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Pázmány Péter sétány 1/C, H-1117 Hungary, vizvari@math.elte.hu



Rutcor Research Report
RRR 15-08, October 2008

On the Chvatál-Complexity of
Knapsack Problems
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Abstract. There is a famous result of Chvatál giving a theoretical iterative pro-
cedure, which determines the integer hull of a polyhedral set. It starts from the
polyhedral set itself and in each iteration new cuts are introduced. This result is
considered the theory of the Gomory method of integer programming. The simplest
integer programming problem is the knapsack problem. The number of iterations
in Chvatáls procedure is investigated in the case of some special binary knapsack
problems.
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1 Introduction

The integer hull of a polyhedral set is the convex hull of the integer points of the set. If a polyhe-
dral set is equal to its integer hull then any linear integer programming and linear programming
problems having the same objective function have at least one common optimal solution. This is
the underlying idea of the cutting plane methods.

[1] introduced a concept of generating cuts such that the cuts do not eliminate any integer
solution. Assume that the polyhedral set is defined by the inequality system:

Ax ≤ b, (1)

where A is an m × n matrix, b and x are vectors of m and n dimensions, respectively. Assume
that λ is an m dimensional nonnegative vector such that the vector

AT λ

is integer. Then all integer vectors x of the polyhedral set must satisfy the inequality

λT Ax ≤
⌊
λT b

⌋
. (2)

In general (2) is a valid cut of the integer hull. Furthermore if λT b is non-integer then it will cut
off a part of the polyhedral set. It can be proven, see also [3], that:

1. there are only finite many significantly different Chvatál cuts of type (2) and

2. if the Chvatál cuts added to the set of inequalities (1) and in this way a new the polyhedral
set is defined, and the whole procedure is repeated, then after finite many iterations the
polyhedral set becomes equal to the integer hull.

In this paper the number of iterations is called Chvatál rank. From practical point of view it
is important that how large can it be. To our best knowledge this problem has not been analyzed.
The reason is that the integer programming problems are NP-complete, therefore the number of
iterations should be great in general. On the other hand important subclasses can be those ones,
where the number of iterations is small, e.g. it is only 1. Such a result can be hoped only in
the case of problems, which have a simple structure. Thus one of the first candidates are special
structured knapsack problems. In this paper binary knapsack problems are investigated.

The following notations and assumptions are used. Let n be the number of variables, i.e.
the dimension of the problem. All variables are binary variables. The knapsack constraint is given
in the form:

a1x1 + a2x2 + · · · + anxn ≤ b, (3)

where a1, a2, . . . , an are positive integers. Furthermore

a1 ≤ a2 ≤ · · · ≤ an. (4)

It follows from the binary property of the variables that the values of all components of an element
of the integer hull are between 0 and 1. Therefore the initial polyhedral set is defined by the
following system of inequalities, where the index of the inequality is used in the further analysis
as it is indicated here:
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index Right-Hand Side Left-Hand Side
0 a1x1 + a2x2 + · · · + anxn ≤ b
1 x1 ≤ 1
2 x2 ≤ 1

· · ·
n xn ≤ 1

n + 1 −x1 ≤ 0
n + 2 −x2 ≤ 0

· · ·
2n −xn ≤ 0

Using the same index set the multipliers of the inequalities of this original constraint set are denoted
by λ0, . . . , λ2n.

In general the set of integer feasible solutions is empty if and only if b < 0. Then an
inequality is required, which cannot be satisfied. It is obtained be the multipliers

λ0 = 1, λ1 = λ2 = · · ·λn = 0, λn+1 = a1, λn+2 = a2, · · ·λ2n = an

as then the resulted inequality has the classical form showing the unsatisfiability of the system:

0 = 0x1 + 0x2 + · · · + 0xn ≤ b < 0.

Therefore it is assumed further on that b ≥ 0.
In section 2 it is shown that up to 3 dimensions all binary knapsack problems have Chvatál

rank at most 1. An example having a higher rank is provided in section 3 in dimension 4. This
example is generalized and analyzed based on a result of [2] in section 4.

