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Abstract.Estimation problems in statistics can often be formulated as nonlinear op-

timization problems where the approximating function is also constrained to satisfy

certain shape constraints. For example, it may be required that the approximating

function be nonnegative, nondecreasing or nonincreasing in some variables, uni-

modal in a variable, convex, or concave. We show how these shape constraints can

be included in models where the approximating function is a polynomial spline of

a given degree. Four classes of problems are considered: univariate nonparametric

regression with nonnegativity constraints; isotonic, convex, and concave nonpara-

metric regression; density estimation; and univariate arrival rate approximation. It

is shown that all of these problems can be modeled by convex optimization models

with linear and second-order conic constraints, which can be handled very efficiently

both in theory and in practice. It is shown that in certain cases a linearly constrained

model is enough, while in other cases nonlinear constraints are unavoidable. Exten-

sive numerical computations show that these models often outperform or match the

quality of results obtained using other popular nonparametric statistical methods,

such as state-of-the-art kernel methods.
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1 Introduction

Polynomials and polynomial splines are important tools in every field that deals with approx-
imation of unknown functions. In particular in statistics and stochastic simulation, prime
examples include statistical learning theory, regression of unknown functions and density
estimation. In many applications it is required that the approximating function satisfy ad-
ditional shape constraints. For example, it may be required that the approximating function
be nonnegative, nondecreasing or nonincreasing in some variables, unimodal in a variable,
convex, or concave.

The study of nonnegative approximation and estimation in statistics and simulation has
had a long history. Here we simply refer the reader to the dissertation of [18], the survey
article of [7], and references in these works for further information. Methodologies used
in shape constrained approximation are traditionally based on simple models where often
the approximates are determined by closed form formulas. Such approaches are based on
various moving averages and weighted versions of it (the kernel methods) which do not
involve optimization at all.

It is also possible to formulate optimization based models for shape-constrained problems.
The shape constraints by themselves often imply that our search space is a convex cone
in a finite dimensional real linear space. The requirements of continuity and smoothness
impose additional, usually linear constraints. When we add to our model the requirement of
minimizing some loss function or maximizing some likelihood function, then we arrive at an
optimization model. Some shape constrained problems are so simple, and their optimization
models so special, that they can actually be solved by closed form formulas, see for example
the thesis [18]. These types of models involve piecewise constant or linear functions in most
cases.

On the other hand, if we wish to use more sophisticated models for regression, estimation,
and learning theory based on functional systems such as polynomials, polynomial splines,
trigonometric polynomials and splines, wavelets, or more general function spaces, then the
requirement of nonnegativity will involve more complicated, though often still computation-
ally tractable, optimization models. A survey of possible approaches is presented in the
tutorial [1].

The problems studied in this paper involve shape constrained polynomial splines, and
hence the resulting optimization models employ constraints that some polynomials with
unknown coefficients are nonnegative over a closed interval.

These models have several advantages to approaches with a closed-form formula solution
and to kernel methods. They are more flexible: a number of simple constraints, such as
periodicity can be trivially added to or removed from the model. An additional advantage
over kernel methods is that once the optimization is carried out, the resulting estimate is
already in a simple, closed form, independent of the data, that can easily be processed
further. Estimates obtained by kernel methods are usually given in a more complicated
form, and the evaluation of the estimate at a single point may require computing a sum with
as many terms as data points.
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Several models have been proposed for problems involving nonnegative splines or polyno-
mials over some interval [a, b], see for example the survey [7], and the references therein. All
of these can be fitted in the following framework, to which we will refer in this paper as the
nonnegative basis approach: we identify a basis of splines or polynomials, {b1, . . . , bm}, which
are themselves nonnegative over [a, b], and then confine our search to linear combinations of
these basis elements with nonnegative coefficients. Hence, the spline or polynomial we are
searching for is represented as

∑m
i=1 λibi. The variables of our optimization model will be

the unknown coefficients λi, and our shape constraint simplifies to λi ≥ 0 for every i. The
resulting model has only linear constraints.

Appropriate bases include the basis of B-splines of a fixed order in the case of splines, and
the standard polynomial basis, or the Bernstein basis polynomials Bn,k =

(

n
k

)

xk(1−x)n−k (see
also Definition 4 below) in the case of polynomials of degree n. Clearly, a similar approach
can be used in case of more general functional systems, such as trigonometric polynomials
or wavelets, too, wherever we can identify a basis consisting of nonnegative functions.

All models that fit in the above framework are incomplete in some sense. While nonneg-
ative linear combinations of nonnegative functions are nonnegative, the converse, of course,
is not true. The set of polynomials of degree n which are nonnegative over the interval [a, b]
is a convex but not polyhedral cone for any n ≥ 2, that is, it cannot be represented by linear
equality and inequality constraints only. Hence models in the above framework are bound
to miss some nonnegative polynomials, regardless of the choice of basis.

A more sophisticated method is to carry out the optimization over the set of all those
nonnegative univariate polynomials of degree n (or splines of a given set of knot points, order,
and continuity) that are nonnegative over [a, b]. It is well-known that this is set is a convex
cone, and it can be represented by a combination of linear constraints and a semidefinite
constraint on a matrix related to the coefficients of the polynomials, see for example, [16],
[8], and [19]. This representation leads to semidefinite programming (SDP) or, in some
cases, second order cone programming (SOCP) models, hence we refer to this approach as
the SDP/SOCP approach. We review the fundamentals of this theory in Section 2.1.

In Section 2.2 we exhibit a few variants of shape constrained optimization problems
when multiple shape constraints are present. In some of these problems the nonnegative
basis approach is justified, as (with the right selection of basis) it is equivalent to this more
sophisticated approach. We prove that piecewise (scaled) Bernstein basis polynomial splines
is the right basis for many such problems, and that it is always a better choice than the
widely used B-splines.

Nonnegative polynomials have been studied in some areas of applications, for example,
in electrical engineering and control theory [15, 21, 23] among others. However, the use of
nonnegative polynomials and nonnegative splines in approximation theory and statistical
application seems to be recent.

