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Every stochastic game with perfect
information admits a canonical form

Abstract. We consider discounted and undiscounted stochastic games with perfect
information in the form of a natural BWR-model with positions of three types:
VB Black, VW White, VR Random. These BWR-games lie in the complexity class
NP∩CoNP and contain the well-known cyclic games (when VR is empty) and Markov
decision processes (when VB or VW is empty). We show that the BWR-model is
polynomial-time equivalent with the classical Gillette model, and, as follows from a
recent result by Miltersen (2008), with simple stochastic games (so called Condon’s
games), as well.
Furthermore, we consider standard potential transformations rx(v, u) = r(v, u) +
x(v)−βx(u) of the local reward function r, where β ∈ [0, 1) is the discount factor and
β = 1 in the undiscounted case. As our main result, we show that every BWR-game
can be reduced by such a transformation to a canonical form in which locally optimal
strategies are globally optimal, and hence the value for every initial position and the
optimal strategies of both players are obvious. Standardly, the optimal strategies
are uniformly optimal (or ergodic, that is, do not depend on the initial position) and
coincide with the optimal strategies of the original BWR-game; while the original
values are transformed by a very simple formula: µx(v) = µ(v) + (1− β)x(v).
In the discounted case, β < 1, the transformed values are also ergodic and the
corresponding potentials can be found in polynomial time. Yet, this time tends to
infinity, as β → 1−.
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1 Introduction and sketch of the results

We consider the well-known class of two-player, zero-sum, turn-based, stochastic games with

perfect information introduced in the classical paper of Gillette [Gil57]. In such a game,

there are two players White or maximizer and Black or minimizer, which control a finite set

of states V , partitioned into two sets, each controlled by one of the players. At each state

u ∈ V , the controlling player chooses one of a finite set of possible actions, according to

which a real-valued reward is paid by Black to White, and then a new state is reached with

a certain probability which depends on the action. The play continues forever, and White’s

objective is to maximize her limiting average payoff, defined as

c = lim inf
n→∞

∑n
i=0 bi

n+ 1
, (1)

where bi is the reward paid to White at step i of the game. Similarly, the objective of Black

is to minimize lim supn→∞

∑n
i=0 bi
n+1

. The fact that a saddle point exists in pure positional

strategies was proved by Gillette [Gil57] and Liggett and Lippman [LL69]1 by considering

the discounted version, in which the payoff of White is discounted by a factor βi at step i,

giving the effective payoff:

aβ = (1− β)
∞∑
i=0

βibi,

and then proceeding to the limit as the discount factor β ∈ [0, 1) goes to 1.

In this paper, we consider another class of games, which was first suggested in [GKK88],

and recently considered under the name of Stochastic Mean payoff games in [CH08], and

which will turn out to be equivalent with Gillette games with perfect information (GGPI).

Each such game, which we call a BWR-game, is played by two players, White and Black,

on an arc-weighted directed graph G = (V = VB ∪ VW ∪ VR, E), with given local rewards

r : E → R and 3 types of vertices: black VB, controlled by Black; white VW , controlled by

White; and random VR, controlled by nature. When the play is at a white (black) vertex,

White (resp., Black) selects a outgoing arc and Black pays White the reward on that arc.

When the play is at a random vertex v, a vertex u is picked with specified probability p(v, u)

and again Black pays White the value on the arc (v, u). The play continues forever, and

White aims to maximize (Black aims to minimize) the limiting average payoff, defined as in

(1).

The special case when there are no random nodes, is known as cyclic games or mean payoff

games, which were initially considered for complete bipartite digraphs in [Mou76b, Mou76a],

1Gillete proved the existence of pure equilibrium in the β-discounted case, and then for the undiscounted
case by proceeding to the limit as β → 1−. However, his proof contained a technical error which was later
fixed by Liggett and Lippman [LL69].



for all (not necessarily complete) bipartite digraphs in [EM79], and for arbitrary digraphs in

[GKK88]. A further special case of this was considered extensively in the literature under the

name of parity games [BV01a, BV01b, CJH04, Hal07, Jur98, JPZ06], and later generalized

also to include random nodes in [CH08]. The game is reduced to the minimum mean cycle

problem in case VW = VR = ∅, see for example [Kar78]. On the other hand, if one of the sets

VB or VW is empty, we obtain a Markov decision process; see, for example, [MO70], and if

both are empty VB = VW = ∅, we get a weighted Markov chain.

In the special case of a BWR-game when all rewards are zero except at a single node t

called the terminal, at which there is a self-loop with reward 1, we obtain the so-called simple

stochastic games (SSG), introduced by Condon [Con92]. In these games, the objective of

White is to maximize the probability of reaching the terminal while Black wants to minimize

this probability. SSG’s have also been considered in several papers [Con92, Con93, GH08,

Hal07].

It is easy to see that BWR-games are a special case of Gillette games. In fact, the opposite

turns also out to be true, see Theorem 4 below. Less obvious is the following sequence of

reductions due to Miltersen [GM08]:

Undiscounted Gillette games ⊆P discounted Gillete games ⊆P SSG,

where ⊆P denotes polynomial-time reductions2. Thus, by a recent result of Halman [Hal07],

all these games can be solved in randomized strongly subexponential time 2O(
√
n logn), where

n is the number of states or vertices; see section 6.4 for more details. Note that a number

of pseudo-polynomial and subexponential algorithms already exists for mean payoff games

[GKK88, KL93, Pis99, BV07, HBV04, Hal07, ZP96]; see also [DG06], and for parity games

[JPZ06].

Given a BWR-game, we consider potential transformations x : V → R, assigning a

real-value x(v) to each vertex v ∈ V , and transforming the local reward on each arc (v, u)

into rx(v, u) = r(v, u) + x(v) − x(u). It is known that for cyclic games, there exists such a

transformation such that, in the transformed game, the locally optimal strategies are globally

optimal, and hence, the value and optimal strategies become trivial [GKK88]. An interesting

question is whether such transformations also exist for the more general class of BWR- or

Gillette games. Our main result is that such transformations do exist: in the transformed

game, the equilibrium value µ(v) = µx(v) is given simply by the maximum local reward for

v ∈ VW , the minimum local reward for v ∈ VB, and the average local reward for v ∈ VR. In

this case we say that the transformed game is in canonical form.

In the β-discounted case, the potential will be of the form rx(v, u) = r(v, u)+x(v)−βx(u)

[GKK88], while the original values are transformed by a very simple formula: µx(v) =

2Note that even though the reduction is not strong, it involves only numbers bounded polynomially in
the bit length of the input.



µ(v) + (1− β)x(v).

Theorem 1 Any BWR-game or Gillette game, discounted or undiscounted, can be brought

by a potential transformation to canonical form. For the β-discounted case, the corresponding

vector of potentials can be determined by a polynomial-time algorithm for every fixed β.

Theorem 1 not only gives a new constructive proof of the existence of a saddle point

in pure strategies for all types of games mentioned above, but also a simple and efficient

procedure when β < 1 is fixed. However, the execution time asymptotically increases as

(1− β)−1, as β → 1−. Theorem 1 also gives rise to a so-called certifying algorithm (see e.g.

[KMMS03]), in the sense that, given an optimal pair of strategies, the vector of potentials

provided by the algorithm can be used to verify optimality in linear time (otherwise verifying

optimality requires solving a system of equations).

For the special case of Markov decision processes (when VB or VW is empty), the po-

tentials mentioned in the theorem correspond to the dual variables in the standard linear

programming formulation; see e.g. [MO70]3.

The special case when VR = ∅ was shown in [GKK88]. However, it is not clear how the

algorithm given in [GKK88] can be generalized to the case with random nodes. Instead,

our proof of Theorem 1 follows in the spirit of [Gil57, LL69] (see also [MO70], Chapter

4): First, we consider the discounted case; see Section 4, then, in Section 5, we reduce

the undiscounted BWR-games to canonical form by just choosing β sufficiently close to 1.

