arises in the subproblem phase of a column generation algorithm. In
that specific application, each point is assigned a real weight and the goal is to find a
conjunction whose weighted coverage is positive (corresponding to a positive reduced cost
within the column generation context), rather than finding a conjunction with the largest
possible weighted coverage.

4 Branching Strategy

A simple branch-and-bound algorithm for a problem with binary variables fixes one variable
at each branch. In such a case, every subproblem in the branch-and-bound algorithm pro-
duces exactly two descendants, one corresponding to fixing z; = 0 and the other to fixing
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x; = 1. The enumeration associated to such a branching policy is typically very large, caus-
ing such an algorithm to be of little practical use. In general, if a simple branching strategy
is to be used, it becomes necessary to use preprocessing techniques that substantially sim-
plify the problem (reducing the number of variables or the space of feasible solutions) and
to develop sharp bounds to prune large parts of the search tree.

Some classes of problems display certain structural properties that allow the development
of specific branching strategies that fix a larger number of variables at each branch of the
search tree, quickly reducing the size of the subproblems during the execution of the algo-
rithm. In this section we describe a branching strategy that takes advantage of the particular
structure of problem (PB) and attempts to fix a large number of variables at each branch.

We propose a branching rule that takes into account the large number of variables involved
in the clauses (or terms) in problem (PB). We perform the branching step on an entire clause
of ¢, instead of on a single variable. Branching on a clause T' = H Ui H z; can fix a large

€A j€B

number of variables at once, significantly reducing the sizes of the resulti]ng subproblems. For
instance, if we fix clause 7" at value 1, we simultaneously fix all variables y; = 0 (i € A) and
z; =0 (j € B). Fixing T = 0 leaves us with a number of options: fixing any of the variables
involved in T at value 1 is enough to ensure that 7" = 0. We can then create |A| + |B|
descendant nodes associated with the case 7' = 0, with an increasing number of variables
fixed over these nodes. To achieve that, let us assume some order among the variables
involved in T'. We can fix the first variable at the value 1, leaving the remaining variables
free. As a separate branch we can fix the first variable at the value 0 and the second variable
at the value 1, with the remaining variables being free. Following this process, the third
variable can be fixed at 1, and the first two at 0, and so on, until we have a descendant node
that fixes the last variable at 1 and all other variables in 7" at 0. Clearly, the set of nodes
described above contains all possible assignments with 1" = 0, and every such assignment is
implicitly defined by exactly one of the nodes in the set.

Consider the example of T' = 77 23 Z3 ;. Branchingon T'=1fixesy; = 20 = 23 =y, = 0
simultaneously and reduces the number of variables in the problem by 4. Fixing T" = 0 can
be done in four different ways: fixing each variable in T" at the value 1 separately. If we
simply fix each variable separately at the value 1, we have a symmetry effect that can clearly
create an overhead in the performance of the algorithm. For example, as we fix y; = 1,
and in a separate branch fix z; = 1, we are potentially considering a number of identical
subproblems in subsequent branches: at subsequent rounds of branching we could obtain
(y1 = 1,29 = 1) in one part of the search tree and (23 = 1,y; = 1) in another part. Since
the number of possible solutions is exponential, this symmetry effect can result in a large
increase in the running time of the algorithm. In order to prevent such a situation we fix an
increasingly larger set of variables at each branch by, say, fixing y; = 1, and in a subsequent
branch fixing simultaneously y; = 0 and 2, = 1. In a third branch we can fix y; = 2o = 0 and
z3 = 1, and finally fix y; = 20 = z3 = 0 and y4 = 1 in the last branch. Note that this policy
does not remove any potential solution from consideration, while preventing the undesirable
overhead of evaluating equivalent subproblems multiple times.
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4.1 Branching Criterion

Let us assume that ¢ has both terms with positive and with negative coefficients. Indeed,
if all weights (3 are positive, the optimal solution of (PB) is simply the empty pattern (i.e.,
a conjunction containing no literals, covering all points in 2), since problem (PB) requires
the maximization of ¢. Similarly, if all points have negative weights (3, then any conjunction
that is not satisfied by any point in € is an optimal solution of (PB). For instance, any
conjunction of the type x;Z; (corresponding to y; = z; = 1 in (PB)) is an optimal solution
in this case.