Indeed, a special problem treated in [2] involves the estimation of the arrival rate λ(t) of a
non-homogeneous Poisson process. In this work, the model required a smooth rate function.
As a result, the authors chose cubic splines to estimate λ(t) from observed arrival times. The
problem was that without any explicit requirement of nonnegativity, the maximum likelihood
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model was not well behaved, and either could not converge at all, or converged to functions
which attained negative values in some intervals. Another recent paper [13] investigates
parametric probability density estimation using nonnegative polynomials and semidefinite
programming. Here the model requires that the estimated probability density function is
nonnegative everywhere. The authors fit products of exponential functions and nonnegative
polynomials of small degree (typically up to six or seven), and select the one that appears
to fit best.

In this paper we consider four problems of estimation with nonnegativity constraints,
using cubic and quartic splines:

1. Univariate nonparametric regression with nonnegativity constraints,

2. Isotonic, convex and concave nonparametric regression,

3. Density estimation,

4. Univariate arrival rate approximation using cubic splines.

The purpose of this paper is threefold. Firstly, we exhibit the appropriate SDP/SOCP
optimization models for each of these problems, as well as the linearly constrained models
resulting from the nonnegative basis approach, and we show that when the shape constraints
include nonnegativity and concavity, then a linearly constrained model is in fact equivalent
to the SDP/SOCP model, while in the most other cases it is not. Secondly, we demonstrate
that the SDP/SOCP models are not only theoretically tractable, but are extremely efficient
in practice, too. Finally, we show by extensive numerical computations that our shape
constrained spline-based models often yield results of comparable quality to other popular
nonparametric statistical methods, such as state-of-the-art kernel methods.

Section 2 summarizes the fundamental theory of the representation of nonnegative poly-
nomials over a closed interval, and contains a new theorem on cases when the nonnegative
basis approach is equivalent to the SDP approach. In Section 3 we present the statistical
applications, recall the main ideas of popular kernel methods, and present our optimization
models proposed for these problems. Finally, Section 4 contains the results of our numerical
experiments in which all the different methods were compared.

2 Representations of Nonnegative Polynomials and Splines

2.1 Representations involving Semidefinite and Second Order Cone

constraints

In this section we summarize some results about the semidefinite representation of nonnega-
tive polynomials, and apply this theory to characterize nonnegative splines. For more details
(and proofs in particular) the reader is referred to [19], [1], and [16].

We will use the following notations and conventions throughout the paper: vectors (and
matrices) are typeset boldface, their components (rows and columns) are denoted with the
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corresponding lowercase italic character, and they are indexed starting from 0 rather than 1.
That is, for example, the n+1 dimensional row vector p could also be written as (p0, . . . , pn).

The inequality X < 0 denotes that X is positive semidefinite.
The main results on the representation of nonnegative polynomials over an interval could

be summarized in a single theorem. We split the odd and even degree cases into separate
propositions for better readability.

Proposition 1 (Odd degree case, [1, 3, 16, 19, 22]). Let p =
∑n

i=0 pix
i be a polynomial of

degree n = 2k + 1, and a < b be real numbers. Then the following are equivalent.

1. p(x) ≥ 0 for all x ∈ [a, b].

2. p(x) = (x− a)q2(x) + (b− x)r2(x) for some polynomials q and r, both having degree at
most k.

3. p(x) = (x − a)
∑m1

i=1 q
2
i (x) + (b − x)

∑m2

j=1 r
2
j (x) for some polynomials q1, . . . , qm1

and
r1, . . . , rm2

, each having degree at most k.

4. There exist symmetric (k + 1) × (k + 1) matrices X = (xij)
k
i,j=0 and Y = (yij)

k
i,j=0

satisfying

X < 0, (1a)

Y < 0, (1b)

pm =
∑

i+j=m

(−axij + byij) +
∑

i+j=m−1

(xij − yij) (1c)

for all m = 0, . . . , 2k + 1.

Proposition 2 (Even degree case, [1, 3, 16, 19, 22]). Let p =
∑n

i=0 pix
i be a polynomial of

degree n = 2k, and a < b be real numbers. Then the following are equivalent.

1. p(x) ≥ 0 for all x ∈ [a, b].

2. p(x) = q2(x) + (x− a)(b − x)r2(x) for some polynomials q of degree at most k, and r
of degree at most k − 1.

3. p(x) =
∑m1

i=1 q
2
i (x) + (x − a)(b− x)

∑m2

j=1 r
2
j (x) for some polynomials q1, . . . , qm1

, each
of degree at most k, and r1, . . . , rm2

, each of degree at most k − 1.

4. There exist a symmetric (k+1)× (k+1) matrix X = (xij)
k
i,j=0 and a symmetric k× k

matrix Y = (yij)
k−1
i,j=0 satisfying

X < 0, (2a)

Y < 0, (2b)

pm =
∑

i+j=m

(xij − abyij) +
∑

i+j=m−1

(a + b)yij −
∑

i+j=m−2

yij (2c)

for all m = 0, . . . , 2k.
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Definition 1. A univariate polynomial spline S : [a0, am] → R of degree n with knot points
a0 < · · · < am and continuity Cr is a piecewise polynomial function defined by

S(x) = p(i)(x) =

n
∑

k=0

p
(i)
k (x− ai)

k ∀x ∈ [ai, ai+1], (3)

with continuous derivatives up to order r everywhere in (a0, am), that is, at every internal
knot point a1, . . . , am−1.

We will slightly change this definition, and replace (3) by (5) below to obtain optimization
models with better numerical properties.

Cubic splines with continuity C2 have been extremely popular in approximation theory
and in statistics, as well as in engineering.

The above characterization of nonnegative polynomials easily extend to a characterization
of nonnegative splines over [a0, am].

