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Abstract. The paper further develops, both from the theoretical and numerical
points of view the analytic valuation of the American options, initiated by Geske
and Johnson (1984) for the American put with no dividend. We present and prove
closed form formulas for the Bermudan put and call, with dividend, paid continu-
ously at a constant rate, where a general number and not necessarily equal length
intervals subdivide the time. Based on the obtained formulas and recent, e�cient
numerical integration techniques, to obtain values of the multivariate normal c.d.f.,
the Bermudan put and call option values are evaluated for up to twenty subdivid-
ing intervals. The sequences of option values are smoothed by sums of exponential
functions and the latters are used to predict the values of the American options.
Numerical results are presented and compared with those, published in the litera-
ture. It is shown that the binomial method systematically overestimates the option
price and so do other methods we have looked at, according to our results. Some
properties of Richardson approximation are explored.
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1 Introduction

Over the past thirty years a large number of papers have been published on the valuation
or pricing of the American options. Much less, still not small is the number of those papers
that deal with numerical methods to calculate/approximate the option values. Excellent
summarizing papers by Broadie and Detemple (1996, 2004) and Ju (1998) provide us with
information and insight into the various methodologies.

To cite a few of the most prominent ones we mention the �nite di�erence method of
Brennan and Schwartz (1977, 1978) that solves approximately the Black{Scholes{Merton
PDE, the binomial pricing method of Cox, Ross and Rubinstein (1979), the analytic method
of Geske and Johnson (1984), and other methods by Barone-Adesi and Whaley (1987), Kim
(1990) and Broadie and Detemple (1996).

The paper that serves as starting point of our investigation is the one by Geske and
Johnson (1984). These authors look at the Bermudan put option on an asset that does not
pay dividend, write up a formula for the option value, where time is subdivided into n equal
parts, compute numerically P1, P2, P3, P4 and then apply the Richardson extrapolation to
approximate the value of the American put. Looking at the numerical results, the method
seems to be e�cient at least on the instances presented in the paper. However, rigorous
mathematical proofs for the option price formulas are not supplied and, on the other hand,
the Richardson approximation is used for a small number of subdividing intervals.

The purpose of our paper is to present the closed form formulas for the prices of the
Bermudan put and call options, where the asset pays continuously dividend with constant
rate, provide exact mathematical proofs for them, numerically calculate the option prices
for up to 20 subdivisions of the time and predict the prices of the American options. The
formulas are presented for the general case, where the subdividing intervals are not necessarily
equal.

The celebrated Black{Scholes{Merton (BSM) formulas for the prices of the European
call and put options are:

c = Se�D(T �t)N(d1) � Xe�r(T �t)N(d2) (1.1)

p = Xe�r(T �t)N(�d2) � Se�D(T �t)N(�d1); (1.2)

where

d1 =

ln
S

X
+

�

r � D +
�2

2

�

(T � t)

�
p

T � t
(1.3)

d2 =

ln
S

X
+

�

r � D � �2

2

�

(T � t)

�
p

T � t
= d1 � �

p
T � t (1.4)

In this formula t designates the current time, T the expiration, S the current price of the
stock, r the rate of interest (assumed to be constant), D the rate of dividend, �2 the variance
of an underlying geometric Brownian motion that describes the time variation of the stock
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price, and N(�) the c.d.f. of the univariate normal distribution. The geometric Bwownian
motion of the stock price process is of the form

S(t) = S(0)e�B(t)+�t; t � 0; (1.5)

where � > 0 is the already introduced constant, � = r � �2

2
and B(t), t � 0 is a standard

Brownian motion process.
The price dynamics is characterized by the stochastic di�erential equation:

dS(t)

S(t)
= �dB(t) + (r � D)dt: (1.6)

The assumption that the stock price performs a geometric Brownian motion is generally
attributed to Black and Scholes (1973) and Merton (1973). There are, however, precursors
of the model as well as of the formulas (1.1){(1.2). We only mention that Bachelier (1900)
was the �rst to introduce Brownian motion into �nancial theory and Sprenkle (1961), Boness
(1964) and Samuelson (1965) already worked with the multiplicative Brownian motion hy-
pothesis. For references and a good summary of the early results the reader is referred to
Briys, Bellalah, Minh Mai and de Varenne (1998).

Black and Scholes (1973) and Merton (1973) derived the parabolic PDE, for the case of
D = 0, valid for the value function V = V (t) of any derivative:

@V

@t
+ (r � D)S

@V

@S
+

1

2
�2S2 @2V

@S2
= rV: (1.7)

Formulas (1.1){(1.4) have been obtained by the solutions of the equation (1.7), with the
boundary conditions V = [S � X]+, V = [X � S]+, assumed to hold at time T , for the
European call and put options, respectively.

The paper is organized as follows. In Section 2 we present dynamic programming re-
cursion formulas for the Bermudan put and derive some properties of the value functions
involved. In Section 3 we present, with detailed proofs, the option pricing formulas for the
Bermudan put with dividend. The formulas for the Bermudan call are presented in Sec-
tion 4. In Section 5 we de�ne the value of the American option as the limit of a sequence
of Bermudan option values and establish the convergence of the value sequences, given by
our formulas. In Section 6 we brie
y describe the numerical integration techniques used
in the paper and present numerical results. In Section 7 we point out that the binomial
pricing method systematically overestimates the option price. In Section 8 some remarks
are made concerning the Richardson approximation. Finally in Section 9 we summarize the
conclusions.

In what follows we make use of a formula in connection with multivariate normal inte-
grals. A multivariate normal distribution is called standard if all of its univariate marginal
distributions are standard.

If R = (�ij) is the correlation matrix of the random variables involved, then the c.d.f.
of the n-variate standard normal distribution is designated by �(x1; : : : ; xn; R) or �(x; R),
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where xT = (x1; : : : ; xn). If X1; : : : ; Xn have this joint distribution, then the conditional
distribution function of X2; : : : ; Xn, given X1 = u is equal to (see, e.g., T.W. Anderson,
1957):

�

 

x2 � �21u
p

1 � �2
21

; : : : ;
xn � �n1u
p

1 � �2
n1

; R1

!

; (1.8)

where R1 is the (n � 1) � (n � 1) correlation matrix with entries

�ij � �1i�1j
p

1 � �2
1i

q

1 � �2
1j

; 2 � i; j � n: (1.9)

This implies that

�(x1; : : : ; xn; R) =

Z x1

�1

�

 

x2 � �21u
p

1 � �2
21

; : : : ;
xn � �n1u
p

1 � �2
n1

; R0

!