However, such approach requires exponential time, since one must choose β > 1 − ε/2n to

approximate the value of an undiscounted BWR-game with accuracy ε; see Section 4 and

Appendix C.4.

Remark 1 In the absence of random positions, the above approach becomes more efficient.

To get the exact solution of an undiscounted BW-game with n = |V | positions and range of

the reward function R, it is enough to solve the corresponding β-discounted game with any

β > 1−1/(4n3|R|) [ZP96]. Thus, Theorem 1 gives a new (simple) pseudo-polynomial (linear

in R) algorithm for the undiscounted BW-games; for other algorithms see [GKK88, ZP96,

Pis99].

Finally, we combine the above results with our reduction of the Gillette games to BWR-

games to derive the existence of the canonical form for both the discounted and undiscounted

Gillette games; see Section 6.

3In fact, one can use Theorem 1 to derive the dual LP-formulation for Markov decision processes.



2 Preliminaries

2.1 BWR-games in positional form

Let G = (V = VW ∪ VB ∪ VR, E) be a directed graph (digraph) that may have loops and

multiple arcs. We assume without any loss of generality that G has no terminal vertices, i.e.,

vertices of out-degree 0, (otherwise, one can add a loop to each terminal vertex.) There are

two players: White, the maximizer, and Black, the minimizer. The vertices of G are called

positions. They are partitioned into three sets V = VB ∪ VW ∪ VR and called respectively

Black, White, and Random positions.

An arc (v, u) ∈ E is called a move from position v to u . This move is chosen by a player,

White if v ∈ VW and Black if v ∈ VB, or by chance if v ∈ VR. In the latter case a probability

p(v, u) is assigned to each arc (v, u) ∈ E, i.e., 0 ≤ p(v, u) ≤ 1 for all v ∈ VR, u ∈ V and∑
u | (v,u)∈E p(v, u) = 1 ∀v ∈ VR. For convenience we will assume that p(v, u) > 0 whenever

(v, u) ∈ E and v ∈ VR, and set p(v, u) = 0 for (v, u) 6∈ E. Let us denote by P the obtained

set of probability distributions for all v ∈ VR. Furthermore, to each arc (v, u) ∈ E is assigned

a real number r(v, u) called the local reward (cost or payoff) on (v, u). It is assumed that

Black pays and White gets r(v, u) whenever the move (v, u) is made in the game.

Finally, let us fix an initial position v0 ∈ V or, more generally, an initial probability

distribution p0 on V assuming that 0 ≤ p0(v) ≤ 1 for each v ∈ V and
∑

v∈V p0(v) = 1.

The game in positional form is then defined by the quadruple G = (G,P, p0, r).

2.2 Effective limiting payoffs in weighted Markov chains

When VB = VW = ∅, and hence V = VR consists only of random nodes, we obtain a weighted

Markov chain. In this case P : V × V → [0, 1] is the probabilistic n × n matrix (so-called

transition matrix) whose entry p(v, u) is the probability of transition from v to u in one

move, for every pair of positions v, u ∈ V . Then, it is obvious and well-known that for every

integral i ≥ 0 matrix P i : V × V → [0, 1] (the i-th power of P ) is the i-move transition

matrix, whose entry pi(v, u) is the probability of transition from v to u in exactly i moves,

for every v, u ∈ V .

Let qi(v, u) be the probability that that arc (v, u) ∈ E will be the (i+1)-st move, given the

original distribution p0, where i = 0, 1, 2, . . ., and denote by qi : E → [0, 1] the corresponding

probabilistic |E|-vector. For convenience, we introduce |V |×|E| vertex-arc transition matrix

Q : V × E → [0, 1] whose entry q(`, (v, u)) is equal to p(v, u) if ` = v and 0 otherwise, for

every ` ∈ V and (v, u) ∈ E. Then, it is clear that qi = p0P
iQ.

Let r be the |E|-dimensional vector of local rewards, and bi denote the expected reward

for the (i + 1)-st move; i = 0, 1, 2, . . ., i.e., bi =
∑

(v,u)∈E qi(v, u)r(v, u) = p0P
iQr. Then

the effective payoff of the undiscounted weighted Markov chain is defined to be the average



expected reward on the limit, i.e., c = limn→∞
1

n+1

∑n
i=0 bi. It is well-known (see Appendix

B.1) that this is equal to the limit as β → 1− of the β-discounted payoff, given by aβ =

(1− β)
∑∞

i=0 β
ibi:

c = lim
β→1−

aβ = p0P
∗Qr, (2)

where P ∗ is the limit Markov matrix (see Appendix B.2 for more details).

2.3 BWR-games in normal form

Standardly, we define a strategy sW ∈ Sw (respectively, sB ∈ SB) as a mapping that assigns

a move (v, u) ∈ E to each position v ∈ VW (respectively, v ∈ VB). A pair of strategies

s = (sW , sB) is called a situation. Given a BWR-game G = (G,P, p0, r) and situation

s = (sB, sW ), let us define a weighted Markov chain Gs = (G,Ps, p0, r). To do so, we just

extend probability distributions Ps as follows:

Ps(v, u) = 1 whenever v ∈ VW and u = sW (v) or v ∈ VB and u = sB(v);

Ps(v, u) = 0 whenever v ∈ VW and u 6= sW (v) or v ∈ VB and u 6= sB(v). (3)

In other words, in every position v ∈ VB ∪ VW we assign probability 1 to the (unique) move

prescribed by the strategy sB or sW and probability 0 to every other move. For random

position v ∈ VR we assign Ps(v, u) = p(v, u) > 0 if (v, u) ∈ E and Ps(v, u) = p(v, u) = 0

otherwise, as before.

In the obtained weighted Markov chain Gs = (G,Ps, p0, r), we define the discounted and

undiscounted limiting (mean) effective payoffs as(β) and cs = limβ→1− as(β) as above. Thus,

we obtain respectively a discounted and undiscounted matrix game A(β) : SW × SB → R,

and C : SW × SB → R.

2.4 Solvability and ergodicity

It is known that every such game has a saddle point in pure strategies [Gil57, LL69]. In

other words, both β-discounted and undiscounted BWR-games are solvable in pure posi-

tional strategies. Moreover, there are optimal strategies that do not depend on the original

probability distribution p0, so-called ergodic optimal strategies. In contrast, the value of the

game can depend on p0.

From now on, let us restrict our attention to unit probabilistic vectors p0; in other

words, we will fix an initial position v0 ∈ V . Then, a BWR-game is given by a quadruple

G = (G,P, v0, r), where G = (V = VB ∪ VW ∪ VR, E). The triplet G = (G,P, r) is called

a not initialized BWR-game. Furthermore, G is called ergodic if the value µ(v0) of each

corresponding BWR-game (G,P, v0, r) is the same for all initial positions v0 ∈ V .



2.5 Discounted and undiscounted potential transforms

Given a (β-discounted) game G = (G,P, v0, r), let us introduce a mapping x : V → R, whose

values x(v) will be called potentials, and define the transformed reward function rx : E → R
by formula:

rx(v, u) = r(v, u) + x(v)− βx(u), where (v, u) ∈ E and 0 ≤ β ≤ 1. (4)

This transform is called discounted if β < 1 and undiscounted if β = 1.

We note that the two normal form matrices Ax(β) and A(β), of the obtained game Gx
and the original game G, are related in the following very simple way:

Proposition 1 In the β-discounted case we have: Ax(β)−A(β) is a constant matrix whose

every entry is (1− β)x(v0).

In particular, their optimal (pure positional) strategies coincide, while the values are

related by formula µx(v0) = µ(v0) + (1−β)x(v0) for every initial position v0 ∈ V . Note that,

in the undiscounted case, β = 1, the values also coincide: µx(v0) = µ(v0).