Definition 2. A piecewise polynomial function is a nonnegative spline with continuity Cr if
and only if it consists of nonnegative polynomial pieces p(k), k = 0, . . . , m − 1, and at each
internal knot point the derivatives of the two polynomials meeting at that point agree up to
order r:

dj

dxj
p(i−1)(ai) =

dj

dxj
p(i)(ai) ∀ i = 1, . . . , m− 1; j = 0, . . . , r. (4)

Equation (4) translates to linear constraints on the coefficients of the polynomials p(i).
Semidefinite and linear constraints can be handled by some nonlinear optimization and

modeling software, such as CVX [14], Sedumi [24], and SDPT3 [25], extremely effectively.
However, currently none of these software can handle arbitrary convex, nonlinear objec-
tive function, which is necessary for some applications, such as maximum likelihood density
estimation. An additional useful property of cubic and quartic splines is that their charac-
terization involve semidefinite constraints of 2×2 matrices. Positive semidefiniteness of 2×2
matrices can be translated to linear and quadratic (second order cone) constraints using the
following, well-known facts.

Proposition 3. The following three statements are equivalent.

1. The matrix

(

x0 x1

x1 x2

)

is positive semidefinite.

2. x0 ≥ 0, x2 ≥ 0, and x0x2 − x2
1 ≥ 0.

3. x0 + x2 ≥ 0 and (x0 + x2)
2 ≥ (x0 − x2)

2 + (2x1)
2.

The second system of inequalities can be handled by most state-of-the-art convex opti-
mization software, which also handle arbitrary convex objective function, too. While carrying
out the numerical experiments of this paper, we found the solvers KNITRO [20] and LOQO
[26] especially effective and useful. The third system is useful for some solvers, such as Se-
dumi [24], which cannot handle arbitrary convex quadratic constraints, but handle second
order cone constraints essentially as effectively as linear inequalities.
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Definition 3. The n+ 1 dimensional second order cone (or Lorentz cone) is defined as

Qn+1 = {(x0, . . . , xn) : x2
0 ≥ x2

1 + · · ·+ x2
n, x0 ≥ 0},

and a second order cone constraint is one of the form x ∈ Qn+1.

The third system of Proposition 3 could also be written as (x0 + x2, x0 − x2, 2x1) ∈ Q3.

The equalities in (1) and (2) suggest that we may easily run into serious numerical prob-
lems if some of the knot points are of different order of magnitude. The constraints obtained
from (4) may also contain coefficients that differ by several orders of magnitude. This can
be avoided by scaling : apply separately an affine transformation (change of variables) on
each polynomial p(i) that maps the interval [ai, ai+1] to [0, 1], and represent each p(i) by the
coefficients of the thus transformed polynomial, rather than by the original coefficients. The
resulting scaled representation of splines is then the following.

S(x) = p(i)(x) =

n
∑

k=0

p
(i)
k

(

x− ai

ai+1 − ai

)k

∀x ∈ [ai, ai+1] (5)

This way the nonnegativity and continuity conditions are entirely independent of the knot
points, and the remaining conditions also depend only on the ratios of differences between
consecutive knot points (ai+1 − ai)/(ai − ai−1). If the knot points are evenly distributed,
that is, if ai+1 − ai = ai − ai−1 for every i, then this representation is entirely independent
from the knot points.

For example, here is the complete list of constraints that characterize a nonnegative cubic
spline of continuity C2, with knot points a0, . . . , am:

Theorem 4. The coefficients p
(i)
k , i = 0, . . . , m−1, k = 0, . . . , 3 in (5) represent a nonnega-

tive cubic spline over [a0, am] if and only if there exist real numbers x
(i)
ℓ , y

(i)
ℓ , i = 0, . . . , m−1,

ℓ = 0, . . . , 2 satisfying the the following system of equations and inequalities for all i =
0, . . . , m− 1.
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p
(i)
0 = y

(i)
0 (6a)

p
(i)
1 = 2y

(i)
1 + x

(i)
0 − y

(i)
0 (6b)

p
(i)
2 = y

(i)
2 + 2x

(i)
1 − 2y

(i)
1 (6c)

p
(i)
3 = x

(i)
2 − y

(i)
2 (6d)

x
(i)
0 , x

(i)
2 ≥ 0 (6e)

x
(i)
0 x

(i)
2 −

(

x
(i)
1

)2

≥ 0 (6f)

y
(i)
0 , y

(i)
2 ≥ 0 (6g)

y
(i)
0 y

(i)
2 −

(

y
(i)
1

)2

≥ 0 (6h)

p
(i+1)
0 =

3
∑

j=0

p
(i)
j (6i)

1

ai+2 − ai+1
p

(i+1)
1 =

3
∑

j=1

j

ai+1 − ai
p

(i)
j (6j)

2

(ai+2 − ai+1)2
p

(i+1)
2 =

3
∑

j=2

j(j − 1)

(ai+1 − ai)2
p

(i)
j (6k)

Proof. A simple application of Propositions 1 and 3, (4), and (5).

Notice that only (6f) and (6h) are nonlinear in (6), and that the constraints define a
convex region, the intersection of the direct product of two second order cones and a convex
polyhedron. After eliminating every p

(i)
j from the system, the resulting constraints have 6

variables, 5 linear constraints, and 2 quadratic (or second order cone) constraints for each
spline piece.

A similar characterization, consisting of linear and second order cone constraints, of
nonnegative quartic splines of continuity C2 or C3 can be derived using Proposition 2; we
leave the details to the reader.

2.2 When the Nonnegative Basis Approach is Sufficient

When multiple shape constraints are present, the SDP/SOCP models may be equivalent
to a linearly constrained model, and the nonnegative basis approach outlined in Section 1
can be justified, provided that the right basis is selected. In other cases, LP relaxations
can be obtained in which the additional shape constraints (monotonicity, convexity, etc.)
are relaxed, and the SOCP constraints expressing nonnegativity reduce to equivalent linear
constraints. As we argue in this section, a particularly useful basis is the set of Bernstein
basis polynomials.
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Definition 4. The kth Bernstein basis polynomial of degree n is defined as

Bn,k =

(

n

k

)

xk(1 − x)n−k, k = 0, . . . , n.

A polynomial of degree n is a Bernstein polynomial if it can be expressed as a nonnega-
tive linear combination of the Bernstein basis polynomials of degree n: Bn,0, . . . , Bn,n. A
spline is called a piecewise Bernstein polynomial spline if in its scaled representation (5) the
polynomials p(i) are Bernstein polynomials.

Clearly every Bernstein polynomial is nonnegative on [0, 1], but not vice versa. The fol-
lowing theorem provides a couple of sufficient conditions for a cubic nonnegative polynomial
to be Bernstein polynomial.

