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1 Introduction

Horn functions constitute a very important subclass of Boolean functions. Their importance
stems from the fact that the satisfiability problem (SAT), which is NP-complete for general
Boolean formulae (see e.g. [18]), is solvable in linear time for Horn formulae [15, 25, 30].
This implies that certain real-life problems which require solving SAT become tractable if
the underlying Boolean function in the problem is Horn. Such problems arise in several
application areas, among others in artificial intelligence [14, 22, 24] and database design [13,
29]. Horn clauses are by far the most popular type of knowledge representation which is due
to both the computational efficiency of reasoning and their sufficient richness for capturing
essential features of real-life problems.

In some applications an important problem is to find a shortest possible representation
of a given Boolean function. For instance, in artificial intelligence this problem is equiv-
alent to finding a most compact representation of a given knowledge base [22, 24]. Such
transformation of a knowledge base accomplishes knowledge compression, since the actual
knowledge does not change, while the size of the representation can be significantly reduced.
The computational complexity of reasoning in the case of Horn knowledge bases is reduced
accordingly, since the compressed knowledge base is guaranteed to remain Horn. The pro-
cedure of knowledge compression preprocesses the knowledge base, and can be done off-line.
This results in speeding up on-line operation while answering queries. Therefore, the com-
putational expense of a single run of knowledge compression will be quickly amortized over
a large number of queries to the knowledge base.

Unfortunately, unlike satisfiability, the representation minimization problem (for several
different measures of minimality) is NP-hard not only in the general case, but also for Horn
CNFs [3, 5, 8, 22, 29]. In this paper, where the number of literals is the selected measure,
the Horn Minimization (HM) problem can be stated as follows: given a Horn CNF F find
a CNF F’ representing the same function and such that F’ consists of a minimum possible
number of literals.

The first NP-hardeness proof for HM appeared in [29]. Although strictly speaking the
measure defined there is slightly different from the one used here, the proof can be easily
modified to work also for HM. A simpler proof (this time really using the number of literals as
the minimality measure) then appeared in [22]. Both of the these proofs have the drawback,
that the reduction constructs clauses of a very high degree (equal to the number of all
propositional letters). Therefore it is natural to ask, what is the complexity of HM for CNFs
of bounded degree (CNF has a bounded degree if every clause in it does). This question was
addressed in [8] where it was proved, that HM stayes NP hard even if we restrict the input
to CNF's of degree at most seven. In this paper we shall strengthen the result to CNFs of
degree at most five.
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2 Basic Definitions and Main Results

A Boolean function f on n propositional letters z1, . .., z, is a mapping {0, 1} — {0,1}. The
propositional letters z1, ..., x, and their negations 7y, ..., Z, are called positive and negative
literals respectively. Both sets together are called just literals. An elementary disjunction

C=\Vz\ (1)

iel  jeJ

of literals is called a clause, if every propositional letter appears in it at most once, i.e. if
INJ=10. A degree of a clause is the number of literals in it. For two Boolean functions f
and g we write f < g if

V(zy, ..., 2) € {0,1}" ¢ flag,...,2,) =1 = g(x1,...,2,) =1 (2)

Since each clause is in itself a Boolean function, formula (2) also defines the meaning of
inequalities C] < Cy, C} < f, and f < Cy where C,Cs are clauses and f is a Boolean
function.

We say that a clause C subsumes another clause Cy if C} < Cy (e.g. the clause TV z
subsumes the clause TV 7y V z). A clause C' is called an implicate of the function f if f < C.
An implicate C of a function is called prime if there is no distinct implicate C" subsuming C,
or in other words, an implicate of a function is prime if dropping any literal from it produces
a clause which is not an implicate of the function.

It is a well-known fact that every Boolean function f can be represented by a conjunc-
tion of clauses. Such an expression is called a conjunctive normal form (or CNF) of the
Boolean function f. It should be noted that a given Boolean function may have many CNF
representations (typically exponentially many in the number of propositional letters). Any
two CNFs representing the same function are called equivalent. A CNF F representing a
function f is called prime if each clause of F is a prime implicate of the function f. A CNF
F representing a function f is called irredundant if dropping any clause from F produces a
CNF that does not represent f.