2 The Case of Dimensions 1, 2, and 3

It follows from the assumptions that in the case of n = 1 there are only two possible sets of
integer feasible solutions: {0, 1}, and {0}. For the first one the existing inequalities 0 ≤ x ≤ 1 are
determining the integer hull. In the second case the integer hull is the 0 point itself. It is obtained
from 0 ≤ x1, and its counter part generated by λ0 = 1/a1, λ1 = λ2 = 0. Thus the Chvatál rank is
either 0 or 1.

Assume that n = 2. The it follows from (4) that the left-hand side of (3) is decreasing for
the following sequence of binary vectors: (1, 1), (0, 1), (1, 0), (0, 0). Thus if a set of integer feasible
solution consists of k (1 ≤ k ≤ 4) vectors then these vectors are the last k vectors of the sequence.
Hence it is not difficult to see that the Chvatál rank is again either 0 or 1.

If n = 3 then the maximal elements of the feasible solutions belong to one of the cases of
the table below:

case maximal vectors inequalities of the feasible set
1 empty 0 ≤ −1
2 (0, 0, 0) yi ≤ 0
3 (1, 0, 0) y2 ≤ 0, y3 ≤ 0
4 (1, 0, 0), (0, 1, 0) y1 + y2 ≤ 1, y3 ≤ 0
5 (1, 1, 0) y3 ≤ 0
6 (1, 0, 0), (0, 1, 0), (0, 0, 1) y1 + y2 + y3 ≤ 1
7 (0, 0, 1), (1, 1, 0) y1 + y3 ≤ 1, y2 + y3 ≤ 1
8 (1, 1, 0), (1, 0, 1) y2 + y3 ≤ 1
9 (1, 1, 0), (1, 0, 1), (0, 1, 1) y1 + y2 + y3 ≤ 2
10 (1, 1, 1) empty
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Table 1. The non-trivial inequalities of the integer hall of the feasible set of knapsack problems
in the 3-dimensional case.

The knapsack problem has a Chvatál rank at most 1 in all of the cases.
The statement can be shown in a trivial way for cases 1, 2, 3, 5, 10. E. g. in case 5 the

multipliers are: λ0 = 1
a3

, λ1 = 0, λ2 = 0, λ3 = 0, λ4 = a1
a3

, λ5 = a2
a3

, λ6 = 0.
The other cases can be solved as follows.
Case 4: The inequality of y3 ≤ 0 as generated for case 5 and another cut with λ0 = 1

b , λ1 =
1 − a1

b , λ2 = 1 − a2
b , λ3 = 0, λ4 = 0, λ5 = 0, λ6 = a3

b .
Case 8: λ0 = 1

b , λ1 = 0, λ2 = 1− a2
b , λ3 = 1− a3

b , λ4 = a1
b , λ5 = 0, λ6 = 0.

Case 9: λ0 = 1
b , λ1 = 1 − a1

b , λ2 = 1− a2
b , λ3 = 1− a3

b , λ4 = 0, λ5 = 0, λ6 = 0.
Case 7: The cut of case 8 and another cut with λ0 = 1

b , λ1 = 1− a1
b , λ2 = 0, λ3 = 1− a3

b , λ4 =
0, λ5 = a2

b , λ6 = 0.
Case 6: λ0 = 1

a2
, λ1 = 1− a1

a2
, λ2 = 0, λ3 = 0, λ4 = 0, λ5 = 0, λ6 = a3

a2
− 1.

3 A Counterexample in Dimension 4

The 4-dimensional case is the first one, where there is a knapsack problem with an integer hull
having a Chavtál rank higher than 1. Here is the example: a1 = 12, a2 = 12, a3 = 14,
a4 = 30 and b = 53. It is easy to see that the maximal feasible solutions are the vectors
(1, 1, 1, 0), (0, 0, 1, 1), (0, 1, 0, 1), (1, 0, 0, 1). The hyperplane

y1 + y2 + y3 + 2y4 = 3

contains all of these maximal feasible points. Therefore

y1 + y2 + y3 + 2y4 ≤ 3 (5)

is a valid cut of the integer hull. If the cut could be generated then there were nonnegative λ’s
satisfying the following conditions:

12λ0 + λ1 − λ5 = 1
12λ0 + λ2 − λ6 = 1
14λ0 + λ3 − λ7 = 1
30λ0 + λ4 − λ8 = 2

53λ0 + λ1 + λ2 + λ3 + λ4 < 4

The system has a feasible solution if and only if the optimal value of the linear programming
program:

min 53λ0 + λ1 + λ2 + λ3 + λ4

12λ0 + λ1 − λ5 = 1
12λ0 + λ2 − λ6 = 1
14λ0 + λ3 − λ7 = 1
30λ0 + λ4 − λ8 = 2

λ0, . . . λ8 ≥ 0
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is less than 4. On the other hand the optimal solution is: λ0 = 1
15 , λ1 = λ2 = 1

5 , λ3 = 1
15 ,

λ4 = λ5 = λ6 = λ7 = λ8 = 0. The optimal objective function value is 4.
In general there are 28 different sets of maximal feasible solutions in dimension 4 if inequality

(4) is satisfied. 10 out of 28 are equivalent to the 10 cases of the 3-dimension with the modification
that the last component of all maximal feasible solutions is 0. Here are the further 18 cases:

11 (1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1) y1 + y2 + y3 + y4 ≤ 1
12 (0,0,1,0), (0,0,0,1), (1,1,0,0) y1 + y3 + y4 ≤ 1, y2 + y3 + y4 ≤ 1
13 (0,0,0,1), (1,1,0,0), (1,0,1,0) y1 + y2 + y3 + 2y4 ≤ 2, y2 + y3 + y4 ≤ 1
14 (0,0,0,1), (1,1,0,0), (1,0,1,0), (0,1,1,0) y1 + y2 + y3 + 2y4 ≤ 2
15 (0,0,0,1), (1,1,1,0) y1 + y4 ≤ 1, y2 + y4 ≤ 1, y3 + y4 ≤ 1
16 (1,1,0,0), (1,0,1,0), (1,0,0,1) y2 + y3 + y4 ≤ 1
17 (1,1,0,0), (1,0,1,0), (0,1,1,0), (1,0,0,1) y1 + y2 + y3 + y4 ≤ 2, y2 + y4 ≤ 1, y3 + y4 ≤ 1
18 (1,0,0,1), (1,1,1,0) y2 + y4 ≤ 1, y3 + y4 ≤ 1
19 (1,1,0,0), (1,0,1,0), (0,1,1,0), (1,0,0,1), (0,1,0,1) y1 + y2 + y3 + y4 ≤ 2, y3 + y4 ≤ 1
20 (1,0,0,1), (0,1,0,1), (1,1,1,0) y1 + y2 + y4 ≤ 2, y3 + y4 ≤ 1
21 (1,1,1,0), (1,1,0,1) y3 + y4 ≤ 1
22 (1,1,0,0), (1,0,1,0), (0,1,1,0) and y1 + y2 + y3 + y4 ≤ 2

(1,0,0,1), (0,1,0,1), (0,0,1,1)
23 (1,0,0,1), (0,1,0,1), (0,0,1,1), (1,1,1,0) y1 + y2 + y3 + 2y4 ≤ 3
24 (0,0,1,1), (1,1,0,1) y1 + y3 + y4 ≤ 2, y2 + y3 + y4 ≤ 2
25 (0,1,0,1), (1,1,1,0), (1,0,1,1) y1 + y2 + y4 ≤ 2, y2 + y3 + y4 ≤ 2
26 (1,1,1,0), (1,1,0,1), (1,0,1,1) y2 + y3 + y4 ≤ 2
27 (1,1,1,0), (1,1,0,1), (1,0,1,1), (0,1,1,1) y1 + y2 + y3 + y4 ≤ 3
28 (1,1,1,1) 0 ≤ yi ≤ 1 ı = 1, 2, 3, 4
Table 2. The non-trivial inequalities of the integer hull of the feasible set of knapsack problems

in the 4-dimensional case.

As it can be seen from Table 2 the above example belongs to case 23. All other cases have
Chvatál rank 1. The proofs are similar to the 3-dimensional case, the details remain to the reader.