Theorem 5. If a cubic polynomial p is nonnegative on [0, 1], and it satisfies at least one of
the conditions below, then it is a Bernstein polynomial:

1. p′(0) ≥ 0 and p′(1) ≤ 0,

2. p′(0) ≥ 0 and p′′(0) ≥ 0,

3. p′(0) ≥ 0 and p′′(1) ≤ 0,

4. p′(1) ≤ 0 and p′′(1) ≥ 0,

5. p′′(0) ≤ 0 and p′(1) ≤ 0,

6. p′′(0) ≤ 0 and p′′(1) ≤ 0.

Proof. By simple arithmetic. For example, to prove the first claim, suppose that for some
coefficients λ0, . . . , λ3, the nonnegative polynomial p can be expressed as

p(x) =
3

∑

i=0

λiB3,i(x)

= (−λ0 + 3λ1 − 3λ2 + λ3)x
3 + (3λ0 − 6λ1 + 3λ2)x

2 + (3λ1 − 3λ0) x+ λ0

Then, by assumptions,

p(0) = λ0 ≥ 0,

p(1) = λ3 ≥ 0,

p′(0) = 3λ1 − 3λ0 ≥ 0, and

−p′(1) = 3λ2 − 3λ3 ≥ 0.

These inequalities trivially imply λi ≥ 0 for i = 0, . . . , 3.
The proofs of the other five sufficient conditions are very similar.
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The reader might find it surprising that while the cone of nonnegative cubic polynomials
is not polyhedral, and nor are the cones of increasing and decreasing cubic polynomials, we
obtain a polyhedral cone when we intersect some of these cones with each other, or with the
(polyhedral) cones of concave and convex cubic polynomials.

The following special case is probably worth emphasizing separately for splines.

Corollary 6. If a nonnegative cubic polynomial spline is concave, then it is also a piecewise
Bernstein polynomial spline.

Other notable cases include monotone convex splines, and nonnegative unimodal splines.
In these cases the above theorem gives an LP relaxation: the nonnegative basis approach
using Bernstein basis polynomials is sufficient to represent all these splines.

The list provided in Theorem 5 is, of course, by no means exhaustive, but it already shows
that there are many instances, when the nonnegative basis approach can be used. Another
example is when the number of knot points is so high that each piece of the spline has a
“simple enough” shape, and is either far from the x-axis, or falls into one of the categories
mentioned above, turning the spline into a piecewise Bernstein polynomial spline. We found
this to happen frequently in the non-homogeneous Poisson process arrival rate estimation
problems; see also Section 3.5.

Other bases of cubic polynomials may also be useful, but we do not explore this direction
any further. Instead, we show an important situation when the SOCP approach is provably
superior to the nonnegative basis approach: nonlinear constraints are unavoidable to describe
nonnegative convex cubic polynomials. Similar proofs can be constructed for other cases as
well, such as the case of nonnegative, monotone, convex polynomials.

Lemma 7. The cone of cubic polynomials that are nonnegative and convex over [0, 1] is not
polyhedral.

Proof. It suffices to show that the cone in consideration has infinitely many extreme rays.
Consider the polynomials of the form p(x) = (x + 2x0)(x − x0)

2 for arbitrary 0 < x0 < 1.
These are clearly nonnegative and convex over [0, 1]. We show that these are all extreme
polynomials. Suppose that p can be decomposed as a sum of two other polynomials from the
cone: (x + 2x0)(x − x0)

2 = q(x) + r(x) for some cubic polynomials q and r, which are also
nonnegative and convex over [0, 1]. Nonnegativity of q and r imply that x0 is a root of both
q and r, and then it clearly must be a double root of both of them: q(x) = (ax+ b)(x− x0)

2

and r(x) = (cx+ d)(x− x0)
2 for some constants a, b, c, and d.

Comparing the coefficients of p and q+r yields, by easy algebra, a+c = 1 and b+d = 2x0.
Furthermore, the convexity of q means that its second derivative is nonnegative at 0, which
simplifies to 2ax0 ≤ b. Similarly, the convexity of r simplifies to 2cx0 ≤ d. Using these two
inequalities and the previous two equations we obtain

2x0 = 2x0(a+ c) = 2ax0 + 2cx0 ≤ b+ d = 2x0,

which can only hold if the inequality in the middle also holds with equality. Consequently,
2ax0 = b and 2cx0 = d, which can be written as a(−2x0) + b = c(−2x0) + d = 0. We got
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that both q and r have −2x0 as their third root, which is also the third root of p. So the
only way to decompose p as a sum of two other elements of our cone is to add two of its
nonnegative multiples. This proves that p is an extreme element.

A nonnegative basis of splines that has been extremely popular are B-splines. We argue
that B-splines can always be replaced by piecewise Bernstein polynomial splines in optimiza-
tion models.

Lemma 8. The cone of cubic B-splines with a given set of knot points is a proper subset of
the cone of piecewise Bernstein polynomial splines with the same set of knot points.

Proof. A B-spline segment between two consecutive knot points can be written as a nonneg-
ative linear combination of the same segment of the B-spline basis functions. We can assume
without loss of generality that the knot points in question are at 0 and 1. Then the cubic
B-spline segments are the polynomials

{

x3, 3x3 − 6x2 + 4,−3x3 + 3x2 + 3x+ 1, (1 − x)3
}

,

all of which are linear combinations of the Bernstein basis polynomials with nonnegative
coefficients.

This Lemma has two important implications for this paper. First, it is well-known
that cubic B-splines over [a, b] form a dense subset of the space of continuous nonnegative
functions over [a, b] (equipped with the uniform norm). The Lemma above implies that the
same is true for piecewise cubic Bernstein polynomial splines. (This result can be established
directly, too, without any reference to B-splines.) Second, it also justifies why we do not
consider using B-splines in any of the models of this paper. Piecewise Bernstein polynomial
splines have equally simple and compact representation as B-splines, and they lead to linearly
constrained models very similar to those obtained when using B-splines. Yet, they form a
strictly larger subset of nonnegative continuous function than B-splines. Nonnegative cubic
splines form an even larger subset, but the corresponding optimization problems are also
more complex, as they involve second-order conic constraints as well as linear constraints.
Hence the comparison of the nonnegative basis approach with Bernstein polynomials and
the SOCP approach is more meaningful than the comparison of models based on piecewise
Bernstein polynomial splines and B-splines.