’(u) du; (1.10)

where ’(�) is the p.d.f. of the univariate standard normal distribution. Formula (1.10) is
called reduction formula. It enables the calculation of the values of the n-variate standard
normal c.d.f. by the use of the values of n � 1-variate ones. For results in connection with
the normal distribution the reader is referred to Tong (1990).

2 Dynamic programming recursion for the value of the

Bermudan put option

We assume that the price process is a multiplicative Brownian motion process, i.e., it has

the form (1.5). We use risk neutral valuation which means we assume that � = r � �2

2
. We

also assume that the asset pays dividend continuously, at a constant rate D.
Let us subdivide the time interval [t; T ] into n parts and let the subdividing points be

t1; : : : ; tn�1, where t < t1 < � � � < tn�1 < T . Introduce the notations: t0 = t, tn = T ,
�ti = ti � ti�1, i = 1; : : : ; n. If the only possible exercise times are t0; t1; : : : ; tn, then the
option is called Bermudan. Its value can be taken as an approximate value of the American
option. Let p, P designate the European and American put prices, and c, C the European
and American call prices, respectively. In case of n subdividing intervals the Bermudan
option prices are designated by Pn and Cn, respectively.

At any time t the option (spot) payo� is de�ned as the value [X �S]+, where S is the spot
price of the asset. Assume that the Bermudan option will be exercised whenever the spot
payo� becomes at least as large as the current value of the option. If, at time ti, i = 1; : : : ; n,
the spot payo� becomes at least as large as the current value of the option, then S is called
a critical price corresponding to ti. At time tn the value of the option is 0, hence the critical
price is equal to X. Let Vn(S); Vn�1(S); : : : ; V0(S) designate the option values corresponding
to tn; tn�1; : : : ; t0, respectively, where in each Vi(S), the value S represents the spot price of
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the asset. It is a variable and Vi(S) is its function which provides us with the option values
for all possible values of S > 0. For S = 0 the above functions are de�ned by continuity. In
view of our assumptions, we have the following recursion formulas:

Vn(S) = [X � S]+ (2.1)

Vi(S) = max
�

[X � S]+; e�r�ti+1E(Vi+1(Se�D�ti+1Yi+1))
�

i = 0; : : : ; n � 1;

where

log Yi � N

��

r � �2

2

�

�ti; �2�ti

�

(2.2)

i = 1; : : : ; n:

The price of the Bermudan option is Pn = V0(S). Let V (t) = V0(t).
Some properties of the Vi(S) can immediately be derived. The function Vn(S) = [S �X]+

is obviously continuous, decreasing in S for S � 0 and strictly decreasing in the interval
0 � S � X.

Theorem 2.1 The following assertions hold true

(a) Vi(0) = X, i = 0; : : : ; n,

(b) for every i = 0; : : : ; n � 1 the function Vi(S) is continuous and strictly decreasing for

S � 0.

Proof. Assertion (a) and the continuity of the functions Vi(S) are simple facts. The
rest of assertion (b) can be proved recursively.

For i = n � 1, Vi(S) is the value of a European put option. It is well-known and also
simple to check that for the option price given by (1.2){(1.4) we have

@p

@S
= N(d1) � 1; for S � 0:

It follows that the function
e�r�tnE(Vn(Se�D�tnYn))

is strictly decreasing in S. Its value at S = 0 is e�r�tnX, hence there exists an S = q1 such
that 0 < q1 < X,

X � S > e�r�tnE(Vn(SYn)) if S < q1

X � S < e�r�tnE(Vn(SYn)) if S > q1

and equality holds if S = q1. This implies that Vn�1(S) is strictly decreasing for S � 0.
Continuing this way the assertion follows. �

The proof of Theorem 2.1 implies that for every i = 1; : : : ; n � 1 there exists a unique S
such that

X � S = e�r�tiE(Vi(Se�D�ti+1Yi)): (2.3)

Let qn�i designate this value. Let q0 = X and call q0; : : : ; qn�1 critical prices.
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Theorem 2.2 Suppose that �ti = �t = (T � t)=n, i = 1; : : : ; n. Then for any S � 0 we

have the relation

Vi�1(S) � Vi(S): (2.4)

The inequality is strict if S > qn�i+1 and equality holds if S � qn�i+1. In the latter case

Vi�1(S) = Vi(S) = X � S. In addition, we have the inequalities

q0 = X > q1 > � � � > qn�1: (2.5)

Proof. By (2.1) we have that Vn�1(S) � Vn(S). This and the repeated applications of
the equalities

Vi(S) = max
�

X � S; e�r�tE(Vi+1(Se�D�ti+1Yi+1))
�

Vi�1(S) = max
�

X � S; e�r�tE(Vi(Se�D�tiYi))
�

prove (2.4).
By construction we have the inequality Vn�1(S) > Vn(S) for S > q1. If we use an

inductive argument from i to i�1, then we can see that the assertion in connection with the
strict inequality in (2.4) holds true. This, in turn, implies (2.5) and the theorem is proved.
�

A subdivision t0 < t1 < � � � < tn of the interval [t0; tn] will be designated by � letters.

A subdivision is called equidistant if ti � ti�1 =
tn � t0

n
, i = 1; : : : ; n. If �1 and �2 are two

equidistant subdivisions such that each point in �1 appears also in �2, then we write �1 � �2.

Theorem 2.3 If �1, �2 are two equidistant subdivisions and �1 � �2, then, the value of

the Bermudan option corresponding to �1 is not greater than the value corresponding to �2.