Even case 23 has Chvatál rank 1 for certain coefficients.

Theorem 3.1 The Chvatál rank of case 23 is higher than 1 if and only if

a1 + a2 + a3 ≤ b (6)
a3 + a4 ≤ b (7)

a1 + a2 + a4 > b (8)

a3 <
a4

2
(9)

a1 + a2 + a3 +
a4

2
≤ b (10)

Proof. We obtain the first set of conditions from the fact that the points (1, 1, 1, 0), (0, 0, 1, 1),
(0, 1, 0, 1), (1, 0, 0, 1) are feasible. The first two points imply the inequalities (6) and (7). It follows
from (4) that the similar inequalities of the third and fourth points are consequences of (7).

Any point, which is greater than at least one of these four points, must be infeasible. The
minimal such points are (1, 0, 1, 1), (0, 1, 1, 1), (1, 1, 0, 1). It follows from (4) that the last one gives
the minimal left-hand side. Thus it is enough to claim only inequality (8).
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Case I. If a4
2 ≤ a3 then let λ0 = 1

a3
, λ1 = 1 − a1

a3
, λ2 = 1 − a2

a3
, λ3 = 0, λ4 = 2 − a4

a3
,

λ5 = λ6 = λ7 = λ8 = 0. Then the coefficients of the left-hand side are 1, 1, 1, 2. The value of the
right-hand side is(

1 − a1

a3

)
+

(
1 − a2

a3

)
+

(
2 − a4

a3

)
+

b

a3
=

b − a1 − a2 − a4

a3
+ 4. (11)

It follows from (8) that it is less than 4, i.e. it can be rounded down to 3. Thus (9) is a necessary
condition of having a Chvatál rank greater than one.

Case II. If a3 < a4
2 then let λ0 = 2

a4
, λ1 = 1 − 2a1

a4
, λ2 = 1 − 2a2

a4
, λ3 = 1 − 2a3

a4
,

λ4 = λ5 = λ6 = λ7 = λ8 = 0.
Then the coefficients of the left-hand side are 1,1,1,2. The value of the right hand side is

2b

a4
+

(
1 − 2a1

a4

)
+

(
1 − 2a2

a4

)
+

(
1 − 2a3

a4

)
=

2b − 2a1 − 2a2 − 2a3

a4
+ 3. (12)

This value is less than 4 if and only if

2b − 2a1 − 2a2 − 2a3

a4
< 1, (13)

what is equivalent to (10). Thus (6)-(10) are necessary conditions of having a Chvatál rank greater
than 1.

It is easy to see that in any system of the λ multipliers giving a minimal right-hand side
both λi and λ4+i can not be positive (i = 1, 2, 3, 4). Thus the optimal choice of λi (i = 1, 2, 3, 4)
if λ0 is fixed,

λi = max{1 − λ0ai, 0},

if i = 1, 2, 3 and

λ4 = max{2 − λ0a4, 0}.

Thus the right-hand side in an optimal solution is

λ0b + max{1 − λ0a1, 0} + max{1 − λ0a2, 0}+

+max{1 − λ0a3, 0} + max{2 − λ0a4, 0}.

Its value is equal to

(λ0a1 + max{1 − λ0a1, 0}) + (λ0a2 + max{1 − λ0a2, 0}) +

+ (λ0a3 + max{1 − λ0a3, 0}) +
(
λ0

a4

2
+ 2max{1 − λ0

a4

2
, 0}

)
+

+λ0(b − (a1 + a2 + a3 +
a4

2
)).

Here the first three terms are at least 1 and the fourth term is at least 1+max{1−λ0
a4
2 , 0}. Thus

the sum of the first four terms is at least 4. If (10) holds then the total value of the right-hand side
can not be less than 4, i.e. the cut (5) can not be generated in the first Chvatál iteration. Q.E.D.
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4 A Special Class of Knapsack Problem

[2] has given a complete description of the integer hull of a special binary knapsack problem. The
inequality of the problem is

x1 + x2 + · · ·+ xm1 + pxm1+1 + pxm1+2 + · · ·+ pxm1+m2 ≤ b, (14)

where m1 ≥ 2, m2, p, b are positive integers. The set of binary feasible solutions of (14) is denoted
by F .