It is well-known (see e.g. [20]) that each prime implicate of a Horn function is either
negative or pure Horn and each prime implicate of a pure Horn function is pure Horn. Thus,
in particular, any prime CNF representing a Horn function is Horn and any prime CNF
representing a pure Horn function is pure Horn.

For the purposes of measuring the complexity of algorithms we need a way how to measure
the “size” of a given CNF'. In the Boolean related literature the following two definitions are
the most commonly used ones. Let F be a CNF. Then

e |F|. = the number of clauses in F = >z 1

e |F|; = the number of literals in F = Y. |C]

where F denotes the set of all clauses present in F.
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The problem which concerns us in this paper stems from the fact that CNF representa-
tions of Boolean functions are not unique. To find a CNF representation having some specific
properties (e.g. the minimum number of literals, clauses, etc.) of a given Boolean function
is usually a hard problem, not well solved even in the special cases of Horn or pure Horn
functions. The decision variant of the problem of finding a Horn CNF with the minimum
number of literals for a given Horn function can be stated as follows.

MINIMIZATION OF THE NUMBER OF LITERALS (MNL)

Instance: A pure Horn CNF F and a positive integer /.
Question: Is there a CNF equivalent to F which contains at most ¢ literals?

As was remarked in the introduction, this problem is NP-complete (see [29, 3]). Moreover,
in [8] it was proved that this problem remains NP-complete even for CNF's of degree at most
seven. Here we shall show that this proof can be easily modified to achieve the following
result.

Theorem 1 Let F be a pure Horn CNF of degree at most five (each clause has degree at
most five) and let { be a positive integer. The problem of whether there exists a CNF F'
representing the same function as F and such that |F'|, < £ is NP-complete.

We shall first prove, that problem MNL is in NP. In the rest of the paper (Sections
3-6) we shall present a modification of the original (never published) proof from [8] which
strengthens the result from formulae of degree at most seven (claimed in [8]) to formulae of
degree at most five, as claimed in Theorem 1.

Lemma 2.1 The MNL problem is in NP.

Proof. Since a similar proof was given in [22] (and full details are also in [8]) we shall provide
only a sketch of the proof here. If the answer to a given instance of MNL is yes and we are
given a (not necessarily pure Horn) CNF F’ as the “certificate”, we first count the number
of literals in F’ to check that this number is not larger than ¢. If yes, we construct for each
clause of F (in quadratic time, see [20]) a prime implicate of F subsuming it. Let F” be the
conjunction of these prime implicates. Clearly, 7" is Horn and consists of at most [ literals.

Next we check whether F and F” are equivalent. For this we check first the inequality
F" < F by verifying (in quadratic time, see [15]) that every clause of F is an implicate of
F". If yes, then we finish by checking the reverse inequality F < F” in a similar way.

If 7" passed the above test, it itself verifies that the answer to the given instance of MNL
is indeed yes. On the other hand if it failed the test, i.e. if F” is not equivalent to F, then
neither is 7’ and we can reject it as a certificate. ]

In the rest of this paper we shall show that the known NP-hard problem of finding a
maximum matching in a (undirected) hypergraph (also known as the set packing problem,
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see e.g. [18]) reduces in polynomial time to MNL, thus establishing the NP-completeness
of MNL. To simplify notation we shall sometimes use a shorthand SV y instead of writing
V.esT V y to denote a pure Horn clause. For the purposes of this paper a CNF is called
mainimum if there is no CNF representing the same function and containing fewer literals.
In the next subsection we shall describe a simple procedure which we shall use as a tool for
proving our result.