Proof. Follows easily from the recursion (2.1). �

3 Formulas for the price of the Bermudan put option

Let us introduce the notations:

d1(S; q; �) =

log
S

q
+

�

r +
�2

2

�

�

�
p

�

d2(S; q; �) =

log
S

q
+

�

r � �2

2

�

�

�
p

�
= d1(S; q; �) � �

p
� : (3.1)

We have already de�ned q0 = X, q1; : : : ; qn�1. Now we give them new de�nitions and later
on show that the two de�nitions provide us with the same numbers. First, for a given
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subdivision of the interval [t; T ], and given r, D, �, q0 > q1 > � � � > qn�1 we formally write
up the formulas of the function sequences Ui(S), Wi(S):

Ui(S)

= e�r(tn�i+1�tn�i)N1(�d2(S; qi�1; tn�i+1 � tn�i))

+e�r(tn�i+2�tn�i)N2(d2(S; qi�1; tn�i+1 � tn�i);

�d2(S; qi�2; tn�i+2 � tn�i); R(2))

+e�r(tn�i+3�tn�i)N3(d2(S; qi�1; tn�i+1 � tn�i); d2(S; qi�2; tn�i+2 � tn�i);

�d2(S; qi�3; tn�i+3 � tn�i); R(3)) + � � �

+e�r(tn�i+h�tn�i)Nh(d2(S; qi�1; tn�i+1 � tn�i); : : : ; d2(S; qi�h+1; tn�i+h�1 � tn�i);

�d2(S; qi�h; tn�i+h � tn�h); R(h)) + � � �

+e�r(tn�tn�i)Ni(d2(S; qi�1; tn�i+1 � tn�i); : : : ; d2(S; q1; tn�1 � tn�i);

�d2(S; q0; tn � tn�i); R(i));

i = 1; : : : ; n; (3.2)
Wi(S)

= e�D(tn�i+1�tn�i)N1(�d1(S; qi�1; tn�i+1 � tn�i))

+e�D(tn�i+2�tn�i)N2(d1(S; qi�1; tn�i+1 � tn�i); �d1(S; qi�2; tn�i+2 � tn�i); R(2))

+e�D(tn�i+3�tn�i)N3(d1(S; qi�1; tn�i+1 � tn�i); d1(S; qi�2; tn�i+2 � tn�i);

�d1(S; qi�3; tn�i+3 � tn�i); R(3)) + � � �

+e�D(tn�i+h�tn�i)Nh(d1(S; qi�1; tn�i+1 � tn�i); : : : ; d1(S; qi�h+1; tn�i+h+1 � tn�i);

�d1(S; qi�h; tn�i+h � tn�i); R(h)) + � � �

+e�D(tn�tn�i)Ni(d1(S; qi�1; tn�i+1 � tn�i); : : : ; d1(S; q1; tn�1 � tn�i);

�d1(S; q0; tn � tn�i); R(i));

i = 1; : : : ; n: (3.3)
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The covariance matrix R(h) has entries:

�
(h)
jk =

r

tn�i+j � tn�i

tn�i+k � tn�i
if 1 � j � k � h � 1

(3.4)

�
(h)
jh = �

r

tn�i+j � tn�i

tn�i+h � tn�i
if 1 � j � h:

Now, the de�nitions of q0; : : : ; qn�1 and U1(S); : : : ; Un(S), W1(S); : : : ; Wn(S) are as fol-
lows. First we de�ne q0 = X and

U1(S) = e�r(tn�tn�1)N1(�d2(S; q0; tn � tn�1))

W1(S) = e�D(tn�tn�1)N1(�d1(S; q0; tn � tn�1)):

Suppose that U1(S); : : : ; Ui(S); W1(S); : : : ; Wi(S); q1; : : : ; qi�1 have already been de�ned; write
up the equation:

X � S = XUi(S) � SWi(S) (3.5)

and designate its unique solution (with respect to S) by qi. Then we de�ne Ui+1(S) and
Wi+1(S) by (3.2) and (3.3), respectively. The existence and unity of qi is a byproduct of the
proof of the following

Theorem 3.1 We have the equations

e�r�tn�i+1E(Vn�i+1(Se�D�tn�i+1Yn�i+1)) = XUi(S) � SWi(S); i = 1; : : : ; n (3.6)

and the price of the Bermudan put option is given by

Pn = max(X � S; XUn(S) � SWn(S)): (3.7)

Proof. The latter assertion is a consequence of the former one. We prove the former
assertion by induction on i. For i = 1 equation (3.6) is a special case of the Black{Scholes{
Merton (BSM) formula (1.2){(1.4) for the European put, if we use t = tn�1, T = tn.

Suppose that equation (3.6) is valid for all positive integers up to i. We prove that it is
valid for i + 1 too.

If we use the induction hypothesis then we can write

Vn�i(S) = e�r�tn�iE(max(X � S; XUi(S) � SWi(S))):

It follows from this that

e�r�tn�iE(Vn�i(Se�D�tn�iYn�i))

= e�r�tn�i

Z 1

�1

max(X � Sey; XUi(Sey) � SeyWi(Sey))

� 1p
2��

p
�tn�i

e
�

�

y �
�

r � D � �2

2

�

�tn�i

�2

2�2�tn�i dy: (3.8)
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We split the integral into two parts. In the �rst (second) part we integrate over the interval
determined by Sey � qi (Sey � qi). Thus we have the equality

e�r�tn�iE(Vn�i(SYn�i))

= e�r�tn�i

Z log
qi
S

�1

(X � Sey)
1p

2��
p

�tn�i

e
�

�

y �
�

r � D � �2

2

�

�tn�i

�2

2�2�tn�i dy

+e�r�tn�i

Z 1

log
qi
S

(XUi(Sey) � SeyWi(Sey))

� 1p
2��

p
�tn�i

e
�

�

y �
�

r � D � �2

2

�

�tn�i

�2

�2�tn�i dy: (3.9)

The �rst term on the right hand side of (3.9) provides us with a BSM formula. This is
the same as the �rst term in XUi+1(S) � SWi+1(S), i.e., the term that arises in such a way
that we plug in the values of Ui+1(S) and Wi+1(S) from (3.2) and (3.3) but then drop all
terms where Nj, j � 2 appear. We show that the second integral on the right hand side of
(3.9) is equal to the rest of XUi+1(S) � SWi+1(S).

Let us split the above-mentioned second term into two terms, where

(a) XUi(Sey) appears, and where

(b) SeyWi(Sey) appears.