Let I ⊆ {1, 2, . . . ,m1 + m2} be an arbitrary index set. The sum of variables belonging to
that set is x(I). Let T = {m1 + 1, . . . ,m1 + m2} and S ⊆ {1, 2, . . . ,m1}. Denote the number of
element of S by s. Finally let q be a positive integer such that 1 ≤ q < p.

h(s, q) = max{x(S) + qx(T ) : x ∈ F}.

The value of h(s, q) is given by the formula

h(s, q) =
{

b if s ≥ b
max{s + qb b−s

p c, b − (p − q)d b−s
p e} if b > s

Among the last m2 variables at most lmax = min
{

m2,
⌊

b
p

⌋}
can have value 1 in any feasible

solution.
The main result of [2] is the following:

Theorem 4.1 (A) The integer hull of the knapsack problem is described by the following system
of inequalities:

• (14),

• x(T ) ≤ lmax,

• x(S) + qx(T ) ≤ h(s, q), ∀S : ∅ 6= S ⊆ {1, 2, . . . ,m1} and ∀ q : 1 ≤ q < p,

• 0 ≤ xi ≤ 1, i ∈ {1, 2, . . . ,m1 + m2}.

(B) The inequality x(S) + qx(T ) ≤ h(s, q) defines a facet of the integer hull if and only if (s > q
or s = q = 1) and s ∈ {q + b − p, q + b − 2p, . . . , q + b − plmax}.

4.1 The case m2 = 1

First we shall discuss the case m2 = 1 in a detailed way. We assume that p ≤ b otherwise the
problem is trivial. Then lmax = 1. It follows from Theorem 4.1 that for each q > 1 the only value
of s giving a facet of the integer hull is

s = q + b − p. (15)

Hence it follows that h(s, q) = s.
The first question to be investigated is when has a facet with parameters satisfying (15) a

Chvatál rank equal to 1. For the sake of simplicity we assume that S = {1, . . . , s}. The best cut
of this type what can be achieved in the first Chvatál iteration is described by the following linear
program:
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min bλ0 + λ1 + λ2 + . . . + λm1+1

λ0 + λ1 − λm1+2 = 1
· · ·

λ0 + λs − λm1+s+1 = 1
λ0 + λs+1 − λm1+s+2 = 0

· · ·
λ0 + λm1 − λ2m1+1 = 0

pλ0 + λm1+1 − λ2m1+2 = q

λ0, . . . λ2m1+2 ≥ 0.

This linear programming problem will be analyzed by using simplex method. If the simplex
method detects an optimal solution with an objective function value at least s+1 then the Chvatál
rank is at least 2. These cases will be separated when we follow the path of optimization.

In what follows the negative of the objective function is maximized instead of the original
objective function because of some technical reasons.

It is easy to see that the variables λ1, . . . λm1+1 form a feasible basis. The appropriate
simplex tableau is this, where all missing elements are 0:

λ0 λ1 λs λm1+1 λm1+2 λ2m1+2 RHS
λ1 1 1 −1 1
...

. . . . . .
λs 1 1 −1 1

λs+1 1 1 −1 0
...

. . . . . .
λm1 1 1 −1 0

λm1+1 p 1 −1 q

OBF b −m1 − p 0 · · · 0 0 · · · 0 0 1 · · · 1 1 · · · 1 1 −q − s

If b ≥ m1+p then the integer hull is the complete unit cube and the problem is trivial. In that
case the solution provided by the simplex tableau is optimal, i.e. the inequalities x(S) + qx(T ) ≤
h(s, q) are not facet defining, but on the other hand the Chvatál rank is 0 as the polyhedral set is
the unit cube.

If m1 + p > b then the only candidate to enter the basis is variable λ0. If m1 > s then any
of the variables λs+1, . . . , λm1 may leave the basis. Assume that λs+1 leaves the basis. Then the
new simplex tableau is this:

λ0 λ1 λs λs+1 λm1+1 λm1+2 λ2m1+2 RHS
λ1 0 1 −1 −1 1 1
...