2.1 Forward chaining procedure.

In verifying that a given clause is an implicate of a given pure Horn function, a very useful
and simple procedure is the following. Let F be a pure Horn CNF of a pure Horn function
f. We shall define a forward chaining procedure which associates to any subset () of the
propositional letters of f a set R in the following way. The procedure takes as input the
subset () of propositional letters, initializes the set R = (@), and at each step it looks for
a pure Horn clause SV y in F such that S C R, and y ¢ R. If such a clause is found,
the propositional letter y is included into R, and the search is repeated as many times as
possible.

FORWARD CHAINING PROCEDURE

Input: A pure Horn CNF F = A2, (S; V zj,) and a subset ()
of the propositional letters.
Initialization: Set R = Q.
Main Step: while 3 ¢ such that S; C R and x;, ¢ R do R=RU{z;}.
Stop: Output Rx(Q) = R.

In a relational database terminology the propositional letters in Rz(Q) are said to be
“chained” to the subset @ (see e.g. [13]). In an expert system terminology the usage of the
clause SV y is called “firing the rule” A cqgx — y (see e.g. [21]).

The following lemma (proved in [22]) will be frequently used in the rest of this text.

Lemma 2.2 A pure Horn clause Q V y is an implicate of a pure Horn function f given by
a pure Horn CNF F if and only if y € Rx(Q).

Lemma 2.2 shows how to verify whether a given clause is an implicate of a given CNF.
The following statement proved in [23] shows that the forward chaining procedure can be
also efficiently implemented, i.e. that the complexity of performing the above mentioned
verification is low.

Lemma 2.3 Given a pure Horn CNF F and a subset of () of the propositional letters used
in F, the set Rx(Q) can be determined in O(|F|,) time.
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Obviously the complexity guaranteed by Lemma 2.3 is the best possible since any imple-
mentation of the forward chaining procedure must at least read the entire input CNF. Let
us conclude this section with a notational remark.

If 71 and F5 are two distinct CNF representations of a given pure Horn function f and
if ) is an arbitrary subset of the propositional letters then by Lemma 2.2 Rx, (Q) = Rz, (Q)
because F; and F, have the same set of implicates. Therefore the set of propositional letters
reachable from () by forward chaining depends only on the underlying function rather than
on a particular CNF representation. For this reason we shall throughout the text use the
expression R;((Q)) instead of Rx(Q)) whenever we do not want to refer to a specific CNF.

3 Pure Horn functions corresponding to hypergraphs.

The forthcoming reduction (proof of NP-hardness) will use the following correspondence
between hypergraphs and pure Horn functions. Let H be an arbitrary hypergraph on a
vertex set X containing n vertices and let us identify each vertex of H with a Boolean
propositional letter z;, i.e. let X = {1, x9,...,2,}. Let us consider a set of additional
Boolean propositional letters, T' = {ti,t, ..., t,}, and let us associate with the hypergraph
‘H a pure Horn function f;; defined by the following CNF expression

Fn = [ﬁ/_\l(ti Vi) A (T VE)] A [‘n (V)N N\ (HV 1)) (3)

Note that the first part of the above formula is in fact a cycle of implications over proposi-
tional letters tq, ..., t,, thus establishing an equivalence among them. Therefore, the propo-
sitional letters ty,...,t, are freely interchangeble in the second part of the formula and it
does not matter which t;’s appear there (all such formulas are equivalent, i.e. represent the
same function). For instance in the CNF (3) only the propositional letter ¢; is used.

It is easy to see that the CNF (3) is not a minimum one. Let H; be an arbitrary
hyperedge and let us replace the clause H; V t; with H; V t5. The new clause together with
the clauses t; V x;, x; € H; imply the clause t; V t5 and therefore #; V t3 can be deleted
from the formula thus reducing the number of literals by two. Similarly, if H, is an arbitrary
hyperedge disjoint from H; and we replace Hy V t; with Hy V t3 and & V x; with &5 V x;
for each x; € H,, the clause t, V t3 can be eliminated from the formula. This suggests a
heuristic approach to minimize the function fy: Find as many pairwise disjoint hyperedges
as possible (i.e. a maximum matching on H would perhaps be the best) and by the above
procedure eliminate for each hyperedge in this matching one arc (quadratic clause) from the
cycle on the propositional letters in T". The somewhat surprising fact is that this is the best
one could do, at least in case of certain hypergarphs. In other words, given a maximum
matching on H one can construct a minimum CNF of f3 in this way, and vice versa, from
a minimum CNF of f3 one can deduce a maximum matching of the hypergraph. How this
mutual correspondence works precisely will be shown later on.
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4 Prime Implicates of fy