First consider the term (b). The value of Wi(S) is given by (3.3). Let us take from that
sum the term that involves Nh. Then we are given the integral:

e�r�tn�i

Z 1

log
qi
S

Seye�D(tn�i+h�tn�i)Nh

�

0

B

B

@

log
S

qi�1

+

�

r � D +
�2

2

�

(tn�i+1 � tn�i) + y

�
p

tn�i+1 � tn�i
;

log
S

qi�2
+

�

r � D +
�2

2

�

(tn�i+2 � tn�i) + y

�
p

tn�i+2 � tn�i

; : : : ;

log
S

qi�h+1

+

�

r � D +
�2

2

�

(tn�i+h�1 � tn�i) + y

�
p

tn�i+h�1 � tn�i
;
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�
log

S

qi�h
+

�

r � D +
�2

2

�

(tn�i+h � tn�i) + y

�
p

tn�i+h � tn�i
; R(h)

1

C

C

A

� 1p
2��

p
�tn�i

e
�

�

y �
�

r � D � �2

2

�

�tn�i

�2

2�2�tn�i dy: (3.10)

Now we use the relation:

y � 1

2

0

B

B

@

y �
�

r � D � �2

2

�

�tn�i

�
p

�tn�i

1

C

C

A

2

� r�tn�i

= y �
y2 � 2

�

r � D � �2

2

�

�tn�iy +

�

r � D � �2

2

�2

(�tn�i)
2

2�2�tn�i

�2�2r � D(�tn�i)
2

2�2�tn�i

= �

�

y �
�

r � D +
�2

2

�

�tn�i

�2

2�2�tn�i

and introduce the new variable

u = �
y �

�

r � D +
�2

2

�

�tn�i

�
p

�tn�i

:

Then (3.10) can be rewritten in the following form:

S

Z

�

log S
qi

+
�

r�D+ �2

2

�

�tn�i

�

=�
p

�tn�i

�1

e�D(tn�i+h�tn�i)Nh

�

0

B

B

@

log
S

qi�1
+

�

r � D +
�2

2

�

(tn�i+1 � tn�i�1)

�
p

tn�i+1 � tn�i

�
r

tn�i � tn�i�1

tn�i+1 � tn�i

u

log
S

qi�2

+

�

r � D +
�2

2

�

(tn�i+2 � tn�i�1)

�
p

tn�i+2 � tn�i
�
r

tn�i � tn�i�1

tn�i+2 � tn�i
u; : : : ;
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log
S

qi�h+1
+

�

r � D +
�2

2

�

(tn�i+h�1 � tn�i�1)

�
p

tn�i+h�1 � tn�i
�
r

tn�i � tn�i�1

tn�i+h�1 � tn�i
u;

�
log

S

qi�h
+

�

r � D +
�2

2

�

(tn�i+h � tn�i�1)

�
p

tn�i+h � tn�i

+

r

tn�i � tn�i�1

tn�i+h � tn�i

u; R(h)

�

’(u) du: (3.11)

At this point we make use of the formula (1.10) for the case of n = h + 1,

xj =

log
S

qj
+

�

r � D +
�2

2

�

(tn�i+j�1 � tn�i�1)

�
p

tn�i+j�1 � tn�i�1
; j = 1; : : : ; h + 1 (3.12)

and R0 = R(h). By the inductive hypothesis the entries of R(h) are given by (3.4). What we
have to show is that the integral (3.11) is equal to the term involving Nh+1 in (3.2), written
up for i + 1.

In (3.12) we already speci�ed the xj , j = 1; : : : ; h + 1. Still we have to specify an
(h + 1) � (h + 1) correlation matrix R = (�jk) with which (1.10) holds true and then our
task is to show that �(x1; : : : ; xn; R) is equal to the above-mentioned term in the de�nition
of Wi+1(S). Let �1k, k = 1; : : : ; h, �1;h+1 be de�ned by the equations

�2
1k

p

1 � �2
1k

=

r

tn�i � tn�i�1

tn�i+k�1 � tn�i
; k = 2; : : : ; h

�2
1;h+1

q

1 � �2
1;h+1

= �
r

tn�i � tn�i�1

tn�i+h � tn�i
: (3.13)

It follows that

�1k =

r

tn�i � tn�i�1

tn�i+k�1 � tn�i�1
; k = 2; : : : ; h

�1;h+1 = �
r

tn�i � tn�i�1

tn�i+h � tn�i�1
: (3.14)

If we use these and take into account (1.9), then we can write up the equations for �jk:

�
(h)
jk =

r

tn�i+j�1 � tn�i

tn�i+k�1 � tn�i

=
�jk � �1j�1k

q

1 � �2
1j

p

1 � �2
1k

; 2 � j � k � h + 1:
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From here and (3.14) we obtain

�jk =
q

1 � �2
1j

q

1 � �2
1k�

(h)
jk + �1j�1k

=

r

tn�i+j�1 � tn�i

tn�i+k�1 � tn�i

s

tn�i+j�1 � tn�i

tn�i+j�1 � tn�i�1

r

tn�i+j�1 � tn�i

tn�i+k�1 � tn�i

+

r

tn�i � tn�i�1

tn�i+k�1 � tn�i�1

s

tn�i � tn�i�1

tn�i+j�1 � tn�i�1

=

r

tn�i+j�1 � tn�i�1

tn�i+k�1 � tn�i�1

; 2 � j � k � h: (3.15)

Similarly, we obtain

�j;h+1 = �
r

tn�i+j�1 � tn�i�1

tn�i+h � tn�i
: (3.16)

From (3.14), (3.15) and (3.16) we can collect all entries of R and we can see that R = R(h+1).
Going back to equations (3.6), what we have proved so far is that if we split both integrals

on the right hand side into two terms, by taking the terms with positive and negative signs
separately, then the sum of the negative terms, multiplied by �1, is equal to SWi+1(S), i.e.,

e�r�tn�i

Z log
qi
S

�1

Sey 1p
2��

p
�tn�i

e
�

�

y �
�

r � D � �2

2

�

�tn�i

�2

2�2�tn�i dy

+e�r�tn�i

Z 1

log
qi
S

SeyWi(Sey)
1p

2��
p

�tn�i

e
�

�

y �
�

r � D � �2

2

�

�tn�i

�2

2�2�tn�i dy

= SWi+1(S): (3.17)

In the same way we can prove that

e�r�tn�i

Z log
qi
S

�1

X
1p

2��
p

�tn�i

e
�

�

y �
�

r � D � �2

2

�

�tn�i

�2

2�2�tn�i dy

+e�r�tn�i

Z 1

log
qi
S

XUi(Sey)
1p

2��
p

�tn�i

e
�

�

y �
�

r � D � �2

2

�

�tn�i

�2

2�2�tn�i dy

= XUi+1(S): (3.18)
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Thus, the equation in Theorem 3.1 holds true for i + 1, too. This proves the theorem. �

4 Formulas for the Price of the Bermudan call option

In this section we use the notations (3.1) unchanged. We also use the notations V0(S),
: : : ; Vn(S), U1(S); : : : ; Un(S), W1(S); : : : ; Wn(S) and q0; q1; : : : ; qn�1 but they have di�erent
meaning than in Section 3, except for q0 which remains equal to X.