. . . . . .
λs 0 1 −1 −1 1 1
λ0 1 1 −1 0

λs+2 0 −1 1 1 −1 0
...

. . . . . .
λm1 0 −1 1 1 −1 0

λm1+1 0 −p 1 p −1 q

OBF 0 0 · · · 0 −b + m1 + p 0 · · · 0 0 1 · · · 1 b + 1−m1 − p 1 · · · 1 1 −q − s
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There is only one potential candidate to enter the basis as b+1−m1−p = s+p−q+1−m1−p =
s − m1 + 1 − q ≤ 0 as m1 ≥ s and q ≥ 1. The only case when the current basis is optimal, is
m1 = 1, q = 1. It implies that b + 1 = m1 + p. Then the maximal feasible solutions are the
following vectors: (a) the first m1 components are 1, and the last component is zero, (b) the last
component is 1 and b− p = m1− 1 components among the first m1 are 1, i.e. the maximal feasible
binary solutions are such that they have only zero component, their all other components are 1.
Thus this case is a generalization of case 27 of Table 2. Hence the only inequality what must be
generated to obtain the integer hull is

m1+1∑
j=1

xj ≤ m1.

It can be generated by the following weights:

λ0 =
1
p
, λ1 = · · · = λm1 =

p − 1
p

, λm1+1 = · · · = λ2m1+2 = 0.

Then all coefficients of the left-hand side are 1 in the generated inequality and the right-hand side
is

b

p
+ m1

p − 1
p

= m1 +
p − 1

p
,

which can be truncated to m1.
Now assume that m1 + p > b. In general the inequality b + u−m1 − p < 0 is a consequence

of (15) if and only if u < m1 − s + q. After the entering of variable λm1+s+2 into the basis the
next candidate will be variable λm1+s+3 with reduced cost b + 2 − m1 − p. The simplex method
is iterating in this way until all of the variables from λm1+s+2 to λ2m1 enter the basis. At this
moment the simplex tableau is as follows:

λ0 λ1 λs λm1 λm1+1 λ2m1+1 λ2m1+2 RHS
λ1 0 1 −1 −1 1 1
...

. . . . . .
λs 0 1 −1 −1 1 1
λ0 1 1 −1 0

λm1+s+2 0 −1 1 1 −1 0
...

. . . . . .
λ2m1 0 −1 1 1 −1 0
λm1+1 0 −p 1 p −1 q

OBF 0 0 · · · 0 1 · · · 1 q + 1 0 1 · · · 1 0 · · · 0 −q 1 −q − s

The next variable to enter the basis is λ2m1+1. As q < p variable λm1+1 is leaving the basis.
The new simplex tableau is this:

λ0 λ1 λs λm1+1 λ2m1+2 RHS
λ1 0 1 − 1

p −1 1
p 1 − q

p
...

. . . . . .
λs 0 1 − 1

p −1 1
p 1 − q

p

λ0 1 1
p − 1

p
q
p

λm1+s+2 0 −1 1
p 1 − 1

p
q
p

...
. . . . . .

λ2m1 0 −1 1
p 1 − 1

p
q
p

OBF 0 0 · · · 0 1 · · · 1 q
p 1 · · · 1 0 · · · 0 1 − q

p
q2

p − q − s
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This is the optimal simplex tableau and the optimal objective function value is

−q2

p
+ q + s.

Thus the Chvatál rank of the facet defining cut is 1 if and only if

−q2

p
+ q + s < h(s, q) + 1 = s + 1.

This is equivalent to the inequality

q2 − pq + p > 0. (16)

If m1 + p > b and s = m1 then the only candidate to enter the basis is again variable λ0.
Then according to the ratio test only λm1+1 may leave the basis. After pivoting the new simplex
tableau is just the same as the optimal tableau of the previous case:

λ0 λ1 λm1 λm1+1 λ2m1+2 RHS
λ1 0 1 − 1

p −1 1
p 1 − q

p
...