A simple criterion for selecting the next clause to branch on is the value of the coefficient
of the clauses. The clause T with largest positive coefficient will hopefully provide a large
increase in objective function when fixed to 1. Thus, we first branch on the case T" = 1,
postponing the branches with 7" = 0.

Similarly, if in a certain node there are only negative clauses, we choose the most negative
clause and evaluate first the branches with T = 0, and subsequently the one with 7" = 1.
The advantages of such a criterion are that its implementation is straightforward and its
complexity is linear on the number clauses at the given node.

Obviously, more sophisticated criteria can be used, which can potentially reduce the
depth of the search tree and provide sharper upper bounds. In particular, the selection of
the order in which the variables should be fixed in the branches with 7" = 0 can make a
difference, since fixing certain variables at the value 1 can potentially cause other clauses to
vanish.

In addition to that, one could take into account the total effect of fixing a certain clause
to the value 1. Fixing 7" = 1 can simultaneously fix other clauses at the value 1 (those
involving only a subset of the literals in T"), thereby affecting the total contribution of that
fixing to the objective function.

In our computational experiments with randomly generated problems the use of the al-
ternative criterion described above did not result in an overall improvement of the algorithm,
as compared to the use of the simple criterion. In some cases, marginally superior solutions
were obtained early in the search, but that behavior was not consistent. Moreover, in all
cases the running time of the algorithm was largely increased, sometimes to twice as much as
the time required with the simple branching criterion. Indeed, it is clear that the complexity
of the more sophisticated criterion is significantly higher.

In the remainder of this paper we utilize solely the simple criterion proposed in the
beginning of this section.

5 Initialization and Node Selection

In this section, we describe a simple heuristic for finding initial solutions of good quality,
and the node selection strategy used throughout the rest of the algorithm.
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5.1 Generating an Initial Solution

As described above, the bounding principle depends on the objective function value of the
best solution found so far. Near-optimal solutions typically allow the pruning of considerable
parts of the search tree, while solutions of poor quality render the bounding procedure ineffec-
tive [5, 18, 28, 33]. Since at early stages of the search the space of solutions is still very large,
finding a solution with a high objective function value at the outset of the search contributes
to an aggressive pruning that can reduce the overall running time of the algorithm.

We utilize the greedy branching strategy described in the previous section, along with
a depth-first queue discipline in order to produce one or more solutions of good quality at
an early stage of the search process. We select the next clause to be branched on, and
follow the appropriate branch, postponing the other branches. This policy is applied until a
maximum number of K nodes is visited, where K was selected to be either 500 or 1,000 in
our computational experiments.

As long as there are unresolved clauses, i.e., clauses that have not yet been fixed, the
algorithm branches on a clause whose fixing seems to be the most advantageous one —
according to the branching criterion described in the previous section — among all unresolved
clauses.

This depth-first strategy for selecting the next node to be examined is extremely fast
since it does not require the consideration of which node should be examined next based on
its upper bound. The procedure usually produces solutions of good quality after a relatively
small number of branching operations.

For problems of small dimension, the procedure described above for generating an initial
solution frequently exhausts the search space. For larger problems, the solutions produced
in this initial phase of the algorithm are typically among the best solutions found during the
remainder of the search.

In Section 7 we present the results of a series of computational experiments that support
these claims.

5.2 Node Selection Strategy

We discuss below how the general node selection strategy used throughout the algorithm
differs from the one used during the initialization phase.

At any stage of the search procedure, there is a set of nodes that have not yet been
examined and whose corresponding upper bounds are still larger than the objective function
value of the best solution found so far. We refer to these nodes as open nodes. A careful
choice of the next open node to be processed can lead to substantial gains in computing time
as solutions of good quality may be found more quickly, helping to further prune the search
tree.