The dynamic programming recursions can be obtained from (4.1) by replacing [S � X]+
for [X � S]+. Thus, the equations for the Bermudan call with dividend, paid continuously
in time at rate D, are

Vn(S) = [S � X]+

Vi(S) = max
�

[S � X]+; e�r�ti+1E
�

Vi+1(Se�D�ti+1Yi+1)
��

i = 1; : : : ; n � 1: (4.1)

The following three theorems are counterparts of those in Section 2 and their proofs are
the same.

Theorem 4.1 The following assertions hold true

(a) Vi(0) = 0, i = 0; : : : ; n,

(b) for every i = 0; : : : ; n � 1 the function Vi(S) is continuous and strictly increasing for

S � 0.

Theorem 4.2 Suppose that �ti = �t = (T � t)=n, i = 1; : : : ; n. Then for any S � 0 we

have the relation

Vi�1(S) � Vi(S):

The inequality is strict if S > qn�i+1 and equality holds if S � qn�i+1. In the latter case

Vi�1(S) = Vi(S) = X � S. In addition, we have the inequalities (4:5).

Theorem 4.3 If �1, �2 are two equidistant subdivisions and �1 � �2, then, the value of

the Bermudan option corresponding to �1 is not greater than the value corresponding to �2.

Let us de�ne Ui(S) and Wi(S) in the following way:

Ui(S)

= e�D(tn�i+1�tn�i)N1(d1(S; qi�1; tn�i+1 � tn�i))

+e�D(tn�i+2�tn�i)N2(�d1(S; qi�1; tn�i+1 � tn�i); d1(S; qi�2; tn�i+2 � tn�i); R(2))

+e�D(tn�i+3�tn�i)N3(�d1(S; qi�1; tn�i+1 � tn�i);
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�d1(S1; qi�2; tn�i+2 � tn�i); d1(S; qi�3; tn�i+3 � tn�i); R(3)) + � � �

+e�D(tn�i+h�tn�i)Nh(�d1(S; qi�1; tn�i+1 � tn�i); : : : ;

�d1(S; qi�h+1; tn�i+h�1 � tn�i); d1(S; qi�h; tn�i+h � tn�h); R(h)); + � � �

+e�D(tn�tn�i)Ni(�d1(S; qi�1; tn�i+1 � tn�i); : : : ;

�d1(S; q1; tn�1 � tn�i); d1(S; q0; tn � tn�i) : R(i));

i = 1; : : : ; n; (4.2)

Wi(S)

= e�r(tn�i+1�tn�i)N1(d2(S; qi�1; tn�i+1 � tn�i))

+e�r(tn�i+2�t+n�i)N2(�d2(S; qi�1; tn�i+1 � tn�i); d2(S; qi�2; tn�i+2 � tn�i); R(2))

+e�r(tn�i+3�tn�i)N3(�d2(S; qi�1; tn�i+1 � tn�i);

�d2(S; qi�2; tn�i+2 � tn�i); d2(S; qi�3; tn�i+3 � tn�i); R(3)) + � � �

+e�r(tn�i+h�tn�i)Nh(�d2(S; qi�1; tn�i+1 � tn�i); : : : ;

�d2(S; qi�h+1; tn�i+h+1 � tn�i); d2(S; qi�h; tn�i+h � tn�i); R(h)) + � � �

+e�r(tn�tn�i)Ni(�d2(S; qi�1; tn�i+1 � tn�i); : : : ;

�d2(S; q1; tn�1 � tn�i); d2(S; q0; tn � tn�i); R(i));

i = 1; : : : ; n: (4.3)

We de�ne q1; : : : ; qn�1 recursively in a similar way as we have de�ned the corresponding
values in connection with the Bermudan put. The equation for qi in case of the Bermudan
call is:

S � X = e�D�tn�i+1(SUi(S) � XWi(S)): (4.4)

Having qi we write up the formulas for Ui+1(S), Wi+1(S) and then proceed the same way.
For the obtained values we have the inequalities

q0 = X < q1 < � � � < qn�1 (4.5)

The next theorem is the counterpart of Theorem 3.1.

Theorem 4.4 We have the equations

e�D�tn�i+1E(Vn�i+1(Se�D�tn�i+1Yn�i+1)) = SUi(S) � XWi(S); i = 1; : : : ; n
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and the value of the Bermudan call option is:

Cn = max(S � X; SUn(S) � XWn(S)): (4.6)

If there is no dividend and C designates the price of the American call option, then, as
it is well-known, C = c.

5 The American options

For any positive integer n we de�ne the function q(n)(�), t � � � T in the following way. Let
t = t0 < t1 < � � � < tn = T be a subdivision of the interval [t; T ] and compute q1; : : : ; qn�1

de�ned in Section 3. Then let q0 = X, as before, qn � qn�1 and

q(n)(�) =
qi�1 � qi

ti � ti�1

(� � ti�1); i = 1; : : : ; n:

We have the following

Theorem 5.1 If max
1�i�n

�ti ! 0 as n ! 1, then for any � 2 [t; T ] q(n)(�) is convergent

and the function

q(�) = lim
n!1

q(n)(�); t � � � T (5.1)

is continuous, strictly decreasing and convex.

Proof. Omitted. �

Before stating the next theorem we mention that Ui(S) and Wi(S) have simple proba-
bilistic meaning. In fact, for Un(S) we can write

Un(S)

= e�r(t1�t0)P

�

Se
�(B(t1)�B(t0))+

�

r�D� �2

2

�

(t1�t0)
> qn�1

�

+
n
X

h=2

e�r(th�t0)P

�

Se
�(B(tl)�B(t0))+

�

r�D� �2

2

�

(tl�t0)
< qn�l;

l = 1; : : : ; h � 1; Se
�(B(th)�B(t0))+

�

r�D� �2

2

�

(th�t0)
> qn�h

�

= P (present value of $ 1.00 discounted at the constant rate r, paid upon the time
the geometric Brownian motion

X(t) = Se
�(B(t)�B(t0 ))+

�

r�D� �2

2

�

(t�t0)

�rst reaches or exceeds the discrete critical function qn�h, h = 1; : : : ; n, at some point
th, h = 1; : : : ; n); (5.2)
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where B(t), t � 0 is a standard Brownian motion process. Similarly, we have that

Wn(S)

= e�D(t1�t0)P

�

Se
�(B(t1)�B(t0))+

�

r�D+ �2

2

�

(t1�t0)
> qn�1

�

+

n
X

h=2

e�D(th�t0)P

�

Se
�(B(tl)�B(t0))+

�

r�D+ �2

2

�

(tl�t0)
< qn�l;

l = 1; : : : ; h � 1; Se
�(B(th)�B(t0))+

�

r�D+ �2

2

�

(th�t0)
> qn�h

�

= P (present value of $ 1.00, discounted at the constant rate D, paid upon the time
the geometric Brownian motion