3 Models of Shape Constrained Estimation

3.1 Nonparametric regression of a nonnegative function

One of the most fundamental problems in statistics is univariate regression, the problem of
estimating a univariate function f based on data (xi, yi) i = 1, . . . , N , assumed to come from
the model

yi = f(xi) + ǫi ∀ i,
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where f is the unknown function to be estimated, and ǫi are independent, identically dis-
tributed random variables with mean zero.

The function f is assumed to belong to a class of functions F , and is estimated by finding
a function in F that fits the data at least as well as any other function in F . The goodness-
of-fit of f to the data is measured by some error functional typically of the form d(f)+ s(f),
where the term d(f) measures the distance of the function values f(xi) and yi, while s(f) is
a penalty term that penalizes “rough” solutions.

The most common choice for d(f) is the residual sum of squares d(f) =
∑N

i=1(f(xi)−yi)
2,

which is popular for many reasons: it is simple, easy to handle analytically, often leads to
models that can be solved by a closed form formula, and it appears in maximum likelihood
models if ǫi are normally distributed.

The smoothing term s(f) is often omitted, especially if F already consists of smooth
functions only. If present, it is typically something like

∫

|f ′|,
∫

|f ′′|, or
∫

(f ′′)2.

When using cubic splines, all the above choices of s(f) + d(f) lead to optimization
models with only linear and second order cone constraints. The nonlinear constraints are
unavoidable, as we are optimizing over a non-polyhedral cone.

3.2 Isotonic, Convex and Concave Nonparametric Regression

Isotonic regression is a variant of the regression problem of the previous section, with the
additional requirement that the estimated function f is monotone increasing or decreasing.
We may also require that f is convex or concave, in which case we speak of convex or concave
regression.

Derivatives of polynomials are also polynomials, hence the monotonicity, concavity, and
convexity constraints can also be formulated as nonnegativity constraints on polynomials.
When using cubic splines, convexity and concavity are linear constraints.

When using cubic splines, Theorem 5 in Section 2.2 provides conditions when the SOCP
model is equivalent to a linearly constrained model. Notable special cases include concave
nonnegative splines.

3.3 Unconstrained Density Estimation

One can formulate the estimation of probability density functions (pdf s) as a shape con-
strained optimization problem. The problem is to estimate an unknown probability distrib-
ution from a finite set of independent samples X1, . . . , Xn of that distribution.

A pdf must be nonnegative and integrate to one. We can assume that the pdf to be
estimated has finite support, say [a0, am]. With this assumption, when using a spline model,
the second constraint simplifies to a linear constraint, since the integral of a polynomial of a
given interval is a linear function of the coefficients of the polynomial. For example, a cubic



RRR 13-2008 Page 13

spline model can be constructed by adding to (6) the constraint

m−1
∑

i=0

3
∑

j=0

ai+1 − ai

j + 1
p

(i)
j = 1

Finally, the objective function needs to be determined. The most common and straight-
forward approach is maximum likelihood estimation. If the unknown pdf is denoted by f ,
this amounts to maximizing the likelihood function

∏n
i=1 f(Xi). This objective function

is numerically very badly behaving, and is not necessarily concave. Instead, we shall use
its logarithm,

∑n
i=1 log f(Xi) as the objective function, which is concave if f is a polyno-

mial spline of a given knot sequence. It is also important to note that by constraining f
to be a polynomial spline, the above maximum likelihood optimization problem is always
well-defined. (It has an optimal feasible solution.)

Alternatively, one may wish to estimate a cumulative distribution function (cdf ) with
support [a0, am]. Then the constraints to be added are: p(a0) = 0, p(am) = 1 (these are two
simple linear constraints), and the nonnegativity of p′, another system of constraints that
express the nonnegativity of a polynomial. The nonnegativity of the cdf itself is then, of
course, superfluous, and the objective function has to be changed, too. We leave the details
to the reader. Since the two problems are clearly equivalent, in this paper we only show
numerical results for pdf estimation.

3.4 Unimodal Density Estimation

Further constraints can be added to these models for unimodal density estimation. If the
mode is known, we can place one of the knot points to the mode, and then add constraints
that the spline is increasing from the first knot point to the mode, and decreasing from
the mode to the last knot point. If the mode is unknown, an approximate solution to the
problem can be found by solving several optimization models with different fixed modes, and
comparing the optimal solutions that correspond to the different modes. Finding the exact
solution this way is still not trivial, as the maximum likelihood function (as a function of
the mode) is not unimodal, let alone concave.

Two important remarks are due here. Firstly, owing to the unimodality constraints, the
nonnegativity constraints may be simplified: it is sufficient to require the pdf to be nonneg-
ative at the first and last knot point. Secondly, the presence of multiple shape constraints
may result in problems where the nonnegative basis approach is equivalent to the SOCP
approach.

3.5 Arrival Rate Approximation

The recent paper [2] gives the details of several maximum likelihood models for estimating
the arrival rate of a non-homogeneous Poisson process using nonnegative splines. The models
are different primarily in how the data is given: by exact arrival times, or by the number
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of arrivals in given intervals. Furthermore, slightly different models can be obtained if we
assume that the arrival rate function is periodic with a fixed period length.

Compared to the regression model with a nonnegativity constraint, the nonnegative spline
model for the arrival rate approximation problem is only different in its objective function.
The least squares objective function is replaced by a likelihood (or log-likelihood) function,
and minimization by maximization. The natural log-likelihood approach directly leads to a
model with concave objective function, the details can be found in [2].

The same paper also compares the shape constrained spline approach to some other
approaches, hence in Section 4 we only compare this approach to the nonnegative basis
approach, using both simulated data, and the same dataset of email arrivals as the one used
in [2].