We select the best open node to be processed according to a discipline based on the
depth-first strategy described for obtaining initial solutions. The main difference consists in
the periodic interruption of the search every time a certain number of nodes has been ex-
amined. This interruption of the branch-and-bound search has the purpose of reorganizing
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the memory used by the algorithm. Two main tasks are accomplished during each interrup-
tion: (i) open nodes, whose upper bounds have become worse than the objective function
value of the best known solution since the time they were created, are discarded, and (ii)
the remaining set of open nodes is sorted in decreasing order of their upper bounds, with
the intent of giving priority of processing to nodes that are more likely to contain improved
solutions. We apply such an interruption every time the number of nodes processed equals
a multiple of an integer number, typically chosen between 100 and 2,000.

The strategy described above for selecting the next clause to branch on, and for deciding
the order in which to create descendants of a subproblem is used throughout the entire search
procedure.

6 Bounding

As discussed before, the combined use of an effective bounding procedure with feasible solu-
tions of good quality is a crucial part of the branch-and-bound algorithm. At the same time,
a good bounding procedure should be relatively fast. Indeed, the node selection strategy
described above relies on the explicit computation of an upper bound for each open node in
the search tree.

We utilize as an upper bound on the objective function value at any given node, having
an associated function ¢, the sum of the coefficients of the clauses of ¢ having positive
coefficients, plus the independent term of ¢. This is an optimistic upper bound, since we are
expecting that there is a certain assignment of the remaining variables for which all clauses
with a negative coefficient will vanish, while all clauses with a positive coefficient will be
satisfied.

This rather simplistic upper bounding procedure is extremely inexpensive and turned out
to work remarkably well in our computational experiments described in Section 7 below.

7 Computational Experience

In this section we report the results of a number of computational experiments with our
branch-and-bound algorithm. We compare the performance of our algorithm with that of
the commercial solver Xpress-MP [17] in terms of running time and quality of solutions
produced. We also report the quality of the upper bounds generated by both algorithms.
Our experiments were performed on randomly generated instances of problem (PB).

In our computational experiments, we report the performance of what we call “truncated”
branch-and-bound searches, in which explicit limits are imposed on the maximum running
time, or on the maximum number of branch-and-bound nodes evaluated, or on both.

We execute three types of experiments: a truncated search with 1,000 nodes, a truncated
search with 2,000 nodes, and a truncated search without a limit on the maximum number
of branch-and-bound nodes evaluated. For each type of experiment we established the max-
imum limit of 30 minutes of running time. It turned out that most of the small instances
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were solved to optimality by both our algorithm and the Xpress-MP solver during one of the
truncated searches. Neither our algorithm nor the Xpress-MP solver were able to solve the
larger instances within the truncated searches.

Our algorithm was implemented in C++ using the MS Visual C++ .NET 1.1 environ-
ment, utilizing version 16.10.02 of the Xpress-MP solver in our experiments. The computer
utilized to run all experiments reported in this paper was an Intel Pentium 4, 3.4GHz, with
2GB of RAM.

Table 1 presents the number of variables and the number of clauses of the set of randomly
generated instances used in our experiments. Note that n is the number of variables in the
set Q. However, in problem (PB) the total number of binary variables is in fact equal to 2n,
while the total number of clauses equals m, each clause having a coefficient randomly chosen
between -1 and 1.

Instance | = m Instance | n m Instance | n m

p-20_1 20 30 p_70_1 70 120 p-250_1 [ 250 300
p-20_2 20 30 p-70_2 70 120 p-250_2 | 250 300
p-20_3 20 30 p-70_3 70 120 p-250_3 | 250 300
p-30_1 30 50 p-100_1 | 100 150 p-300_1 [ 300 400
p-30-2 30 50 p-100_2 | 100 150 p-300_2 | 300 400
p-30_3 30 50 p-100_3 | 100 150 p-300_3 | 300 400
p-40_1 40 70 p-150-1 | 150 200
p-40.2 40 70 p-150_2 | 150 200
p-40.3 40 70 p-150_3 | 150 200
p-50_1 50 100 p-200_1 | 200 250
p-50_2 50 100 p-200_2 | 200 250
p-50_3 50 100 p-200_3 | 200 250

Table 1: Characteristics of randomly generated instances of problem (PB): n = number of
components of set {2, m = number of points in set €.