X(t) = Se
�(B(t)�B(t0 ))+

�

r�D+ �2

2

�

(t�t0)

�rst reaches or exceeds the discrete critical function qn�h, h = 1; : : : ; n, at some point
th, h = 1; : : : ; n); (5.3)

where B(t), t � 0 is a standard Brownian motion process.
The correlation matrix of the random variables B(t1) � B(t0); : : : ; B(tn) � B(t0) is:

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

r

t1 � t0

t1 � t0

r

t1 � t0

t2 � t0

r

t1 � t0

t3 � t0

� � �
r

t1 � t0

tn � t0
r

t1 � t0

t2 � t0

r

t2 � t0

t2 � t0

r

t2 � t0

t3 � t0
� � �

r

t2 � t0

tn � t0
r

t1 � t0

t3 � t0

r

t2 � t0

t3 � t0

r

t3 � t0

t3 � t0
� � �

r

t3 � t0

tn � t0

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

r

t1 � t0

tn � t0

r

t2 � t0

tn � t0

r

t3 � t0

tn � t0

� � �
r

tn � t0

tn � t0

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

: (5.4)

The matrix Rh in formulas (3.2) and (3.3) can be obtained from the matrix (5.4). In fact, if
we take the matrix traced out from (5.4) by the �rst h rows and columns and then multiply
by �1 all o�diagonal entries in the hth row and hth column, then we obtain Rh.

The probabilistic interpretation of Un(S) and Wn(S) imply that the limits

U(S) = lim
n!1

Un(S) (5.5)

W (S) = lim
n!1

Wn(S) (5.6)

exist. In fact, any Brownian motion process has a representation, where almost all sample
functions are continuous (see, e.g., Doob, 1953) which imply the existence of the limits (5.5),
(5.6).
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The limiting function W (S) equals the probability that the multiplicative Brownian mo-
tion in (5.3) intersects the critical price function q(�), t � � � T . The other limiting function
equals the present value of $ 1.00 paid upon the time the multiplicative Brownian motion in
(5.2) intersects q(�), t � � � T .

The price of the American put option is

P = max(X � S; XU(S) � SW (S)): (5.7)

Finally, the price of the American call with dividend is equal to the following

C = max(S � X; SU(S) � XW (S)): (5.8)

6 On the Binomial Tree Method

In this section we show that under some conditions, frequently satis�ed in the numerical
calculation, the binomial tree method systematically overestimates the value of any option
of which the payo� is a convex function of the spot price S. This is a simple consequence of
a theorem known in the theory of the univariate moment problem.

Let X be a random variable the support of which is the �nite interval I = [a; b]. Suppose
that I, E(X) = � are known but the c.d.f. F (z) of X is unknown. Let f(z), a � z � b be a
nonlinear convex function. Then the optimal solution of the problem:

max

Z

I

f(z) dF (z)

subject to
Z

I

z dF (z) = �

(6.1)

provides us with a probability distribution with support fa; bg (see, e.g., Karlin and Studden,
1966). The corresponding probabilities can be determined from the equations

ap + bq = �

q = 1 � p

and the result is

p =
b � �

b � a
; q =

� � a

b � a
: (6.2)

This implies the relation

E[f(X)] � f(a)
b � �

b � a
+ f(b)

� � a

b � a
; (6.3)

known also as the Edmundson{Madansky inequality (see, e.g. Pr�ekopa, 1995). It provides
us with a sharp upper bound for the expectation of f(X). In (6.3) equality holds if and only
if the support of X is the set fa; bg.
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We can apply this result for the calculation of an option value using the binomial tree
method. Consider a node, labeled 0, and its two descendants, nodes 1 and 2. Suppose that
at node 0 the spot price is S0 and at the descendants the prices S0d and S0u are assigned,
respectively. If f(S) is the payo� function, then the binomial tree method assigns the option
price

e�r�t(pf(S0d) + qf(S0u)); q = 1 � p (6.4)

to node 0. The probabilities p, q can be determined from the no arbitrage equation, that we
assume to hold:

e�r�t(p(S0d) + q(S0u)) = S0; q = 1 � p:

The result is:

p =
er�t � d

u � d
; q =

u � er�t

u � d
: (6.5)

Note that the values d, u have to be chosen in such a way that d < er�t < u.

Now, assume that S0 corresponds to time 0 and at time 1 the price of the asset is a
random variable S for which we have

P (S0d � S � S0u) = 1: (6.6)

If F (s) is the c.d.f. of S, then the true option price at time 0 is

e�r�t

Z

I

f(s) dF (s) (6.7)

that is always smaller than or equal to the value in (6.4), with p, q given by (6.5). In fact,
this is a consequence of the inequality (6.3). In practice the possible values of the random
price S is a larger set, then the set of endpoints of the interval [S0d; S0u] and condition (6.6)
is frequently satis�ed. It follows that the true option price (6.7) is typically strictly smaller
than the value in (6.4).

Summarizing: if equation (6.6) holds true for any node in the binomial tree, the no
arbitrage assumption holds at each node and the option has a convex payo�, then the bino-
mial tree method always provides us with an upper bound for the option value. In practice
it translates into an overestimation of the option value. The overestimation disappears in
the limit, when �t ! 0 and d; u are suitably chosen in the limiting procedure (see Cox,
Rubinstein, 1985). However, since the di�erence between the standardized binomial c.d.f.
with parameter n and the standard normal c.d.f. is of order of magnitude 1=

p
n, by the

Berry{Ess�een theorem (see, e.g., Feller, 1972), the choice n = 10; 000 gives only two digit
accuracy.

Note that a typical choice of u and d is u = 1:2, d = 1=1:2. In this case the condition
(6.6) means that the change of the price between times 0 and 1 is not greater than 20% in
both the upward and downward directions.
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7 On the Richardson Approximation

Richardson extrapolation designates a collection of methods, where we determine the limiting
value of an analytic function of a stepsize z where the latter goes to zero. The values of the
analytic function are known exactly or approximately for a �nite number of h values and
the �tting of the function is part of the procedure.

The Richardson extrapolation we are using here �rst determines the Lagrange polynomial
L(z) that takes given values f1; : : : ; fn at given base points z1; : : : ; zn, respectively, and then
extrapolates the function value at z = 0, by the use of L(0). We apply it for two di�erent
cases.