Let us consider the pure Horn CNF F3, given by (3) associated to the hypergraph H and
let us moreover assume that H has the Sperner’s property (i.e. no two hyperedges are
comparable by inclusion). In such a case it is easy to see that the CNF (3) is prime, i.e.
that dropping a literal from any of the clauses of F3; would produce a clause which is not
an implicate of fy. The following lemma characterizes all prime implicates of f4.

Lemma 4.1 Let 'H be a hypergraph with the Sperner’s property and let us consider the
associated function fy defined by the CNF (3). An elementary disjunction C is a prime
implicate of fr iff one of the following is true :

I) C =1t Vt; for somet;, t; € T such thati# j; or
IT) C =1, Vux; for somet, €T and x; € X, or
IIT) C = H Vit for some H € H andt, € T; or

IV) C = HVx; for some H € H and x; € X such that x; ¢ H

Proof. One can observe that
Ry, ({t:}) =TUX forevery t; € T, and
Rr,(H) =TUX forevery H€ H, and (4)
Rg,(S) =8 for every S C X such that AH € H for which H C S.

This implies, according to Lemma 2.2 that every clause of type I) - IV) is an implicate of
fr, and moreover that no truncation of such an implicate yields an implicate. Thus all such
clauses are indeed prime implicates of fy.

On the other hand, if C' is a prime implicate of f7, then it must be pure Horn, since all
prime implicates of (the pure Horn function) f;; must be pure Horn (see e.g. [20]). Thus we
may assume that C' = Q V y for some Q@ C TU X and y € T'U X such that y € (). Then
Rz, (Q) # @ (since it must contain y), and thus by (4) either some ¢; € T or an hyperedge
H € H must be contained in ). The primeness of C' thus implies in the first case that
C =t;Vy, ie. that C is of category I) or II) depending on whether y € T or y € X, and in
the second case that C'= H V y, and so C' is of category III) or IV). |

5 Properties of fy.

Let us now state the hypergraph matching problem (see e.g. [18]) that we shall use for the
reduction. Following standard terminology by a matching on a (undirected) hypergraph we
understand a collection of pairwise disjoint hyperedges. The problem can be then stated as
follows :
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HYPERGRAPH MATCHING (HM)

Instance: A hypergraph H and an integer k.
Question: Does H contain a matching of size at least k?

What unfortunatelly complicates the matter a little bit is that the forthcoming reduction
requires the given hypergraph to have certain special properties. First of all, in order to
be able to use Lemma 4.1, H must have Sperner’s property. Moreover, we will require that
every hyperedge contains exactly four vertices and that the difference of any two (different)
hyperedges contains at least two vertices. More formally speaking, the hypergraph H must
satisfy the following three properties :

1. VHl #HQ EH : Hl ZH%
2. YVH €H : |H|=4;and (5)
3. VHl?éHQEH : |H1\H2| 22

The requirement that every hyperedge of H has cardinality exactly four will guarantee that

the corresponding CNF F3; defined by (3) has degree at most five. The problem that is
actually used in the forthcoming reduction can be stated as follows :

SPECIAL HYPERGRAPH MATCHING (SHM)

Instance: A hypergraph H satisfying properties (5) and an integer k.
Question: Does H contain a matching of size at least k?