3 Canonical forms

We will use the following notation throught the paper: Given a function f : V × V → R, we

write M̄ [f(v, u)] to symbolically mean

M̄ [f(v, u)] ≡


maxu|(v,u)∈E f(v, u), for v ∈ VW ,
minu|(v,u)∈E f(v, u), for v ∈ VB,∑

u|(v,u)∈E f(v, u) p(v, u), for v ∈ VR.

3.1 Ergodic canonical form

Given a (not initialized) BWR-game G = (G,P, (v0, )r), let us define a mapping m : V → R
as follows:

m(v) = M̄ [r(v, u)]. (5)

A move (v, u) ∈ E in a position v ∈ VW (respectively, v ∈ VB) is called locally optimal if it

realizes the maximum (respectively, minimum) in (5). A strategy sW of White (respectively,

sB of Black) is called locally optimal if it chooses a locally optimal move (v, u) ∈ E in every

position v ∈ VW (respectively, v ∈ VB).

Definition 1 We say that a (not initialized) BWR-game G is in ergodic canonical form if

function (5) is constant: m(v) ≡ m for some number m.



Proposition 2 If a (not initialized) game is in ergodic canonical form then, for the β-

discounted and undiscounted cases (i) every locally optimal strategy is optimal and (ii) the

game is ergodic: m is its value for every initial position v0 ∈ V .

In Section 4 we will prove our main result for the discounted case.

Theorem 2 Given a (not initialized) BWR-game G and discount factor β < 1, there is

a discounted potential transformation (4) reducing G to an ergodic canonical form. The

corresponding vector of potentials can be determined by a polynomial algorithm for every

fixed β.

We remark that another non potential-based algorithm, pseudo-polynomial also in β, for

solving β-discounted games, was obtained by Littman in his PhD thesis [Lit96].

3.2 Canonical form for undiscounted BWR-games

Given a (not initialized) undiscounted BWR-game G, let us compute function m : V → R
defined by formula (5) and then introduce another function M : V → R by the following

similar formula:

M(v) = M̄ [m(u)]. (6)

Definition 2 We say that a (not initialized) undiscounted BWR-game G is in canonical

form if (i) m(v) = M(v) for all v ∈ V and, moreover, (ii) for every v ∈ VW ∪ VB
there is a move (v, u) ∈ E such that m(v) = m(u) = r(v, u), or in other words, move (v, u)

is locally optimal and it respects the value of function m.

Proposition 3 If a (not initialized) game is in canonical form then, for both the β-discounted

and undiscounted cases (i) every locally optimal strategy is optimal and there are no others;

(ii) m(v) = M(v) is the value of the game whenever v is its initial position.

Property (ii) shows that the undiscounted BWR-game in canonical form can be not

ergodic. In Section 5 we will prove our main result for the undiscounted case.

Theorem 3 For each (not initialized) undiscounted BWR-game G, there is an undiscounted

potential transform (4) reducing G to canonical form.



4 Polynomial pumping algorithm for β-discounted BWR-

games; proof of Theorem 2

Given a β-discounted BWR-game G = (G,P, r), let [r] = [r−; r+] denote the range of the local

reward function r, that is, r+ = max(r(v, u) | (v, u) ∈ E) and r− = min(r(v, u) | (v, u) ∈ E).

Similarly, let [m] = [m−;m+] denote the range of the function m, defined by formula (5).

Furthermore, given a potential x : V → R, we consider the transformed game Gx = (G,P, rx)

whose local reward function rx is defined by (4). We will find a potential x such that function

mx : V → R is constant, that is, m−x = m+
x , where mx is defined by formula (5) in which rx

substitutes for r.

The following simple procedure reduces |[mx]|
def
= m+

x−m−x to within an arbitrary accuracy

ε.

Algorithm 1 Pumping algorithm

Require: a β-discounted BWR-game G = (G = (V,E), P, r), an accuracy ε, and two pa-
rameters a, b ∈ [0, 1].

Ensure: a potential x : V → R s.t. |mx(v)−mx(u)| ≤ ε for all u, v ∈ V
let x(v) = 0 for all v ∈ V
while |[mx]| ≥ ε do

for all v s.t. x(v) ≥ m−x + a|[mx]| do
x(v) := x(v)− b|[mx]|

end for
end while
return x

Lemma 1 When run with a = b = 1
2
, the above procedure terminates in N = log |[r]|−log ε

1−log(1+β)

iterations.

In Appendix C.3, we estimate the necessary accuracy at which we can guarantee that function

m is constant. Namely, let us assume that (i) β = 1 − B′/B ∈ [0, 1) is a rational number;

(ii) all local rewards, are integral in the range [−R,R]; (iii) probabilities p(v, u), for all arcs

(v, u) ∈ E such that v ∈ VR, are rational numbers with the least common denominator q.

then it is enough to take ε = 1/n2 for the BW-case, and ε = (1/(qBB′))O(n4) · (1/R)O(nh)

for the BWR-case, where h = |E|. Combining this with the bound in Lemma 1, we arrive

at Theorem 2.

Let us remark, however, that the constant 1− log(1 + β) in the running time tends to 0,

as β → 1−. More precisely, if y = 1−β → 0+ then 1− log(1+β) = 1− log(2−y) ∼ y/(2 ln 2),

and thus we obtain for the number of iterations N ∼ 2 ln 2 (logR−log ε)
(1−β)

. In Appendix C.4, we



recall an example of Condon [Con92] which shows that β > 1 − 2−n might be needed for a

“sufficiently good” approximation.

On the other hand, Miltersen [GM08] showed that it is enough to take β = 1−((n!)222n+3M2n2
)−1,

so that the undiscounted values will be equal to the discounted ones. Thus, for the undis-

counted BWR-games the limit transition β → 1− provides a finite but exponential in the

worst case algorithm. Note, however, that this is not enough to prove Theorem 3, since

the canonical form will contain a factor β < 1 in it. In the next section, we overcome this

problem by taking β to the limit.

5 Canonical form for the undiscounted BWR-games;

proof of Theorem 3

In deriving Theorem 3 from Theorem 2, we face one difficulty: some of the potentials tend

to ∞ as β → 1−. We overcome this by modifying the potentials somehow, and then using a

convergence result of Blackwell [Bla62]. However, this results in what we call weak canonical

form, which satisfies all the conditions of a canonical form, except that the transformed

rewards rx(v, u) could be arbitrary, for some moves (v, u) such that v ∈ VW ∪ VB and

m(u) 6= m(v) (i,e condition (i) of Definition 2 may not hold). However, it is clear that in this

case the local reward rx(v, u) does not matter, since anyway, such a move cannot be locally

optimal in an undiscounted game (in contrast with a discounted one). In fact, we can show

easily that the existence of weak canonical form already implies Theorem 3.

Proposition 4 An undiscounted BWR-game in a weak canonical form is reduced to a canon-

ical form by the potential transform x = {xv = Cm(v) | v ∈ V } whenever C is negative and

|C| is sufficiently large.

Thus, in the following we show the existence of a weak canonical form.

From the results in Section 4, we know that, for any 0 ≤ β < 1, there exist mβ ∈ R and

x = xβ ∈ RV such that the function mx : V → R, given by formula (5) with r substituted

by rx is constant:

mβ = mx(v) = M̄ [r(v, u) + xβ(v)− βxβ(u)] for all v ∈ V . (7)

Furthermore, from Proposition 1, we know that the value of the game when started at vertex

v ∈ V is

µβ(v) = mβ − (1− β)xβ(v) = M̄ [r(v, u) + β(xβ(v)− xβ(u))]. (8)

We first observe that (as in Theorem 5.1 in [ZP96] for the BW-case) the values µβ(v)

satisfy the following equations:

µβ(v) = M̄ [(1− β)r(v, u) + βµβ(u)], (9)



for all v ∈ V . Indeed, using (8),

M̄ [(1− β)r(v, u) + βµβ(u)] = M̄ [(1− β)r(v, u) + β(mβ − (1− β)xβ(u))]

= (1− β)M̄ [r(v, u)− βxβ(u)] + βmβ

= (1− β)M̄ [r(v, u) + β(xβ(v)− xβ(u))] + β(mβ − (1− β)xβ(v))

= (1− β)µβ(v) + βµβ(v) = µβ(v).