. . . . . .
λm1 0 1 − 1

p −1 1
p 1 − q

p

λ0 1 1
p − 1

p
q
p

OBF 0 0 · · · 0 q
p 1 · · · 1 1 − q

p
q2

p − q − s

Hence the Chvatál rank is 1 if and only if (16) holds. Thus the following lemma has been proven:

Lemma 4.1 Let m1, p, and b be positive integers such that m1 + p > b + 1. Then the Chvatál
rank of the integer hull of the set{

x ∈ IRm1+1 | x1 + · · ·+ xm1 + pxm1+1 ≤ b; 0 ≤ xi ≤ 1, i = 1, . . . ,m1

}
(17)

is 1 if and only if a positive integer q with q < p exists such that (16) holds.

If p is fixed then the left-hand side of (16) can be considered as a single variable quadratic
function of q, say f(q). The roots of f(q) are:

q1 =
p +

√
p2 − 4p

2
, q2 =

p −
√

p2 − 4p

2
.

Hence if p = 3 then the equation f(q) = 0 has only complex roots, i.e. f(q) lies completely above
the horizontal axis. Thus for p = 3 the Chvatál rank of the integer hull is 1 independently from
the value of m1. It is easy to see that if p ≥ 4 then the roots have the following properties:

p − 1 ≥ q1, 2 ≥ q2.

Inequality (16) is satisfied if q = 1 or q = p − 1 and it is not satisfied for any integer between 1
and p − 1. For example if p ≥ 4 then the cuts of type

xi1 + · · ·+ xis
+ 2xm1+1 ≤ s

with s = b − p + 2, have a Chvatál rank at least 2. This fact leads to the following theorem.

Theorem 4.2 Let m1, p, and b be positive integers such that m1 + p > b + 1 and p ≥ 4. Then the
Chvatál rank of the integer hull of the set (17) is at least 2.

The main content of the theorem is that although the set defined in (17) has one of the
simplest definitions among the sets of binary vectors, its Chvatál rank is still large.
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4.1.1 An upper bound of the Chvatál rank

In this subsection an inductive procedure is given to generate all of the facet defining cuts. To
any induction two things have to be shown: the iterative step and the fact that the conditions of
the start of the iterative procedure, are satisfied. We shall discuss the inductive algorithm in this
order.

First assume that the facet defining cuts for q = i and q = p − i, where i < p
2 , are exiting

and have been already generated. We shall show that in this position the facet defining inequalities
for q = i + 1 and q = p − i− 1 can be generated in one Chvatál iteration.

Case q = i + 1. We got a facet defining inequality if s = b − p + i + 1. For the sake of
simplicity assume that S = {1, . . . , s}. According to the assumption we have all inequalities with
s0 = s− 1 and q0 = q − 1. The set S has s subsets with s0 number of elements. We shall consider
the appropriate s inequalities with parameters s0 and q0. All of these inequalities will have the
same weight, say u, in the generation of the required inequality. Only one inequality will have a
weight different from 0 among the inequalities belonging to the parameters s1 = b − i, q1 = p − i.
Assume that the appropriate set is S1 = {1, . . . , b + i}. The weight of this inequality is denoted
by v. Finally the weights of the inequalities −xj ≤ 0 (j = s + 1, . . . , b − i) are again v.

The value of u and v will be chosen such that the coefficients of the left-hand side of required
inequality are obtained. The coefficient 1 is obtained from the 1’s of s − 1 inequalities all having
the weight u and from the 1 of the last inequality with weight v. Thus the equation

(s− 1)u + v = 1 (18)

must hold. The coefficient of xm1+1 is i + 1 in the required inequality. In the same position the
coefficients of the inequalities used in the generation are i and p− i, respectively. Hence we obtain
the equation

siu + (p − i)v = i + 1. (19)

The solution of the system (18)-(19):

u =
p − 2i− 1

(s− 1)(p − 2i)− i
, v = 1− (s− 1)u =

s− i− 1
(s− 1)(p − 2i) − i

. (20)

It is easy to see that both u and v are nonnegative. These multipliers give a Chvatál rank 1 if and
only if

us(s− 1) + v(b − i) < s + 1. (21)

By substituting (18) the left-hand side of (21) can be reformulated as follows:

us(s− 1) + v(b − i) = us(s− 1) + (1− (s− 1)u)(b − i) = u(s− 1)(s− b + i) + b − i.