3.6 Selection of Knot Points

In each of the spline models above we have assumed that a fixed sequence of knot points
a0, . . . , am is given. Finding the best selection of knot points is a central, but very difficult,
problem. Ideally, we would make the knot points variables, and optimize over them as well
as the coefficients of the polynomials, but this would result in a hardly tractable, non-convex
optimization problem.

A common knot point selection “strategy” is to use evenly distributed knot points. While
this is a very crude method, it is also very simple, and it results in simplified optimization
models. (For example, from (6) we can eliminate the constants ai entirely.) Since our
primary goal is to show that our shape constrained spline models are competitive with the
most commonly used kernel methods in all of the applications mentioned above, we decided
on this simple knot point selection method. As shown in Section 4 this was already sufficient
for good results.

Another knot point selection method commonly used in regression problems is to place
knot points at the data points. A theoretical result supporting this idea is that the optimal
solutions to certain optimization models (least squares regression with a penalty term for
smoothing) are natural cubic splines [27].

If evenly distributed knot points are chosen, then the number of knot points also have
to be decided on. This can be done by any of the common model selection procedures:
validation on a test set (if there is one), cross-validation or k-folding (if there is none), or
by measuring the trade-off between goodness-of-fit and the number of estimated parameters
using either the Akaike or the Bayesian Information Criterion (AIC and BIC, respectively)
[4, 5]. Cross-validation and k-folding are much more time consuming than computing a score
such as AIC or BIC, hence we decided on using AIC. Following [5], we used the AICc score
instead of AIC; this is a variant of AIC with an additional second-order term that becomes
necessary when the number of estimated parameters is small. When the number of estimated
parameters tends to infinity, the difference between the values of AICc and AIC tends to zero,
so AICc is justified regardless of the number of parameters.

The numerical experiments of Section 4 were carried out in the following manner: the
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number of knot points were increased one by one from 2 to 30 (this proved to be plenty in
each of the examples), and the optimal solution to the respective optimization model was
determined. The values of the AICc scores were determined, and the optimal solution with
the best (lowest) score was selected as the final solution.

4 Numerical Examples

In this section we compiled results of numerical experiments in which the SOCP-based cubic
(and sometimes quartic) spline models were compared to the piecewise Bernstein polynomial
spline model, to kernel methods, and in some cases to parametric methods.

The following acronyms are used to refer to the models in the tables:

1. PM: Parametric model; the precise meaning is explained in each section, as different
parametric models are used in different problems.

2. NCS: The best (least squares) fitting nonnegative cubic spline with evenly distributed
knot points. The number of knot points is chosen using AICc .

3. NICS: The best (least squares) fitting nonnegative, increasing cubic spline with evenly
distributed knot points. The number of knot points is chosen using AICc .

4. NVCS: The best (least squares) fitting nonnegative, concave cubic spline with evenly
distributed knot points. The number of knot points is chosen using AICc .

5. NIVCS: The best (least squares) fitting nonnegative, increasing, concave cubic spline
with evenly distributed knot points. The number of knot points is chosen using AICc .

6. NIVQS: The best (least squares) fitting nonnegative, increasing, concave quartic spline
with evenly distributed knot points. The number of knot points is chosen using AICc .

The optimization models described in Sections 2 and 3 were implemented using the AMPL
modeling language [12], and were solved using the nonlinear solver KNITRO [20]. Most of
the optimization problems could be solved very fast, in less than a second, using an ordinary
PC.

4.1 Isotonic and Convex/Concave Regression

We compared various shape-constrained spline models to some parametric approaches using
a real dataset (Section 4.1.1) and simulated data (Section 4.1.2). The parametric model for
the real data is the one used in the first paper on the analysis of the data. The parametric
models for the simulated data are simple one- and two-parameter families of functions which
contain the true function.
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4.1.1 The Rabbit Data

The data is from [10], collected in a study to find the relationship between the weight of the
eye lens and the age of rabbits in Australia. The 71-sample data set was retrieved from the
OzDASL data library [6].

The original solution was based on parametric regression, using the model a = A ·
10−B/(w+C), where the response variable a is the age and the covariate w is the dried eye lens
weight of the rabbits; A, B, and C are the unknown nonnegative parameters.

The solution reported in [10] was A = 288.27, B = 60.1912, C = 41; close to the best
least squares fit of this model, which is A = 279.8278, B = 55.4063, C = 36.0437. Below
we demonstrate that a shape-constrained nonparametric approach can yield a comparably
good fit.

Both the interpretation and a plot of the data suggests that the relationship between a
and w is likely to be monotone increasing and concave. (The parametric model above satisfies
both constraints whenever B ≤ 2C.) We added both of these constraints, separately and
together, to our nonnegative cubic spline models (Bernstein polynomial-based and SOCP).
Wherever the two models are equivalent, we used the Bernstein polynomial-based model.
We also compared our results to the best fitting increasing and concave quartic spline.

The results are shown in Table 1. L2 is the residual sum of squares, L∞ and L1 are
the maximum and the sum of absolute differences, and AICc is the value of the Akaike
Information Criterion [5] with a second order corrective term needed because of the small
number of parameters [4]. PM1 is the solution to the parametric model suggested in [10].
PM2 is the above least-squares solution to the same model. The remaining acronyms in this
table are explained in the beginning of Section 4.

Plots of the estimated regression curves are shown on Figure 1.

effective number
model of parameters L2 L∞ L1 AICc

PM1 3 4533.38 21.17 428.554 502.962
PM2 3 4320.65 21.45 423.163 499.550
NCS 6 4379.06 21.72 421.533 507.421
NICS 7 4277.90 22.75 415.037 508.227
NVCS 7 4277.90 22.75 415.037 508.227
NIVCS 7 4277.90 22.75 415.037 508.227
NIVQS 7 4274.97 22.46 414.516 508.178

Table 1: Comparison of the parametric and shape-constrained spline estimators for the
regression curves of the Rabbit data. The acronyms in the table headings are explained in
the beginning of this section.

The NCS spline is monotone increasing everywhere except in a small segment towards
the right-hand side boundary of the domain. The spline is not concave.