It is quite easy to see that SHM is NP-complete. First of all SHM is a special case of HM
and therefore it is indeed in NP. Secondly, HM stays NP-complete even if no hyperedge has
cardinality more than three and less than two, i.e. if H is at most cubic with no singletons
(see [18]). Now given an instance (H, k) of HM one can construct (in polynomial time)
an instance (H', k) of SHM such that H contains a matching of size at least k if and only
if H' does. If H is not Sperner’s (does not fulfil Property 1 in (5)) we can simply delete
every hyperedge H; which is a superset of another hyperedge H, since if H; appears in a
matching it can be replaced by its subset H, without violating the pairwise disjointness of
the matching or decreasing its size. In order to guarantee the validity of Properties 2 or
3 in (5) construct H' by adding two extra vertices (not present in H) to each hyperedge
H of size two and one extra vertex to each H of size three. Now we can observe, that all
hyperedges in H’ have the same size four as required by Property 2. Since we assume that
‘H has Sperner’s property, H' must have it as well, so H' fulfils also Property 1. To verify
Property 3 for H' consider two different hyperedges H; and Hy in H and their modifications
H{ and H) in H' respectively. Due to Sperner’s property of H we have |H; \ Ho| > 1. Due to
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the construction of H', the modified hyperedge Hj contains at least one extra vertex which
is not present in Hy, Ho, and Hj, and so we get |H{ \ H}| > 2 as is required by Property 3.

There is an obvious one-to-one correspondence between hyperedges in ‘H and H’. This
correspondence clearly carries over to an one-to-one correspondence between matchings on ‘H
and H’, because two hyperedges in H are disjoint if and only if their corresponding “images”
in H' are disjoint. The next proposition shows the correspondence between MNL and SHM.

Proposition 5.1 Let H be a hypergraph on n vertices satisfying (5) and let k be a positive
integer. The associated pure Horn function fy has a CNF representation consisting of at
most £ = gen(|H| + 1) + 4n — 2k if and only if H has a matching of size at least k.

The proof of Proposition 5.1 consists of several easy lemmas. Since the proof is construc-
tive (i.e. given a matching of size at least k one can construct in a polynomial time the
corresponding CNF of size at most ¢ and vice versa) it gives the desired reduction proving
Theorem 1. Indeed, if there was a polynomial time algorithm for finding a minimum CNF
of an arbitrary pure Horn function of degree at most five, one could solve the special hy-
pergraph matching (SHM) problem (in polynomial time) as follows. Given H construct the
(pure Horn) CNF Fy, find its minimum CNF F,| count the number of literals in F, and
compare it to the above defined number £.

First we shall show that given an instance of SHM all minimum CNF's of fy, fulfil certain
properties. Next we shall show that among the minimum CNFs there is always (at least)
one which obeys some further properties and moreover that one can get to such a CNF in
polynomial time from any minimum CNF.

We shall say that a pure Horn clause Q) V y is derivable from a CNF F iff y € Rg(Q), or
in other words if it is an implicate of the function defined by F.

Let F’' be an arbitrary pure Horn CNF of a pure Horn function f. A pure Horn CNF F”
is called a feasible modification of F' if on one hand (a) all clauses of F” which do not appear
in F’ are prime implicates of f and, on the other hand, (b) all clauses of 7’ which are not in
F" are derivable from F”, and finally if (¢) 7" and F” contain the same number of literals.
Properties (a) and (b) ensure that F' and F” are both defining the same function f, and
(c) guarantees that if 7’ is a minimum CNF of the function f then so is F”. Finally, F" is
called a reducing modification of F' if (a) and (b) hold as before but this time F” contains
strictly less literals than F’. In this case existence of F” contradicts the minimality of F.