Table 2 shows the results of a truncated search using a maximum of 1,000 branch-and-
bound nodes for each problem. The columns labeled “Xpress-MP” refer to the solution
and the running time required by the Xpress-MP solver to perform the truncated search.
“BBPBF” stands for our “branch-and-bound algorithm for maximizing a pseudo-Boolean
function.” Within the limit of 1,000 branch-and-bound nodes, BBPBF found solutions with
objective function values that are 37% larger on average than those found by the Xpress-MP
solver, while requiring an average of 26% of the running time of the Xpress-MP solver.

Table 3 shows the results of a truncated search using a maximum of 2,000 branch-and-
bound nodes. BBPBF clearly outperforms Xpress-MP in the vast majority of the instances.
Not only it finds solutions that are on average 39% superior to those of Xpress-MP, but the
running time required is 35% (on average) of the one required by Xpress-MP.

Table 4 presents the final upper bounds obtained by BBPBF and Xpress-MP after the
end of the truncated searches of 1,000 and 2,000 nodes. Clearly, the upper bound computed
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by BBPBF is sharper than that computed by the standard integer programming solver of
Xpress-MP.

Tables 5 and 6 presents the results of a truncated search in which no limit is imposed
on the number of branch-and-bound nodes, but a limit of 30 minutes is enforced on the
running time of each algorithm. We report the objective function value of the best solution
found during the search by both the BBPBF and Xpress-MP algorithms, along with the
total running time and the number of nodes examined during the search.

8 Conclusions

It is easy to see that the BBPBF algorithm outperforms the Xpress-MP solver in each of the
criteria evaluated in this study. While this might come as a surprise given that Xpress-MP
is a well-established integer linear programming solver, we believe that it simply reflects our
use of a priori information about the problem’s structure.

In particular, it is natural that our bounding procedure proved more effective than the
one provided by the continuous relaxation of the integer linear formulation of the problem.
Moreover, our algorithm works on the original space of problem (PB), while the use of
the Xpress-MP solver requires the rewriting of the original problem as an integer linear
program, with as many additional binary decision variables as the number of clauses, and
several additional constraints.

It is possible that a proper fine tuning of the cutting-plane regime and preprocessing
techniques of the Xpress-MP solver could prove useful in speeding up the solution of (PB)
instances. However, the consideration of a fine tuning of the parameters of both algorithms
would be part of a larger study and is beyond of the scope of this paper. Moreover, as
discussed in Section 3, one of the contexts in which problem (PB) arises naturally is in that
of pseudo-Boolean regression, where one is interested in producing solutions of reasonable
quality, under low computational cost, rather than proving optimality.

Although we have focused our description of the algorithm and our computational exper-
iments on problems of the form (PB), it is clear that the BBPBF algorithm can be applied
to arbitrary unconstrained pseudo-Boolean optimization problems, without any restriction
on the degree of the terms. It is likely that for problems with small degree terms, such
as quadratic unconstrained binary optimization (QUBO) [11, 12, 13], the performance ad-
vantage of our algorithm will be diminished, as compared to algorithms such as the Xpress
solver or a standard branch-and-bound algorithm that branches on individual variables. For
problems having a relatively large average degree of terms, it is more likely that the BBPBF
algorithm will still retain a significant advantage over the above mentioned algorithms.