By Theorem 2, for each β ∈ [0, 1), there exists an optimal situation s(β) in the β-

discounted BWR-game, and potential xβ satisfying (7) and (8). Let us consider all such

situations as β → 1−. Among this infinite sequence of situations, one situation s appears

infinitely many times, since the total number of possible strategies is finite. Let us fix such

a situation s and consider the corresponding infinite subsequence {βi}∞i=0 for which s is

optimal in the corresponding game. Then limi→∞ βi = 1 and (7), (8) and (9) hold for every

β ∈ {βi}∞i=0. For v ∈ V , let µ(v) = limi→∞ µ
βi(v) and note that this limit exists by (28).

Furthermore, since (9) is satisfied for all βi, it is also satisfied in the limit as i → ∞, i.e.,

µ(v) = M̄ [µ(u)]. In particular4

µ(v) ≥ µ(u), for all (v, u) ∈ E, v ∈ VW (10)

µ(v) ≤ µ(u), for all (v, u) ∈ E, v ∈ VB (11)

µ(v) =
∑

u|(v,u)∈E

µ(u) p(v, u), v ∈ VR, (12)

and the extremum values in (10) and (11) are attained, i.e., for every v ∈ VW ∪ VB, there is

a u such that (v, u) ∈ E and µ(u) = µ(v); we call such subset of edges extremal edges and

denote it by Ext.

Note that, in the non-ergodic case, as β → 1−, (8) implies that |xβ(v)| → ∞, for some

vertices v ∈ V ; otherwise all the values µ(v) are equal to limβ→1m
β, independent of the

starting position. We will modify the potentials, in this case, to guarantee that they become

finite, without affecting the value of the game.

Cosnider any β ∈ {βi}∞i=0. From (8), we can express the potential at v ∈ V as follows

xβ(v) =
mβ − µβ(v)

1− β
. (13)

Define, for v ∈ V , the new potential:

yβ(v) = xβ(v)− mβ − µ(v)

1− β
=
µ(v)− µβ

1− β
. (14)

4This statement also follows from the results of Gillette [Gil57], since µ(v) is the value of the game starting
at v.



In particular, substituting yβ(v)− yβ(u) = xβ(v)− xβ(u) + µ(v)−µ(u)
1−β , we have

µβ(v) = M̄ [r(v, u) + β(yβ(v)− yβ(u))], (15)

for any v ∈ VW ∪ VB and (v, u) ∈ Ext. Furthermore, for any v ∈ VR, we have by (12),

µβ(v) =
∑

u|(v,u)∈E

p(v, u)(r(v, u) + β(xβ(v)− xβ(u)))

=
∑

u|(v,u)∈E

p(v, u)(r(v, u) + β(yβ(v)− yβ(u)))− β
∑

u|(v,u)∈E

p(v, u)
µ(v)− µ(u)

1− β

=
∑

u|(v,u)∈E

p(v, u)(r(v, u) + β(yβ(v)− yβ(u))). (16)

Let Ps be the transition matrix obtained by extending P by setting the entries correspond-

ing to s to 1, Qs and Ps∗ be the corresponding Q-matrix and limiting transition matrix,

respectively. Recall that µβ = (1− β)
∑∞

i=0 β
iP i
sQsr, µ = limβ→1 µ

β = P ∗sQsr.

Rewriting P ∗sQsr = (1− β)
∑∞

i=0 β
iP ∗sQsr, for any β ∈ (0, 1), we obtain

y = lim
i→∞

yβi = lim
β→1

yβ = lim
β→1

(1− β)−1(µ− µβ)

= lim
β→1

∞∑
i=0

βi(P ∗s − P i
s)Qsr = −[(I − (Ps − P ∗s ))−1 − P ∗s ]Qsr, (by (29)).

So y exists in the limit and it transforms the game to weak canonical form as seen from

(15) and (16).

6 Gillette games

6.1 BWR- and Gillete games are equivalent

Recall that in a Gillette game with perfect information (GGPI) G = (VB, VW , P, r), we are

given a finite set V = VB ∪ VW : VW controlled by White and VB controlled by Black. At

each state v, the controlling player has to decide among a given set of possible actions S(v):

if the player chooses action k ∈ S(v), then Black pays White5 rk(v, u) and the game moves

to state u with probability pk(v, u).

Theorem 4 BWR-games and Gillette games are polynomial-time equivalent.

5It is common to assume w.l.o.g. that rk(v, u) = rk(v), i.e., the local reward depends only on the
starting state. It is easy to see that the more general case can be reduced to this by setting rk(v) =∑

u∈V p
k(v, u)rk(v, u).



6.2 Existence of canonical form for Gillette game: The undis-
counted case

Given a potential transformation x : V → R, let us define a mapping mx : V → R as follows

mx(v) =

{
max (mk

x(v) | k ∈ S(v)), for v ∈ VW ,
min (mk

x(v) | k ∈ S(v)), for v ∈ VB,
(17)

where mk
x(v) =

∑
(v,u)∈E p

k(v, u)(rk(v, u) + x(v) − x(u)). Similarly, we define the mapping

M:V → R

Mx(v) =

{
max (Mk

x (v) | k ∈ S(v)), for v ∈ VW ,
min (Mk

x (v) | k ∈ S(v)), for v ∈ VB,
(18)

where Mk
x (v) =

∑
(v,u)∈E p

k(v, u)mk
x(v).

Theorem 5 (Canonical form for GGPI) For any GGPI, there exists a potential trans-

formation x → R, such that for all v ∈ V : (i) mx(v) = Mx(v); and (ii) there exists a

k ∈ S(v) such that mk
x(v) = Mx(v) = mx(v).

6.3 Existence of canonical form for Gillette game: The discounted
case

Given β < 1 and a potential transformation x : V → R, let us define a mapping mβ
x : V → R

as follows

mβ
x(v) =

{
max (

∑
(v,u)∈E p

k(v, u)(rk(v, u) + x(v)− βx(u)) | k ∈ S(v)), for v ∈ VW ,
min (

∑
(v,u)∈E p

k(v, u)(rk(v, u) + x(v)− βx(u)) | k ∈ S(v)), for v ∈ VB.
(19)

Theorem 6 (Canonical form for discount GGPI) For any discount GGPI with dis-

count factor β < 1, there exists a potential transformation x → R and a number m such

that mβ
x(v) = m, for all v ∈ V , and such that value of the game at vertex v is given by

µ(v) = m − (1 − β)x(v). Such a transformation can be found in polynomial time for every

fixed β.

6.4 BWR- and Gillette games are solvable in subexponential time

Zwick and Paterson [ZP96] observed that undiscounted BW-games are polynomial-time re-

ducible to the discounted ones. In fact, it is enough to choose any β > 1− 1/(4n3R), when

rewards are integral with maximum absolute value R; see [ZP96], Theorem 5.2. Further-

more, they showed that the discounted BW-games are polynomial-time reducible to Simple



Stochastic Games (SSG) (or Condon’s games); see [ZP96] Theorem 6.1. Miltersen [GM08]

has recently modified their reduction to show that any discounted Gillette game can be

represented as an SSG, where the probabilities are bilinear in β, the original transition prob-

abilities, and original rewards. Furthermore, he also showed that any undiscounted Gillette

game is reduced to a discounted one with β = 1− ((n!)222n+3M2n2
)−1, when the rewards and

transition probabilities are assumed to be rational with integral numerators and denomina-

tors of maximum absolute value M .