6 Minimum CNF's of fy.

Now we are ready to prove the properties of minimum CNFs of fy.
Lemma 6.1 Let Fy be an arbitrary minimum CNF of fy,. Then
a) Fo contains no clause of type H V x; (category IV); and

b) Fo contains exactly one clause H V't (category I11) for each H € H.
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Proof. a) Let us assume that Fy contains a clause H, V x;. That means that Fy contains no
clause H, Vtg, k € {1,...,n} since otherwise adding the clause #; V x; and removing H, V x;
would be a reducing modification of Fy because H, contains at least 3 literals. However,
H, V t is an implicate of fy; (for every k € {1,...,n}) and so it must be derivable from F.
Actually since Fy and Fy, are equivalent Rz, (H,) = Rz, (H,) = TUX must hold. Therefore
Fo must contain clauses H,Vz;,, H.Vx,,, ..., H.Vx; suchthat {z; ,z,,...,z; } = H;\H, for
some hyperedge H, € H different from H, since otherwise Rz, (H,) = H,. Let us denote the
number of literals in H,. by d. By assumption on H, ¢ > 2, d > 4 holds. Now let us modify Fy
by removing the clauses H,.Vx;,, H.Vx;y, ..., H.Vx; and adding &V x;,, tx Vi, ... TV Ty,
and H, V t (excluding those clauses that are already present in Fy). Since all the deleted
clauses can be derived from the added ones and all the added ones are prime implicates of
fx by Lemma 4.1, the above modification satisfies feasibility conditions (a) and (b). The
number of removed literals is ¢(d+ 1) while the number of added literals is at most 2c¢+d+ 1.
However, since ¢(d 4+ 1) > 2¢ + d + 1 (which can be rewritten as (¢ — 1)(d — 1) > 2) always
holds for ¢ > 2, d > 4, the described modification is reducing which is a contradiction with
the minimality of F.

b) If Fy contains no clause H V tg, k € {1,...,n} for a given H € H, then it must
contain a clause H V x; for some z; since otherwise Rz (H) = H instead of Rz (H) = TUX.
However, this cannot happen due to the part a) of this lemma. Therefore Fy contains at
least one clause H V t; for some k € {1,...,n}. On the other hand let us assume that F;
contains clauses H V t;, and H V t, where k # £. This cannot happen as well since adding the
clause ¢ V t, and removing H V t, would again be a reducing modification. Thus F, contains
exactly one clause H V ty, k € {1,...,n}. [ |

Given an arbitrary minimum CNF F; of the function f;; (which necessarily possesses the
properties of Lemma 6.1 it can be modified as follows.

Modification : If F; contains clauses t; V x; and &, V x; where k # ¢ then replace t, V z;
by t, V t; and repeat this step as long as there exists x; € X which is contained in at least
two distinct clauses of category II. Call the resulting CNF F; (note that F; is not uniquely
defined). Obviously, F is a feasible modification of Fj.

Lemma 6.2 Let Fy be an arbitrary minimum CNF of fy and let Fy be an arbitrary CNF
obtained from Fy by the described modification. Then the CNF F; contains exactly one
clause t, V x; (category II) for each z; € X.

Proof. Let x; € X be arbitrary. Due to the modification there is at most one clause f V z;
present in F;. On the other hand F; contains at least one clause ¢, V x; since otherwise the
literal z; would not appear in F; at all (due to Lemma 6.1 part a) and hence the implicates
te Vo, k€ {l,...,n} could not be derived from Fj. [

Given a CNF F of the function f let us denote the number of clauses of category I (i.e.
clauses containing only ¢;s and no x;s) by |F|:.
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Lemma 6.3 Let F¢ and F¢ be two arbitrary minimum CNFs of fy and let F¢ and F? be
arbitrary CNFs obtained from Fg and F¢ by the described modification. Then |Fo|; = |FP|;
and moreover |F§ls = Y gen(|H| + 1) + 2n + 2| F{ ;.