Finally, another desirable feature of our algorithm is its trivial portability to different
computer platforms, since it is a standard stand-alone C'++ implementation that does not
rely on the use of any third-party solver or library.
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Obj. Function Value | Running Time (s)
Instance | Xpress-MP BBPBF | Xpresss-MP BBPBF
p-20_1 3.86* 3.86* 0.4 0.0
p-202 3.69* 3.69* 0.3 0.0
p-20_3 4.44* 4.44%* 0.4 0.1
p-30_1 5.11* 5.11%* 2.0 0.4
p-30_2 6.37* 6.37* 1.6 0.4
p-30_3 9.19%* 9.19* 1.3 0.1
p-40_1 6.62 7.50* 4.1 1.0
p-40_2 7.25 7.25% 4.1 1.3
p-40_3 5.11* 5.11* 3.8 1.6
p-50_1 7.92 8.27 6.3 1.1
p-50_2 5.85 6.61 5.8 3.0
p-50_3 6.45 7.46 5.5 2.5
p-70_1 5.69 8.74 9.1 1.3
p-70_2 8.29 8.86 9.6 1.3
p-70_3 9.85 11.37 10.5 2.6
p-100_1 7.33 8.22 14.0 1.7
p-100_2 9.86 9.90 15.1 1.8
p-100_3 11.87  20.40* 14.2 33.1
p-150_1 8.30 11.66 27.9 4.1
p-150_2 10.54 12.71 26.9 4.3
p-150_3 8.96 10.75 29.7 3.8
p-200_1 11.10 12.09 48.6 7.6
p-200_2 10.57 10.97 49.7 7.9
p-200_3 6.70 9.95 45.4 7.5
p-250_1 8.39 14.53 82.6 14.0
p-250_2 7.19 16.56 81.5 14.6
p-250_3 6.91 16.79 85.1 15.2
p-300_1 9.90 17.90 220.2 29.0
p-300_2 7.60 14.49 229.7 27.0
p-300_3 5.43 18.94 229.9 32.7

Table 2: Quality of solutions for randomly generated instances of problem (PB) using a
maximum of 1,000 branch-and-bound nodes. Objective function values marked with an
asterisk (*) were proven to be optimal during the truncated search.
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Obj. Function Value | Running Time (s)
Instance | Xpress-sMP BBPBF | Xpress-MP BBPBF
p-40_1 7.50* — 6.3 —
p-40_2 7.25% — 5.9 —
p-40_3 — — — —
p-50_1 7.92 8.27 9.2 4.3
p-50_2 5.88 6.61* 10.3 4.5
p-50_3 6.98 7.46%* 10.6 3.3
p_70_1 6.79 8.75 14.8 5.4
p_70_2 8.29 9.03 13.7 6.0
p-70_3 10.15 11.37 16.0 9.2
p-100_1 7.33 8.39 23.1 3.3
p-100_2 10.49 9.90 22.3 3.4
p-100_3 14.66 — 22.6 —
p-150_1 8.30 13.38 46.3 40.1
p-150_2 10.54 12.71 46.8 8.1
p-150_3 9.35 12.65 46.7 16.0
p-200_1 14.06 14.70 84.2 14.5
p-200_2 10.87 10.97 82.4 11.0
p-200_3 10.77 13.11 80.5 11.4
p-250_1 8.39 14.53 132.1 18.2
p-250_2 8.17 16.56 157.0 70.0
p-250_3 11.48 18.31 155.8 39.8
p-300_1 9.90 20.32 356.6 250.0
p-300_2 7.60 14.49 365.4 59.2
p-300_3 5.43 18.94 350.4 92.0

Table 3: Quality of solutions for randomly generated instances of problem (PB) using a
maximum of 2,000 branch-and-bound nodes. The problems with at most 30 variables are
not shown here because each of them was solved to optimality by both algorithms using at
most 1,000 branch-and-bound nodes. Objective function values marked with an asterisk (*)

were proven to be optimal during the truncated search. Instances marked with “—" were
solved to optimality using at most 1,000 branch-and-bound nodes.
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After 1,000 nodes After 2,000 nodes

Instance | Xpress-MP \ BBPBF Xpress-MP \ BBPBF

p-20_1 3.86* 3.86%* — —
p-20_2 3.69* 3.69* — —
p-20_3 4.44%* 4.44%* — —
p-30_1 5.11%* 5.11% — —
p-30_2 6.37* 6.37* — —
p-30-3 9.19* 9.19* — —
p-40_1 9.53 7.50%* 7.50%* —
p-40_2 9.70 7.25% 7.25% —
p-40.3 5.11% 5.11% — —
p-50_1 16.35 16.96 15.29 14.51
p-50_2 10.61 11.03 9.34 6.61%
p-50_3 11.38 13.54 10.23 7.46%*
p-70_1 18.90 18.73 17.85 15.57
p-70_2 17.61 18.05 16.58 15.87
p-70_3 22.79 21.79 21.72 18.38
p-100_1 26.18 24.63 25.47 22.70
p-100-2 26.36 25.32 25.74 24.74
p-100-3 33.39 20.40* 32.60 —
p-150-1 34.70 31.11 34.22 30.73
p-150-2 33.79 30.75 33.10 29.51
p-150_3 36.92 31.90 36.22 31.42
p-200-1 51.55 44.85 50.92 44.20
p-200_2 43.85 36.62 43.19 36.59
p-200_3 47.96 40.46 47.00 40.08
p-250_1 55.12 45.80 54.69 45.48
p-250_2 56.17 47.10 55.72 45.90
p-250_3 59.37 50.39 58.89 50.08
p-300_1 75.61 61.76 75.13 60.38
p-300_2 73.35 62.17 72.89 60.46
p-300-3 71.92 59.97 71.22 57.92