Case I. Suppose that h > 0, the base points are:

h

n
;

h

n � 1
; : : : ;

h

2
; h (7.1)

and the corresponding function values are:

Pn; Pn�1; : : : ; P2; P1; (7.2)

or
Cn; Cn�1; : : : ; C2; C1: (7.3)

It is easy to see that L(0) does not change if each base point is multiplied by the same
positive number, hence we may choose h = 1.

Another way to formulate the method is the following. Solve for a0; a1; : : : ; an the equa-
tions

Pi =

n
X

k=0

ak
1

ik
; i = n; n � 1; : : : ; 1 (7.4)

if we want to approximate the American put, or the similar equations, written up with Ci

on the left hand side, if we want to approximate the American call. Then the Lagrange
polynomial is

L(z) = a0 + a1z + a2z
2 + � � � + anzn

and L(0) = a0 is the extrapolating value. Since the Lagrange polynomial has also the form:

L(z) =

n
X

i=1

fi
(z � z1) � � � (z � zi�1)(z � zi+1) � � � (z � zn)

(zi � z1) � � � (zi � zi�1)(zi � zi+1) � � � (zi � zn)
(7.5)

with the current base points (7.1), then a simple calculation shows that in case of the
function values (7.2), (7.3) the following closed form formulas provide us with the values
L(0) = P (1 : : : n), L(0) = C(1 : : : n):

P (1 : : : n) =

n
X

j=1

(�1)n�j jn�1

(n � j)!(j � 1)!
Pj ; (7.6)
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C(1 : : : n) =
n
X

j=1

(�1)n�j jn�1

(n � j)!(j � 1)!
Cj: (7.7)

Case II. In the second case our base points are

2�(n�1); 2�(n�2); : : : ; 2�1; 20 = 1 (7.8)

and the corresponding function values are

P2n�1 ; P2n�2 ; : : : ; P2; P1; (7.9)

or

C2n�1 ; C2n�2 ; : : : ; C2; C1: (7.10)

If we plug the base points (7.8) into the Lagrange polynomial (7.5), then a simple calculation
shows that, designating by P (12 : : : 2n�1) and C(12 : : : 2n�1) the value L(0), depending on if
we use (7.9) or (7.10) as function values, respectively, we have the equations:

P (12 : : : 2n�1) =
n
X

i=1

(�1)n�i 2
(2i�n)(n�1)

2

n�i
Q

j=1

(2j � 1)
i�1
Q

j=1

(2j � 1)

P2i�1 ; (7.11)

C(12 : : : 2n�1) =

n
X

i=1

(�1)n�i 2
(2i�n)(n�1)

2

n�i
Q

j=1

(2j � 1)
i�1
Q

j=1

(2j � 1)

C2i�1 : (7.12)

In the tables presented in the next section the numerical values of P (1 : : : n), C(1 : : : n)
are shown for n = 4; : : : ; 8 and the numerical values of P (12 : : : 2n�1), C(12 : : : 2n�1) are
shown for n = 3; 4. Geske and Johnson (1984) calculated P (1 : : : 4). Even though our
Richardson extrapolation is more powerful than the earlier one, applied in the same context
(n = 4), our �nal proposal to approximate the American option values is di�erent. We
propose an exponential smoothing of the sequences P1; : : : Pn and C1; : : : Cn, respectively
and then take the limiting values of the obtained discrete exponential functions, as n ! 1,
as approximations of the values of the American options.

8 Brief Description of the Applied Integration and Sim-

ulation Techniques. Numerical Results.

In order to obtain the numerical values of the Bermudan put and call options, we need
numerical integration technique that provides us with the values of the normal c.d.f. in
higher dimensions. With the dimension n we go up to the point where the calculation of the
Bermudan option values Pn, Cn is still reliable.
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Based on extensive experience with the integration of the multivariate normal p.d.f., we
have chosen three methods to apply here. One is due to Genz (1992, 1996), the other one is
due to Sz�antai (2000) and the third one is due to Ambartzumian et al. (1998).

The second one is a collection of methods and works in such a way that we take lower
and upper bounds for the probability of a union of events and then use simulation for the
di�erence. If Ai is the event fXi > xig, i = 1; : : : ; n and we want to estimate P (Xi � xi; i =
1; : : : ; n), then �rst we estimate the probability of the union

Sn
i=1 Ai and then estimate

P (Xi � xi; i = 1; : : : ; n) = 1 � P (A1 [ : : : [ An):

For the probability of the union prominent bounds, based on binomial moments (the
S1; S2; : : : that appear in the inclusion-exclusion formula), and graph structures are available.
The binomial moment bounds that are used in this context are those, presented in Boros
and Pr�ekopa (1989), for the cases, where only S1; S2; S3; S4 are used and in Pr�ekopa (1988),
were S1; : : : ; Sm, m > 4 are used. The graph structure bounds utilized here are those of
Buksz�ar and Pr�ekopa (2001), Buksz�ar and Sz�antai (2002) and Buksz�ar (2002).

When the subdivision of the interval [t; T ] is equidistant, the multivariate normal random
vectors can be generated in a much faster way than in the general case. In this case the
correlation matrix given by (5.4) takes the form
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and its Cholesky factor is
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0

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

q

1
2

q

1
2

q

1
3

q

1
3

q

1
3

...
...

...
. . .

q

1
n

q

1
n

q

1
n

� � �
q

1
n

1

C

C

C

C

C

C

C

C

C

C

C

C

C

A

: (8.2)



Page 22 RRR

If we multiply the ith argument of the c.d.f. that we estimate, by
p

i; i = 1; : : : ; n, then in
order to generate the required random numbers we can simply take the partial sums of the
independent, standard normal random numbers. There is no multiplication in the procedure.

After realizing that the calculated multivariate normal probabilities are frequently very
small, the sequential conditioned importance sampling (SCIS) procedure by Ambartzumian
et al. (1998) was also tested.

All the three simulation and numerical integration procedures produced essentially the
same results. As regards accuracy, the individual integrals have been computed with 5
digit precision on a con�dence level of 99%. We claim 3 digit accuracy in the values of the
Bermudan options.

In Tables 2,3,4,5 the \True" values are those obtained by the authors of the mentioned
papers, by the use of the binomial tree method using large numbers of steps.