Proof. We can count the numbers of clauses in of categories I - IV as follows:
e By Lemma 6.1 part a) both F and F? contain no clauses of category IV.

e By Lemma 6.1 part b) both F¢ and F? contain exactly one clause of category III
for each H € ‘H and hence the number of category III clauses as well as the total
number of literals in them is the same for both CNF's (namely |H| and Y yen(|H|+1)
respectively).

e By Lemma 6.2 both F¢ and F? contain exactly one clause of category II for each
x; € X and hence the number of category II clauses as well as the total number of
literals in them is the same for both CNFs (namely |X| = n and 2n respectively).

e Since both F¢ and F? are minimum CNFs of f3, (and hence contain the same number of
literals) and since both contain the same total number of literals in clauses of categories
I1, IT1, and IV, the CNFs F¢ and F? also necessarily contain the same number of literals
in clauses of category I. However, each category I clause contains exactly two literals
and therefore F¢ and F? contain the same number of clauses of category I.

e The fact that |F§|ls = Y pen(|H| + 1) + 2n + 2|F}|; follows trivially from the above
facts.

Let Fy be an arbitrary minimum CNF of f;; and let F; be an arbitrary CNF obtained
from Fy by the described modification. Then we may define a directed graph D = (T, E) by

T ={ty,...,t,}, and E = {(tx,te) | tx V ty is a clause in F; }

and denote its connected components by Cy,Cs,...,C,. Due to Lemma 6.2 we may also
define a predecessor function p : X — T where

p(z;) =ty if and only if #; V x; is a clause in Fj.
Now the following lemma holds.

Lemma 6.4 If ¢ > 2 (i.e. if D has at least two components) then for each component C,
of the digraph D, ¢ € {1,...,q}, there exists a hyperedge H € H such that

Ve, € H @ p(x;) € Cp

and a clause H V' t, in Fy such that t, & Cy.
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Proof. Let Cy be an arbitrary component of D. We know that Rz (Cy) = T U X (by
Lemma 4.1 since Cy contains at least one t; € T'). Let ¢, be the first vertex from 7"\ C; to

be included into Rz (Cy). The only way how ¢, can be included is by using a clause H V ¢,
in F; such that Vx; € H : p(z;) € C, holds. ]

The following lemma will conclude the proof of Proposition 5.1.

Lemma 6.5 Let Fy be an arbitrary minimum CNF of fy and let Fy be an arbitrary CNF
obtained from Fy by the described modification. Then the hypergraph H contains a matching
of size at least k if and only if |Fi|s <n — k.

Proof. Let Hy, , H

827"'7

H,, where p > k be a matching on H. Let us denote Hr =

H\{H,,,Hs,,....,H,,} and Xp = X\ Uj_; Hy,. Now let us define
_ n—1 B p B
i=p+1 Z:l 5 EI’ISZ z;€EXR HceHRr

Note that for each £ € {1,...,p} the second part of F implies the clause 7, \V ty1 and
therefore F is a CNF of fx. Note also that F contains no clause of category IV, exactly one
clause of category III for each H € H, exactly one clause of category II for each z; € X, and
exactly n — p clauses of category I. Now let Fy be an arbitrary minimum CNF of f;, and let
F1 be an arbitrary CNF obtained from Fj by the described modification. By considerations
similiar to the ones in the proof of Lemma 6.3 it can be seen that |F|; < |F|; and therefore
|F1|ls <n—p < n—k which finishes the proof of the first implication.

Let Fo be an arbitrary minimum CNF of f3; and let F; be its arbitrary modification such
that |F;|; < n—k. This is equivalent to saying that the digraph D that corresponds to F; has
at most n—k arcs which in turn implies that D has at least & components, say Ci, Cy, ..., Cy,
where ¢ > k. The case ¢ = k = 1 is trivial since we may assume that H is nonempty and
hence contains a matching of size 1. So let us assume ¢ > 2. Now using Lemma 6.4
(subsequently for each component of D) there exist hyperedges H,,, H,,, ..., H,, € H such
that

Ve e{l,...,q} Ya; € H, : p(x;) € Cl.
Therefore Hy, , Hy,, ..., H,, are pairwise disjoint and so they constitute a matching on H

of size g > k. ]

Now Proposition 5.1 follows from Lemma 6.5 and Lemma 6.3 since for every minimum
CNF Fy of the function fp the inequality |F§|e < Y pen(|H|+ 1) + 4n — 2k holds if and
only if the corresponding CNF F; has |Fi]; < n — k.
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