Halman [Hal07] showed that any SSG with m = |VB|+ |VW | deterministic nodes can be

solved in randomized strongly subexponential-time 2O(
√
n logn). We observe further that the

reduction in [GM08] can increase only the number of random nodes. Thus we obtain the

following result.

Theorem 7 Any BWR-game or Gillette game on n vertices is solvable in strongly 2O(
√
n logn)

expected time.

7 Conclusions

It was shown that any BWR-game or Gillette game can be brought by a potential transforma-

tion into canonical form, in which optimal strategies become obvious. While our algorithm

for finding such transformations is efficient for the discounted case, it is open whether such

an algorithm exists for the undiscounted case. However, we believe that our framework

will inspire new algorithms for solving this wide class of games. In particular, since BWR-

games generalize SSG’s and for the latter no pseudo-polynomial algorithm is known yet,

the existence of canonical form might be one direction to explore towards finding such an

algorithm.
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Appendix A Abel- and Cesaro-average; the Hardy and

Littlewood Theorem

Given a sequence of real numbers {bi}∞i=0 and discount factor β ∈ [0, 1), let

ak(β) = (1− β)
k∑
i=0

βibi and ck =
1

k + 1

k∑
i=0

bi (20)

It is said that the sequence is Cesaro-summable to c or Abel-summable to a if, respectively,

lim
k→∞

ck = lim
k→∞

1

k + 1

k∑
i=0

bi = c or lim
β→1−

a(β) = lim
β→1−

(1− β)
∞∑
i=0

βibi = a (21)

It is known that for every sequence the following inequalities hold

lim
k→∞

inf ck ≤ lim
β→1−

inf ak(β) ≤ lim
β→1−

sup ak(β) ≤ lim
k→∞

sup ck (22)

showing that Cesaro-summability implies Abel-summability to the same limit.

By the famous Hardy-Littlewood Theorem [HL31], for the bounded sequences the inverse

claim holds too, that is, Abel-summability implies Cesaro-summability to the same limit.

However, even (0, 1)-sequences may be not summable; as the following well-known example

shows:

0, 1, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, . . . ,

This sequence begins with 0; after which blocks of ones and zeros alternate and the i-th

block consists of 2i elements, i = 0, 1, 2 . . . It is easy to verify that

lim
k→∞

inf ck = lim
i→∞

c22i = 1/3 < lim
k→∞

sup ck = lim
i→∞

c22i+1 = 2/3.

Hence, by the Hardy-Littlewood Theorem,

lim
β→1−

inf ak(β) < lim
β→1−

sup ak(β).

We refer the reader to the nice mini-survey [SF92] for more detail and the bibliography;

see also [LL69, SF92].

The above concepts of Abel and Cesaro summation are widely applied in studying

weighted Markov chains, Markov decision process, and stochastic games; see [Sha53, Gil57,

Bla62, LL69] and very many later works. If a path (play) with local payoffs b0, b1, b2, . . .

appears then the limit effective payoff is defined by formulae (20) and (21), where a is the

discounted payoff with the discount factor β, while c is the undiscounted (so-called limit

mean) payoff.



Appendix B: Basic facts about weighted Markov chains

B.1 Effective limiting payoffs in weighted Markov chains

Let G = (G,P, p0, r) be a weighted Markov chain, where G = (V,E) is a digraph with n

vertices and h arcs, |V | = n, |E| = h; furthermore V = VR, while VB = VW = ∅, and r is the

h-vector of local rewards.

In this case p0 is a probabilistic n-vector p0 : V → [0, 1] and P : V × V → [0, 1] is the

probabilistic n×n matrix (so-called transition matrix) whose entry p(v, u) is the probability

of transition from v to u in one move, for every pair of positions v, u ∈ V . Then, it is obvious

and well-known that for every integral i ≥ 0 matrix P i : V × V → [0, 1] (the i-th power of

P ) is the i-move transition matrix, whose entry pi(v, u) is the probability of transition from

v to u in exactly i moves, for every v, u ∈ V .

Let qi(v, u) be the probability that that arc (v, u) ∈ E will be the (i + 1)-st move,

given the original distribution p0, where i = 0, 1, 2, . . .. and denote by qi : E → [0, 1] be the

corresponding probabilistic h-vector. To compute qi, we introduce n×h vertex-arc transition

matrix Q : V ×E → [0, 1] whose entry q(`, (v, u)) is equal to p(v, u) if ` = v and 0 otherwise,

for every ` ∈ V and (v, u) ∈ E. Then, it is clear that qi = p0P
iQ.

Let bi denote the expected reward for the (i+ 1)-st move; i = 0, 1, 2, . . .

bi =
∑

(v,u)∈E

qi(v, u)r(v, u) = p0P
iQr. (23)

The effective payoff of the undiscounted weighted Markov chain is defined to be the

average expected reward on the limit, i.e.,

c = lim
n→∞

1

n+ 1

n∑
i=0

bi, (24)

the so-called Cesaro-sum. The existence of such a limit follows from the well-known Hardy-

Littlewood Theorem (see Appendix A for more details). Indeed, given a discount factor

β ∈ [0, 1), the β-discounted payoff is given by

(1− β)
∞∑
i=0

βibi, (25)

the so-called Abel-sum. It is not difficult to verify that sequence {bi}∞i=0 is Abel-summable

for every discount factor β ∈ [0, 1). Indeed, the n× n-matrix (I − βP ) is non-singular, since

it has dominating main diagonal and

aβ = (I − βP )−1 =
∞∑
i=0

(βP )i. (26)



Moreover, there exists the limit n× n-matrix

lim
β→1−

(1− β)(I − βP )−1 = P ∗ (27)

see, for example, [How60, Bla62, MO70]. Thus, the following chain of equalities holds:

lim
β→1−

aβ = lim
β→1−

(1− β)
∞∑
i=0

βip0P
iQr =

p0

[
lim
β→1−

(1− β)
∞∑
i=0

(βP )i

]
Qr = p0

[
lim
β→1−

(1− β)(I − βP )−1

]
Qr = p0P

∗Qr. (28)

In other words, the sequence {bi}∞i=0 is Abel-summable to a = p0AQr and, obviously,

this sequence is bounded. Hence, it is also Cesaro-summable to the same limit, by the

Hardy-Littlewood Theorem.

B.2 Related results from theory of Markov chains

The above approach plays an important role in stochastic games and Markov decision pro-

cesses. First, the result was obtained in the pioneering work of Gillette [Gil57] in 1957. Yet,

his proof contained a flaw (an overstatement of the Hardy-Littlewood Theorem) that was

pointed out and corrected in 1969 by Liggett and Lippman [LL69]. These matters were

further clarified in [Fly74, Ste75, Fil81, SF92].

An independent proof, obtained by Blackwell [Bla62] in 1962, is based on the following

classical results on Markov chains:

Given a n × n transition matrix P , the Cesaro partial sums 1
k+1

∑k
i=1 P

i converge, as

k →∞, to the limit Markov matrix P ∗ such that:

(i) PP ∗ = P ∗P = P ∗P ∗ = P ∗; (ii) rank(I − P ) + rankP ∗ = n;

(iii) For each n-vector c system Px = x, P ∗x = c has a unique solution.

(iv) matrix I − (P − P ∗) is non-singular and

H(β) =
∞∑
i=0

βi(P i − P ∗)→ H = (I − (P − P ∗))−1 − P ∗ as β → 1−; (29)

(v)

H(β)P ∗ = P ∗H(β) = HP ∗ = P ∗H = 0 and (I − P )H = H(I − P ) = I − P ∗.