The table shows that the NICS, NVCS, and NIVCS models gave exactly the same result.
This is because the NICS spline, surprisingly, turned out to be concave, too, but only for the
optimal number of knot points. (This is purely accidental.) At this experiment, naturally, we
used the SOCP-based method, but since nonnegative concave cubic splines are automatically



RRR 13-2008 Page 17

Original parametric solution
0.2 0.4 0.6 0.8 1.0

50

100

150

200

250

Least-squares parametric fit
0.2 0.4 0.6 0.8 1.0

50

100

150

200

250

Cubic spline 1
0.2 0.4 0.6 0.8 1.0

50

100

150

200

250

Cubic splines 2, 3, and 4
0.2 0.4 0.6 0.8 1.0

50

100

150

200

250

Quartic spline
0.2 0.4 0.6 0.8 1.0

50

100

150

200

250

Figure 1: Parametric and shape-constrained spline estimators for the regression curves of
the Rabbit data.
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piecewise Bernstein polynomial splines, the nonnegative basis approach with Bernstein basis
polynomials would have given the same result.

Similarly, the NVCS was automatically monotone increasing for every number of knot
points tested. (This is accidental, too.) It follows that the optimal NIVCS spline coincides
with the optimal NVCS and NICS splines in this example.

Using quartic splines in this example yields only a very minor improvement compared to
cubic splines. (Notice that the same number of effective parameters is achieved, meaning that
one fewer knot points was used.) The fitted shape-constrained cubic splines are comparable
to the fitted parametric models.

4.1.2 Simulated Data

We simulated noisy data using the model Y = f(X) + ǫ, where f(x) = 1
1+e−10x , x ∈ [0, 1],

and ǫ is normally distributed with mean 0 and standard deviation 0.2. This function was
chosen so that the function has a nearly linear, increasing, and a long, nearly horizontal part
on the domain – this way it is likely that explicit monotonicity and concavity constraints
will be required for a good quality fit.

Random samples of size 50 were drawn uniformly from the interval [0, 1]. For each sample
the least-squares optimal model from the one-parameter family fb(x) = 1

1+e−bx + ǫ and the

two-parameter family fa,b(x) = 1
a+e−bx + ǫ were computed. In this section we refer to these

reference models as parametric models PM1 and PM2. Since these least-squares problems
are nonconvex optimization problems, we verified (by brute-force) that the locally optimal
solutions found are indeed globally optimal. We compared these models to different shape-
constrained polynomial spline models by measuring the L2, L1, and L∞ distances of the true
function f and the estimators, together with their estimated numbers of parameters and
their AICc . This process was repeated 100 times. The means and standard deviations of
the distances are reported in Table 2. In the table headings µp and σp denote the estimated
mean and standard deviation of the Lp norm of the estimators; p ∈ {1, 2,∞}. Similarly,
µAIC and σAIC are the mean and standard deviation of the AICc scores of the estimators.
PM1 and PM2 are the least-squares solution to the Parametric models above, the remaining
acronyms in this table are explained in the beginning of Section 4.

It is immediate from Table 2 that there is a huge benefit from each added shape con-
straint. Both the increasing and the concave cubic splines are considerably better estimates
than the (otherwise unconstrained) nonnegative splines, and the concave increasing spline
is better than both of them, with respect to every distance measure considered. Obviously,
the AICc scores worsen as we add more constraints to the model. The quartic splines, on
the other hand, are not any better than the cubic ones in this example. Notice that the
best models outperform even the parametric model PM2 with respect to every measure
of goodness-of-fit, except for AICc, the latter owing to the larger number of parameters.
The optimal NIVCS model usually had 5 or 6 effective parameters compared to the 2 fixed
parameters of PM2. The single-parameter PM1 model proved to be hard to match.
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model 103
· µ2 103

· σ2 103
· µ1 103

· σ1 µ∞ σ∞ µAIC σAIC

PM1 0.972 1.516 15.685 12.268 0.054 0.050 −20.727 11.443
PM2 7.552 3.051 65.173 15.911 0.265 0.100 −12.934 11.513
NCS 5.635 4.675 55.616 21.907 0.201 0.148 −13.523 11.418
NICS 2.768 2.992 36.890 18.938 0.133 0.099 −11.022 11.486
NVCS 3.277 2.942 43.397 18.716 0.128 0.067 −11.826 11.423
NIVCS 2.243 2.309 34.466 17.964 0.111 0.076 −10.602 11.480
NIVQS 2.613 2.567 36.431 17.667 0.138 0.102 −8.220 11.385

Table 2: Comparison of parametric and spline estimators for the regression curves of a
simulated dataset. µi and σi are the estimated mean and standard deviation of the Li error
based on 100 experiments. The remaining acronyms in the table headings are explained in
the beginning on Section 4.

4.2 Density Estimation

The following tests were conducted to compare our methods to a wider range of kernel
methods. The benchmark distributions, as well as the experimental design is based on [11,
Chapter 8]. The probability density functions (pdf) of the benchmark distributions are:

f1(x) =
9

10
φ1/2(x− 5) +

1

10
φ1/2(x− 7),

f2(x) = φ1(x− 5),

f3(x) =
1

5
U([3, 8]),

f4(x) =
1

5
ψ1.4,2.6

(

1

5
(x− 0.3)

)

f5(x) =
1

4
φ9/5(x− 6) +

4

5
φ1/10(x− 2)

f6(x) =
1

2
φ1/2(x− 3.5) +

1

2
φ1/2(x− 6.5),

where φσ(x) is the pdf of the normal distribution with mean zero and standard deviation
σ, U([a, b]) is the pdf of the uniform distribution on [a, b], and ψα,β is the pdf of the Beta
density with parameters α and β.

Following [9], the authors of [11] argue that the most meaningful comparison between
estimates of probability densities is the L1 distance of their pdfs, and they report only this
measure of goodness-of-fit in their benchmark. Hence in this section we do the same when
comparing our methods and theirs.

For each benchmark density, random samples of size 100 were generated. Then the
optimal cubic spline densities were determined using the Bernstein polynomial based and
the SOCP based methods outlined in Sections 2.1 and 2.2, and compared (by its L1 distance
to the known pdf) to the kernel estimates of [11], which employ the Epanechnikov kernel
and the normal density kernel, and thirteen bandwidth selection methods, including the
“optimal method”, which simply determines the bandwidth that minimizes the L1 error.
This is clearly not a rational method, as it requires the knowledge of the estimated pdf, but
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it serves as a good benchmark, as no other method bandwidth selection can possibly beat it.
The process were repeated 100 times, the means and standard deviations of the L1 distances
are reported in Table 4.2.