Hence (21) is equivalent to

u(s− 1)(s− b + i) + b − i− s = (u(s− 1)− 1)(s− b + i) = v(b − s− i) < 1

As s = b − p + i + 1 the equation b − s− i = p − 2i− 1 holds. Thus

v(b − s− i) = v(p − 2i− 1) =
s− i− 1

(s− 1)(p − 2i) − i
(p − 2i− 1) < 1 (22)

The value of s is at least 2 as b > p and i ≥ 1. From the assumption that i < p
2 it follows that

denominator is positive. Then (22) holds if and only if

sp− 2si− s− ip + 2i2 + i− p + 2i + 1 < sp − 2si− p + 2i− i (23)
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It can be reformulated as

0 < i(p − 2i− 1) + s− i− 1, (24)

which is true as s− i− 1 = b − p.
Case q = p − i − 1. The inequality to be generated has the parameters s = b − i − 1 and

q = p − i − 1. For the sake of simplicity it is assumed that S = {1, . . . , b − i − 1}. The pairs of
parameters used in the previous case, i.e. s0 = b− p + i, q0 = i and s1 = b− i, q1 = p− i, are used
again. The generation is made by the following construction. The facet defining inequalities with
s0 and q0 such that the index set of their 1’s is a subset of S, are used with the same weight, say
u. The facet defining inequality with parameters s1, q1 and S1 = {1, . . . , b− i} and the inequality
−xb−i ≤ 0 have the weight v.

Each 1 of the required inequality is in(
b − i− 2

b − p + i− 1

)
inequalities of the used ones of type s0, q0. Hence the equation(

b − i− 2
b − p + i− 1

)
u + v = 1 (25)

is obtained. The number of inequalities of the first type is(
b − i− 1
b − p + i

)
in the construction. Thus to get the coefficient of xm1+1 the equation(

b − i− 1
b − p + i

)
u + (p − i)v = p − i− 1 (26)

must be satisfied. The solution of the (25)-(26) system is

u =
1(

b−i−2
b−p+i−1

) (
p − i− b−i−1

b−p+i i
) , v = 1− 1

p − i− b−i−1
b−p+i i

. (27)

It is easy to see that

1
p − i− b−i−1

b−p+i i
> 0.

Hence it can be proven that both u and v are nonnegative. The right-hand side of the generated
inequality is

RHS =
(

b − i− 1
b − p + i

)
(b − p + i)u + (b − i)v.

The construction gives the required Chvatál cut if and only if RHS < b− i. Let

A =
(

b − i− 2
b − p + i− 1

)
and B =

1
p − 2i− b−i−1

b−p+i i
.

Then

RHS =
B

A
A

b − i− 1
b − p + i

(b − p + i) + (b − i)−B(b − i) = b − i−B < b − i.
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What is remained to show is that the algorithm can be started. If q = 1 then s = b− p + 1
and from the assumption m1 + p > b it follows that m1 ≥ s ≥ 2. If q = p− 1 then s = b− 1, which
can be greater than m1. In that case the inequality

x1 + · · ·+ xm1 + (p − 1)xm1+1 ≤ b − 1 (28)

is equivalent to (17). (28) can be generated by the following multipliers:

λ0 =
p − 1

p
, λ1 = λ2 = · · · = λm1 =

1
p
, λm1+1 = · · · = λ2m1+2 = 0.

The same procedure can be repeated until the appropriate s will not exceed m1.
These results can be summarize in the following statement.

Theorem 4.3 Let m1, p, and b be positive integers such that m1 + p > b + 1 and p ≥ 4. Then the
Chvatál rank of the integer hull of the set (17) is at most⌊p

2

⌋
.

4.2 The case m2 > 1

It can be shown that the facet defining inequality has Chvatál rank 1 if and only if (16) holds, in
a similar way by analyzing the simplex method. The details remain to the reader.
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