Claim (iv) (which will play very important role in our paper) is proved in 1962 by

Blackwell, [Bla62], while for the remaining four claims, he cites the text-book in finite Markov

chains by Kemeny and Snell [KS63] (that was published, in fact, one year later, in 1963).



B.3 Limiting distribution

Let (G = (V,E), P ) be a Markov chain, and let C1, . . . , Ck ⊆ V be the vertex sets of the

strongly connected components (classes) of G. For i 6= j, let us (standardly) write Ci ≺ Cj,

if and only if there is an arc (v, u) ∈ E such that v ∈ Ci and u ∈ Cj. The components Ci,

such that there is no Cj with Ci ≺ Cj are called the absorbing (or recurrent) classes, while

the other components are called transient or non-recurrent. Let J = {i : Ci is absorbing},
A = ∪i∈JCi, and T = V \ A. For X, Y ⊆ V , a matrix H ⊆ RV×V , a vector h ⊆ RV , we

denote by H[X;Y ] the submatrix of P induced by X as rows and Y as columns, and by h[X]

the subvector of h induced by X. Let I = I[V ;V ] be the |V | × |V | identity matrix, e = e[V ]

be the vector of all ones of dimension |V |. For simplicity, we drop the indices of I[·, ·] and

e[·], when they are understood from the context. Then P [Ci;Cj] = 0 if Cj ≺ Ci, and hence

in particular, P [Ci;Ci]e = e for all i ∈ J , while P [T, T ]e has at least one component of value

strictly less than 1.

The following are well-known facts about P i and the limiting distribution pw = ewP
∗,

when the initial distribution is the wth unit vector ew of dimension |V | (see, e.g., [KS63]):

(L1) pw[A] > 0 and pw[T ] = 0;

(L2) limi→∞ P
i[V ;T ] = 0;

(L3) rank(I−P [Ci;Ci]) = |Ci|−1 for all i ∈ J , rank(I−P [T ;T ]) = |T |, and (I−P [T ;T ])−1 =∑∞
i=0 P [T ;T ]i;

(L4) the absorption probabilities yi ∈ [0, 1]V into a class Ci, i ∈ J , are given by the unique

solution of the linear system: (I − P [T ;T ])yi[T ] = P [T ;Ci]e, yi[Ci] = e and yi[Cj] = 0

for j 6= i;

(L5) the limiting distribution pw ∈ [0, 1]V is given by the unique solution of the linear

system: pw[Ci](I − P [Ci;Ci]) = 0, pw[Ci]e = yi(w), for all i ∈ J , and pw[T ] = 0.

Appendix C: Accuracy estimation

C.1 Encoding length

Recall that [GLS88] the encoding length 〈x〉 of a rational number x is given by 〈x〉 def
= 〈y〉+〈z〉,

where y, z ∈ Z, x = y/z is the unique coprime representation of x, and for an integer k,

〈k〉 = 1 + dlog2(|k| + 1)e. The encoding length of a matrix 〈A〉 is the sum of the encoding

lengths of its entries. We will make use of the following facts from [GLS88]:

(R1) For every rational number x 6= 0, 2−〈x〉+1 ≤ |x| ≤ 2〈x〉−1 − 1;



(R2) For any rational numbers x1, . . . xk, 〈x1 + . . .+ xk〉 ≤ 2(〈x1〉+ . . .+ 〈xk〉);

(R3) For a nonsingular matrix A ∈ Qn×n, 〈A−1〉 ≤ 4n2〈A〉;

(R4) For two matrices A ∈ Qm×n and B ∈ Qn×p, 〈AB〉 ≤ 2p〈A〉+ 2m〈B〉.

Proposition 5 Let P be a rational n × n transition matrix of a Markov chain and pw be

the limiting distribution of the chain starting from w. Then pw is rational and

〈pw〉 = O(n3)〈P 〉. (30)

Proof We use the notation of the previous section. From (L4), we get that yi[T ] = (I −
P [T ;T ])−1P [T ;Ci]e for any i ∈ J . Applying (R3), and repeatedly (R2) and (R4), we get that

〈yi[T ]〉 ≤ 10|T |3 + 4|T |2〈P [T ;T ]〉 + |T |〈P [T ;Ci]〉. Now using (L4), we have pw[Ci] = ziA
−1
i ,

where zi = (0, 0, . . . , 0, yi(w)) and Ai is the |Ci|× |Ci| matrix whose first |Ci|−1 columns are

any |Ci| − 1 linearly independent columns of I − P [Ci;Ci] and the last column is e. Again,

repeated use of (R2), (R3) and (R4) gives 〈pw[Ci]〉 ≤ |Ci|2 + |Ci|〈yi(w)〉 + 4|Ci|2(3|Ci| +
〈P [Ci;Ci]〉). Using the bound we obtained on 〈yi[T ]〉, an summing over all i ∈ J , we get the

bound in (30). �

C.2 An upper bound for the accuracy for undiscounted BWR-
games

First let us consider the undiscounted BW-games assuming that the reward function r :

E → Z takes integral values. Obviously, for each situation s = (sW , sB) the corresponding

play consists of an initial part (a debut) that is followed by an infinitely repeated directed

cycle C = C(s). It is also clear that the corresponding effective limit Cesaro payoff c = c(s)

does not depend on the debut and is equal to the mean local reward along C, that is,

c =
∑

e∈C r(e)/|C|, where |C| is the number of edges (or vertices) in C. By definition, the

denominator |C| cannot exceed n = |V |. Hence, |c′ − c′′| ≥ n−2 for any two distinct limit

payoffs c′ = c(s′) and c′′ = c(s′′). Thus, accuracy n−2 would suffice, or in other words,

ε ≥ n−2.

Now consider the undiscounted BWR-case. Again assume that all local rewards are

integral in the range [−R,R], and all probabilities p(v, u), for (v, u) ∈ E and v ∈ VR, are

rational numbers with the least common denominator q.

Consider two situations s and s′ such that c(s) 6= c(s′). By formula (28)

c(s)− c(s′) = (p∗sQs − p∗s′Qs′)r,

where p∗s = p0P
∗
s and p∗s′ = p0P

∗
s′ are the the limiting distributions and p0 is the unit vector

corresponding to the starting vertex.



Applying (R2), (R3) and (R4), we get

〈c(s)− c(s′)〉 ≤ 4(〈p∗s〉+ 〈p∗s′〉) + 8(〈Qs〉+ 〈Qs〉) + 8n〈r〉
= O(n3)(〈Ps〉+ 〈Ps′〉) + 8(〈Qs〉+ 〈Qs〉) + 8n〈r〉,

where the last equation follows from (30). Using 〈Ps〉 ≤ 2n2〈q〉 and 〈Qs〉 ≤ 2nh〈q〉 for any

situation s, and 〈r〉 ≤ h〈R〉, where h = |E|, we conclude that

〈c(s)− c(s′)〉 = O(n5)〈q〉+O(nh)〈R〉.

Now using (R1) we get that

|c(s)− c(s′)| ≥
(

1

2

)O(n5)〈q〉+O(nh)〈R〉

≥
(

1

q

)O(n5)

·
(

1

R

)O(nh)

,

which gives an upper bound on the required accuracy ε in this case.

C.3 An upper bound for the accuracy for the discounted BWR-
game

Consider the β-discounted BWR-games where we assume that: (i) β = 1 − B′/B ∈ [0, 1)

is a rational number; (ii) all local rewards, as before, are integral in the range [−R,R]; (iii)

probabilities p(v, u), for all arcs (v, u) ∈ E such that v ∈ VR, are rational numbers with the

least common denominator q. Fix an initial vertex v0 and denote by cβ(s) the value of the

game when the play starts at v0 following strategy s.