To avoid repeating all the results of the book, we refer the reader to the tabulated
numerical results of [11, pp. 326–327]. In our table we only show the L1 errors of the
“optimal method”. Columns OP-E and OP-N show the results of the optimal method using
the Epanechnikov and the normal density kernel, respectively. The columns Bernstein and
SOCP contain the results of the least-squares best fitting piecewise Bernstein polynomial
and nonnegative splines, respectively. The rows µi and σi show the mean and the standard
deviation of the L1 errors from the experiments with the density fi.

OP-E OP-N Bernstein SOCP

µ1 0.158 0.160 0.150 0.159
σ1 0.053 0.053 0.049 0.045

µ2 0.127 0.129 0.064 0.075
σ2 0.054 0.054 0.069 0.060

µ3 0.217 0.218 0.171 0.179
σ3 0.042 0.042 0.069 0.075

µ4 0.162 0.164 0.148 0.153
σ4 0.041 0.041 0.065 0.064

µ5 0.335 0.335 0.649 0.643
σ5 0.055 0.055 0.022 0.051

µ6 0.187 0.189 0.227 0.226
σ6 0.053 0.053 0.031 0.026

Table 3: Estimated means and standard deviations of the L1 errors of kernel and spline
density estimates. See the text for the interpretation of the table headings.

It is safe to conclude that in all but one of these examples both the Bernstein polynomial-
based and the SOCP methods give results comparable to those of the kernel methods. Except
for the density f5 (a bad mixture of normal distributions) both methods nearly match, break
even with, or outperform even the optimal kernel method. The results are easy to interpret:
the less smooth the estimated pdf is, the higher the disadvantage of cubic splines to the
kernel methods. The difference between Bernstein polynomial-based and the SOCP methods
is too small to be considered significant, their performance is essentially identical in all the
examples.

4.3 Arrival Rate Estimation

The paper [2] gives detailed numerical evaluation of the SDP/SOCP approach and they
show that it compares very favorably to some wavelet-based methods. We only compare the
SDP/SOCP approach and the nonnegative basis approach using Bernstein polynomials.

In Section 4.3.1 we compare the two methods on the same email arrival data that was
used introduced in [2]. In Section 4.3.2 we use simulated arrival data.
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4.3.1 Email Arrival Data

In this section we present results obtained for a dataset of 10150 e-mail arrivals recorded
in a period of 446 days. As described in [2], the arrival times were inexact, as they were
rounded to the nearest second. It was assumed that the arrival rate is periodic with a period
of one week. The details of the appropriate maximum likelihood model using nonnegative
cubic splines is also given in [2], and using cross-validation the authors of [2] found that the
optimal number of evenly distributed knot points to be used is 48. This is a large number in
the sense that it gives about 7 pieces for each day. With so many pieces it can be expected
that Theorem 5 will apply to many of the spline pieces.

We determined the optimal nonnegative spline as well as the optimal piecewise Bernstein
polynomial spline with 7k, (k = 3, . . . , 14) knot points, and with the quoted 48 knot points.
We found that with 28 knot points there was some small but visible difference between the
two corresponding splines. Not surprisingly, the differences occur during night times (when
the arrival rate is close to zero) and in the subsequent mornings. In all the other experiments,
with a different number of knot points, the two splines were identical.

4.3.2 Simulated Data

Simulated experiments were carried out in the following manner. Arrival times were simu-
lated by our implementation of the well-known thinning method [17], using a simple arrival
rate function,

4000(cos(6πt+ 0.2) + 2.16 sin(4πt+ 3.8) + 2.6),

which demonstrates several properties that can potentially make the approximation difficult:
it gets near zero, it has a high and narrow peak, and it also has a long flat part. It was also
chosen to be periodic with period 1, as most practical applications assume periodic arrival
rate function.

Assuming that the interval [0, 1] represents a week, arrival times were rounded to the
nearest minute. Then the optimal cubic spline arrival rates were determined using the
Bernstein polynomial based and the SOCP based methods outlined in Sections 2.1 and 2.2,
with AICc used in knot point selection. This process was repeated a hundred times. Figure 2
shows the 95% empirical confidence bands plotted against each other and the true arrival
rate function. The red curve is λ(t), the blue band corresponds to the SOCP approach,
and the green band corresponds to the nonnegative basis approach. It is apparent that the
difference between the results of the two approaches is quite small. Figure 3 shows the width
of the confidence bands plotted against each other. It is clear from this plot that the quality
of the SOCP-based model is pointwise better than that of the nonnegative basis approach.

5 Conclusion

Two optimization-based approaches, both using low-degree splines, are presented, and com-
pared to each other and to popular kernel methods in various applications of shape con-
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Figure 2: Comparison of the 95% empirical confidence bands of the results from SOCP and
nonnegative basis approaches. The blue curve corresponds to the SOCP approach, and the
green one to the piecewise Bernstein polynomial splines.
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Figure 3: The bandwidths of the 95% empirical confidence bands of the results from SOCP
and nonnegative basis approaches. The blue curve corresponds to the SOCP approach, and
the green one to the piecewise Bernstein polynomial splines.

strained estimation problems.

Theoretically, the SDP/SOCP approach, which requires solving optimization problems
with linear and second order conic constraints, is clearly superior to the basic nonnegative
basis approach, and it allows us to optimize precisely over the set that we want. The
nonnegative basis approach results in simpler, linearly constrained models, but in many
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cases it allows us to optimize over a strictly smaller or larger set than what we need.
The optimization models obtained from both approaches were easily solvable in a fraction

of a second using readily available nonlinear solvers.
In many instances the two approaches gave very similar results, but we have also found

several examples where the SOCP approach is superior in practice, too. On the other hand,
we exhibited a few nontrivial cases when the two approaches are provably equivalent.

We found that these approaches can match, and frequently outperform state-of-the-art
kernel methods both in regression and density estimation problems.
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