Table 4: Upper bound on the value of the optimal solution of randomly generated instances
of problem (PB). Instances marked with an asterisk were solved to optimality.
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Objective Function Value Running Time (s)

Instance | Xpress-MP | BBPBF | Xpress-MP | BBPBF

p-40_1 7.50% 7.50% 6.0 1.0
p-40_2 7.25% 7.25% 5.8 1.3
p-40_3 5.11* 5.11* 3.7 1.6
p-50_1 8.27* 8.27* 59.9 9.0
p-50_2 6.61* 6.61* 19.8 4.5
p-50_3 7.46* 7.46* 19.2 3.3
p-70_1 8.75%* 8.75%* 237.3 26.6
p_70_2 9.03* 9.03* 189.7 23.8
p-70_3 11.37* 11.37* 190.3 18.2
p-100_1 11.00* 11.00* 1,281.4 317.9
p-100_2 11.11%* 11.11%* 1,203.1 236.2
p-100_3 20.40* 20.40* 572.4 33.2
p-150_1 11.88 14.66* 1,825.3 1,477.8
p-150_2 12.78 12.71 1,826.4 1,800.6
p-150_3 11.61 13.65 1,823.3 1,801.7
p-200_1 18.97 20.54 1,823.2 1,801.3
p-200_2 14.67 17.62 1,827.1 1,800.5
p-200_3 15.83 14.42 1,824.9 1,800.5
p-250_1 14.22 18.60 1,820.8 1,800.2
2502 14.53 18.83 18265 |  1,801.0
p-250_3 15.16 19.67 1,825.9 1,800.5
3001 13.62 20.32 18208 | 1,800.1
p-300_2 12.65 19.93 1,824.5 1,800.3
p-300_3 11.73 18.94 1,832.5 1,800.1

Table 5: Results of the truncated search with a limit of 30 minutes on the running time and
no limit on the number of branch-and-bound nodes. Instances marked with an asterisk were
solved to optimality.
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Number of nodes

Upper Bound

Instance | Xpress-MP ‘ BBPBF Xpress-MP ‘ BBPBF

p-40_1 1,668 369 7.50 7.50
p-40_2 1,570 603 7.25 7.25
p-40.3 942 885 5.11 5.11
p-50_1 12,864 3,098 8.27 8.27
p-50_2 3,995 1,237 6.61 6.61
p-50_3 3,825 1,242 7.46 7.46
p-70_1 32,587 4,574 8.75 8.75
p-70_2 22,031 4,112 9.03 9.03
p-70_3 35,049 2,633 11.37 11.37
p-100_1 145,547 22,904 11.00 11.00
p-100-2 139,567 15,557 11.11 11.11
p-100-3 71,388 970 20.40 20.40
p-150_-1 137,138 22,270 25.87 14.66
p-150-2 121,295 30,059 24.78 23.72
p-150_3 138,396 28,812 2791 26.69
p-200-1 79,278 12,905 44.33 39.66
p-200_2 77,706 11,547 36.43 34.02
p-200_3 79,233 16,591 40.42 37.05
p-250_1 50,739 10,439 50.00 42.97
p-250_2 53,361 7,477 50.15 44.63
p-250_3 44,891 8,358 54.18 46.45
p-300_1 20,118 5,635 71.94 59.38
p-300_2 18,470 7,426 70.12 58.03
p-300-3 19,004 7,028 68.07 56.95
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Table 6: Results of the truncated search with a limit of 30 minutes on the running time and

no limit on the number of branch-and-bound nodes.