Consider two situations s and s′ such that aβ(s) 6= aβ(s′). By (23) and (26),

cβ(s)− cβ(s′) = (1− β)p0[(I − βPs)−1Qs − (I − βPs′)−1Qs′ ]r,

where p0 = ev0 .

Applying (R2), (R3) and (R4) repeatedly, we get

〈cβ(s)− cβ(s′)〉 ≤ 2 + 〈β〉+ 2n〈p0〉+ 〈(I − βPs)−1〉+ 〈(I − βPs′)−1〉+ 〈Qs〉+ 〈Qs′〉+ 2n〈r〉
≤ 2 + 〈β〉+ 2n〈p0〉+ 8n2(4n+ 2n2〈β〉+ 〈Ps〉+ 〈Ps′〉) + 〈Qs〉+ 〈Qs′〉+ 2n〈r〉.

Using the facts that 〈Ps〉 ≤ 2n2〈q〉 and 〈Qs〉 ≤ 2nh〈q〉, for any situation s, and 〈r〉 ≤ h〈R〉,
where h = |E|, we conclude that6

〈cβ(s)− cβ(s′)〉 = O(n4)〈β〉+O(n4)〈q〉+O(nh)〈R〉.
6we remark that we made no attempt at getting the most tight upper bound



Now using (R1) we get that

|cβ(s)− cβ(s′)| ≥
(

1

2

)O(n4)〈β〉+O(n4)〈q〉+O(nh)〈R〉

≥
(

1

qBB′

)O(n4)

·
(

1

R

)O(nh)

.

This gives a upper bound on the necessary accuracy ε.

C.4 Condon’s example

For the following very simple discounted weighted Markov chain (R-game) with n+ 1 posi-

tions, we have to choose β ∈ [1 − ε/2n, 1) to guarantee that the Cesaro- and Abel-average

differ at most by ε.

Let V = {v0, v1, . . . , vn}, where the last position vn is absorbing; there is only one move

in it, which is a loop with the local reward r(vn, vn) = 1. In every other position vi ∈ V for

i = 1, . . . , n− 1, there are two moves (vi, vi+1) and (vi, v0), both with the local reward 0 and

probability 1/2.

Remark 2 It is easy to verify that we reduce this chain to a canonical form choosing po-

tentials x(vi) = 2(2n − 2i) for i = 0, 1, . . . , n.

In this example vn is a unique absorbing position and hence, the Cesaro-sum c is equal

to 1. In other words, almost all plays come to vn “sooner or later, yet, they do it rather later

than sooner”.

To count the Abel-average, let us denote by pk the probability to be at vn after k moves.

Obviously, pk = 0 for k < n and pk = 1/2n for k = n; furthermore, pk → 1, as k →∞. The

following upper bound holds:

pk ≤ 1− (1− 2−n)k = 1− (1− 2−n)2n(k/2n) ∼ 1− e−k/2n

Furthermore, let β = 1− 1/B, then 1− β = 1/B and

βk = (1− 1/B)k = (1− 1/B)B (k/B) ∼ e−k/B.

Now, let us rewrite the inequality

|c− a(β)| ≤ ε as a(β) = (1− β)
∞∑
k=0

pkβ
k > 1− ε.

Then, substituting pk, β
k, and 1− β = 1/B we obtain



∞∑
k=0

pkβ
k ∼

∞∑
k=0

(1− e−k/2−n

)e−k/B =
∞∑
k=0

e−k/B −
∞∑
k=0

e−k(2
−n+1/B) ≥ B(1− ε).

Let us recall that
∑∞

k=0 z
k = (1− z)−1 and rewrite this inequality as

(1− e−B)−1 − (1− e2−n+1/B)−1 ≥ B(1− ε).

Finally, let us approximate ey by 1 + y and simplify the expression to get

B ≥ 2n(ε−1 − 1) or asymptotically just B ≥ 2n/ε

Remark 3 In contrast, the undiscounted BW-games can be approximated by discounted BW-

games very efficiently. The former are polynomially reduced to the latter, as it follows from

the following observation by Zwick and Paterson [ZP96]: It is sufficient to choose β > 1− 1
4n3R

to get the exact solution of the corresponding undiscounted BW-game, where n = |V | is the

number of positions and R = |[r]| = r+ − r− is the range of the reward function r.

Let us also recall that for the undiscounted BW-games the accuracy ε = 1/n2 is sufficient,

while for the undiscounted BWR-games much smaller ε is needed.

In particular, Condon’s example shows that β → 1− transition is pretty efficient for the

BW-games but not for weighted Markov chains (R-games). In general, these two classes are

“sort of opposite”. For this reason, the BWR-games look more difficult than than BW-games

and R-games.

Appendix D: Omitted proofs

Proof of Proposition 1. Let B be the |E| × |V | matrix with entries defined as follows:

b(e, v) = 1 and b(e, u) = −β if e = (v, u) and v 6= u, b(e, v) = 1 − β if e = (v, v), and

b(e, u) = 0 otherwise. Then we can write (4) in matrix form as rx = r+Bx. Fix an optimal

situation s, and let Ps be the transition matrix obtained by extending P as in (3), and Qs

and P ∗s be the corresponding Q-matrix and limiting transition matrix, respectively. Note

that QsB = I − βPs.

Given two sequences {bi, xi}∞i=0, and a discount factor β ∈ [0, 1), let

a(β) = (1− β)
∞∑
i=0

βibi and ax(β) = (1− β)
∞∑
i=0

βi(bi + xi − βxi+1); (31)

it is obvious that both series are Abel-summable (or not) simultaneously and



ax(β) = a(β) + (1− β)x0. (32)

In particular, ax(β)→ a(β), as β → 1−. Moreover, the undiscounted transform respects the

limit Cesaro sum: cx = c.

Consider now an infinite play v0, v1, v2, . . . (Of course, positions will repeat themselves,

since game is finite.) Let us set bi = E[r(vi, vi+1)] = p0P
i
sQsr as given by (23) and xi =

E[x(vi)] = p0P
i
sx for i = 0, 1, 2, . . .. Then,

bi + xi − βxi+1 = p0P
i
s [Qsr + x− βPsx] = p0P

i
sQs(r +Bx) = p0P

i
sQsrx

and hence the statement follows by (31) and (32).

�

Proof of Proposition 2. It is straightforward. Indeed, if White (Black) applies a locally

optimal strategy then after every own move (s)he will get (pay) m, while for each move of

the opponent the local reward will be at least (at most) m, and finally, for each random

position the expected local reward is m. Thus, every locally optimal strategy of a player is

optimal.

Furthermore, if both players choose their optimal strategies then the expected local re-

ward bi equals m for every step i. Hence, the β-discounted value (1− β)
∑∞

i=0mβ
i for each

β ∈ [0, 1) and its limit, as β → 1−, which is the undiscounted value equals m, too. �

Proof of Proposition 3. We just repeat the arguments from the proof of Proposition 2.

Yet, in part (ii) bi ≡ m(v) can now depend on the initial position v. However, it does not

depend on i, as before. �

Proof of Proposition 4. Let us consider potentials x(v) = Cm(v), where C is a constant,

and apply the undiscounted potential transform:

rx(v, u) = r(v, u) + x(v)− x(u) = r(v, u) + C(m(v)−m(u)).

First, let us consider a random position v ∈ VR. In this case, by definition, m(v) =∑
u p(v, u)r(v, u) and for the transformed value mx(v) we obtain

mx(v) =
∑
u

p(v, u)rx(v, u) =
∑
u

p(v, u)[r(v, u) + C(m(v)−m(u))]

=
∑
u

p(v, u)r(v, u) + Cm(v)
∑
u

p(v, u)− C
∑
u

p(v, u)m(u)

= (C + 1)m(v)− CM(v).



Furthermore, m(v) = M(v) for every game in weak canonical form. Hence, in this case

mx(v) = m(v), that is, the value of m is kept by transform x.