In the calculation of P1; : : : ; Pn and C1; : : : ; Cn it is unavoidable that some numerical
errors occur. To overcome this di�culty we use of the following discrete exponential function

f(n) = k �
m
X

i=1

�ie
��in (8.3)

to smooth the above sequences. The constants k; �i; �i; i = 1; : : : ; m are determined by the
least squares principle:

min
k;�1;:::;�m;

�1;:::;�m

n
X

i=1

(f(i) � Pi)
2: (8.4)

In our examples it was enough to choose m = 1 or m = 2, to obtain very good �t.
The use of the type of function (8.3) is supported by the fact that all jth order di�erences

of the sequences fPig, fCig are of the same sign and the signs are alternating as j varies.
The same property is enjoyed by the function (8.3).

In the tables that follow we compare our numerical results to those in Geske and Johnson
(1984), Broadie and Detemple (1996), Arciniega and Allen (2004), Ju (1998) and create new
numerical examples. Our �gures, obtained by the exponential smoothing procedure, are
smaller than those, obtained by others, for the same input data and signi�cantly smaller
than tha \True" value. The latters are obtained by the binomial tree calculation, using
10; 000 � 15; 000 steps. Earlier we have remarked that n = 10; 000 is not enough to use, and
so is n = 15; 000, as number of steps to obtain accurate result. In fact, the e�ect, discussed
in Section 6, seems to be working and producing overestimation.

The closest to our �gures are those obtained by Geske and Johnson (1984) by the use of
Richardson extrapolation with P1; P2; P3; P4. However, it is shown in Tables 1, 2, 3, 4 that
the use of Richardson extrapolation, applied for the cases P1; : : : ; Pn, 5 � n � 8 does not
stabilize the extrapolation and as our numerical experience shows the situation is even worse
if we use n = 9; : : : ; 20. This tells us that the Richardson extrapolation is an unreliable
procedure, at least in this context.

In Tables 10 and 12 we present numerical evidence that the subsequent di�erences of the
sequences of option prices C1; : : : ; Cn and P1; : : : ; Pn have the alternating sign property, at
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least to a high degree. Violations of this property occur in case of very small numbers.
Table 11 corresponds to the same parameters as Table 10. It shows the critical stock

prices for the Bermudan calls: exercise takes place whenever the spot payo� is greater than
or equal to the current critical price, for the �rst time.

Table 1-a: Geske-Johnson problems, I.

Problem No.
1 2 3 4 5 6 7 8 9 10

S 1 1 1 1 1 1 1 1 1 1
r 0.1250 0.0800 0.0450 0.0200 0.0050 0.0900 0.0400 0.0100 0.0800 0.0200
X 1 1 1 1 1 1 1 1 1 1
� 0.5 0.4 0.3 0.2 0.1 0.3 0.2 0.1 0.2 0.1
T 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
P1 0.1327 0.1170 0.0959 0.0694 0.0373 0.0761 0.0600 0.0349 0.0442 0.0304
P2 0.1408 0.1216 0.0981 0.0701 0.0374 0.0814 0.0620 0.0352 0.0487 0.0313
P3 0.1431 0.1229 0.0988 0.0704 0.0375 0.0830 0.0626 0.0354 0.0501 0.0316
P4 0.1443 0.1236 0.0991 0.0705 0.0375 0.0837 0.0629 0.0354 0.0507 0.0317
P5 0.1449 0.1241 0.0994 0.0706 0.0376 0.0842 0.0631 0.0355 0.0511 0.0318
P6 0.1454 0.1244 0.0996 0.0707 0.0376 0.0845 0.0633 0.0355 0.0514 0.0319
P7 0.1458 0.1246 0.0997 0.0708 0.0376 0.0847 0.0634 0.0355 0.0516 0.0319
P8 0.1460 0.1248 0.0998 0.0708 0.0376 0.0849 0.0635 0.0356 0.0517 0.0320
P9 0.1462 0.1249 0.0999 0.0708 0.0376 0.0850 0.0635 0.0356 0.0518 0.0320
P10 0.1464 0.1250 0.0999 0.0709 0.0376 0.0851 0.0636 0.0356 0.0519 0.0320
P11 0.1465 0.1251 0.1000 0.0709 0.0376 0.0852 0.0636 0.0356 0.0520 0.0320
P12 0.1467 0.1251 0.1000 0.0709 0.0377 0.0853 0.0637 0.0356 0.0520 0.0321
P13 0.1467 0.1253 0.1000 0.0709 0.0376 0.0854 0.0637 0.0356 0.0521 0.0321
P14 0.1468 0.1253 0.1000 0.0709 0.0376 0.0854 0.0637 0.0357 0.0521 0.0321
P15 0.1469 0.1254 0.1001 0.0709 0.0376 0.0854 0.0637 0.0356 0.0522 0.0321
P16 0.1470 0.1254 0.1001 0.0710 0.0376 0.0855 0.0637 0.0357 0.0522 0.0321
P17 0.1471 0.1254 0.1001 0.0710 0.0376 0.0855 0.0637 0.0357 0.0522 0.0321
P18 0.1471 0.1254 0.1002 0.0709 0.0377 0.0856 0.0638 0.0356 0.0523 0.0321
P19 0.1471 0.1255 0.1002 0.0710 0.0377 0.0856 0.0638 0.0356 0.0523 0.0321
P20 0.1472 0.1255 0.1002 0.0710 0.0377 0.0856 0.0638 0.0357 0.0523 0.0322

Exp. smoothed 0.1468 0.1255 0.1002 0.0710 0.0377 0.0857 0.0638 0.0357 0.0524 0.0322
G{J 0.1476 0.1258 0.1005 0.0712 0.0377 0.0859 0.0640 0.0357 0.0525 0.0322

P (1 : : : 4) 0.1476 0.1259 0.1005 0.0711 0.0377 0.0859 0.0640 0.0357 0.0525 0.0322
P (1 : : : 5) 0.1481 0.1261 0.1006 0.0711 0.0377 0.0861 0.0641 0.0357 0.0527 0.0323
P (1 : : : 6) 0.1480 0.1260 0.1003 0.0710 0.0378 0.0863 0.0641 0.0358 0.0527 0.0322
P (1 : : : 7) 0.1481 0.1263 0.1012 0.0714 0.0373 0.0857 0.0639 0.0353 0.0534 0.0324
P (1 : : : 8) 0.1488 0.1250 0.0966 0.0694 0.0390 0.0882 0.0656 0.0375 0.0506 0.0314
P (124) 0.1473 0.1255 0.1002 0.0711 0.0377 0.0858 0.0638 0.0357 0.0526 0.0321
P (1248) 0.1479 0.1260 0.1005 0.0711 0.0377 0.0861 0.0641 0.0357 0.0526 0.0323