Now let v ∈ VW ∪ VB. Then rx(v, u) = r(v, u) + C(m(v) − m(u)) . In particular,

rx(v, u) = r(v, u) whenever m(v) = m(u).

Given a game in weak canonical form, let us assume that m(v) 6= m(u).

If v ∈ VW (respectively, v ∈ VB) then m(v) > m(u) (respectively, m(v) < m(u)), since

already in a weak canonical form no player can improve m. Hence, if C is a very large

negative constant then a very large negative (respectively, positive) local reward rx(v, u) is

assigned to each move of White (respectively, of Black) that does not respect the value of

m. In other words, these not optimal moves become also locally unattractive. �

Proof of Lemma 1. We show that the range of m decreases in each iteration by a factor

c =
1 + β

2
= 1− 1− β

2
. (33)

In fact, a, b will be chosen such that this is the maximum possible decrease in one iteration.

Without loss of generality, we can assume that m is the unit interval, [m] = [0, 1]. Indeed, if

[m] is just one point then the game is already in an ergodic canonical form and the problem

is solved; otherwise, there is unique (bijective) linear map of [mx] onto [0, 1].

Given two parameters a, b ∈ [0, 1], let us define potential x = xa,b as follows: x(v) = −b
for a vertex v ∈ V whenever m(v) ≥ a and x(v) = 0 otherwise. We will show that the

optimal choice a = b = 1
2

results in [mx] = [0, c], where c is given by (33).

Indeed, it is easy to verify that

(1− β)b ≤ m(v)−mx(v) ≤ b if m(v) ≥ a, while

0 ≤ mx(v)−m(v) ≤ βb if m(v) < a.

Clearly, a ≥ b should hold, since otherwise mx(v) could become negative for a vertex v

such that m(v) = a.

On the other hand, we have to minimize c subject to m(v) 6∈ [c, 1] for all v ∈ V . Hence,

c ≥ a+ βb and c ≥ 1− (1− β)b. To optimize, we set a+ βb = 1− (1− β)b which results in

a+ b = 1.

Finally, we have to minimize c = a + βb subject to 0 ≤ b ≤ a, a + b = 1, and 0 ≤ β ≤ 1

Obviously, the optimal c is given by (33) when a = b = 1
2
.

Thus, in one iteration range [m] is reduced at least by the factor (33). Using [m] ⊆ [r],

we must have, after N iterations,

|[mx]| ≤ |[r]|
(

1 + β

2

)N
≤ ε, (34)



by our choice of N . �

Proof of Theorem 4. Obviously, a BWR-game G = (G,P, r) is just a special case of

Gillette game. Conversely, given a Gillette game G = (VW , VB, , P, r), it can be reduced to

a BWR-game G ′ = (G′ = (V ′ = V ′W ∪ V ′B ∪ V ′R, E ′), P ′, r′), by setting V ′W = VW , V ′B = VB,

and introducing for every vertex v ∈ V , and every action k ∈ S(v), a vertex vk ∈ V ′R, and

an arc (v, vk) with reward r′(v, vk) = 0. For every v, u ∈ V , and every action k ∈ S(v),

we introduce an arc (vk, u) ∈ E ′ with reward r′(vk, v) = rk(v, u) and transition probability

p′(vk, u) = pk(v, u).

Finally, in the obtained BWR-game we introduce the discount factor
√
β whenever the

original Gillette game was β-discounted. Since the local payoff is 0 for every odd move, the

obtained to games are equivalent modulo some constant factor. More precisely, if µβ(v),

µ̃β(v) are respectively the values of the Gillette’s game and the BWR-games at vertex v,

then

µ̃β = (1−
√
β)

∑
i: i is odd

(√
β
)i
r̃i = (1−

√
β)

∑
i: i is odd

(√
β
)i rbi/2c√

β

=
1− β

1 +
√
β

∞∑
i=0

βiri =
µβ(v)

1 +
√
β
, (35)

where ri and r̃i denote the expected local rewards at step i of the play in the Gillete and the

BWR-games, respectively. Clearly, the undiscounted games are equivalent too, since they

both are obtained by the same limit transition β → 1−. �

Proof of Theorem 5. We derive the result from Theorem 3. Consider the reduction used

in the proof of Theorem 4. By Theorem 2, there exist a potential transformation x̃ : V ′ → R,

and a mapping m̃ : V ′ → R such that

(i) for every v ∈ VW = V ′W , there is a k ∈ S(v) such that

x̃(v)− x̃(vk) = m̃(v) = m̃(vk), (36)

x̃(v)− x̃(vk
′
) ≤ m̃(v) for all k′ ∈ S \ {k}, (37)

m̃(vk
′
) ≤ m̃(v) for all k′ ∈ S(v) \ {k} (38)

(ii) similarly, for every v ∈ VB = V ′B, there is a k ∈ S(v) such that x̃(v)− x̃(vk) = m̃(v) =

m̃(vk), x̃(v)− x̃(vk
′
) ≥ m̃(v) and m̃(vk

′
) ≥ m̃(v) for all k′ ∈ S(v) \ {k};

(iii) for every v ∈ V and k ∈ S(v),

m̃(vk) =
∑

u:(vk,u)∈E′
pk(v, u)(rk(v, u) + x̃(vk)− x̃(u)) (39)

m̃(vk) =
∑

u:(vk,u)∈E′
pk(v, u)m̃(u). (40)



We define m(v) = 2m̃(v) and x(v) = x̃(v), for all v ∈ V . Consider, without loss of

generality, a vertex v ∈ VW . It follows from (36) and (40) that there is a k ∈ S(v) such that

m(v) =
∑

(v,u)∈E p
k(v, u)m(u) and from (38) and (40) that m(v) ≥

∑
(v,u)∈E p

k′(v, u)m(u)

for any k′ ∈ S(v). It follows also from (36) and (39) that m̃(v) =
∑

(v,u)∈E p
k(v, u)(rk(v, u)+

x(v)−x(u)), and from (37),(38), and (39) that m(v) ≥ x̃(v)−x̃(vk
′
)+m̃(vk

′
) = x̃(v)−x̃(vk

′
)+∑

u:(vk,u)∈E′ p
k′(v, u)(rk

′
(v, u) + x̃(vk

′
)− x̃(u)) =

∑
u:(vk,u)∈E′ p

k′(v, u)(rk
′
(v, u) + x̃(v)− x̃(u)),

for any k′ ∈ Sw(v). The theorem follows. �

Proof of Theorem 6. We derive the result from Theorem 2. We use the same reduction

as before but to a discount BWR-game with discount factor
√
β, and for every v, u ∈ V such

that (v, u) ∈ E, and every action k ∈ S(v), we introduce an arc (vk, u) ∈ E ′ with reward

r′(vk, v) = rk(v, u)/
√
β. By Theorem 2, there exist a potential transformation x̃ : V ′ → R

and a constant m̃ such that

(i) for every v ∈ VW = V ′W , there is a k ∈ S(v) such that

x̃(v)−
√
βx̃(vk) = m̃, (41)

x̃(v)−
√
βx̃(vk

′
) ≤ m̃ for all k′ ∈ S(v) \ {k}, (42)

(43)

(ii) similarly, for every v ∈ VB = V ′B, there is a k ∈ S(v) such that x̃(v) −
√
βx̃(vk) = m̃,

x̃(v)− βx̃(vk
′
) ≥ m̃ for all k′ ∈ S(v) \ {k};

(iii) for every v ∈ V and k ∈ S(v),

m̃ =
∑

u:(vk,u)∈E′
pk(v, u)(

rk(v, u)√
β

+ x̃(vk)−
√
βx̃(u)); (44)

(iv) the value of the game at vertex v ∈ V ′ is given by µ̃(v) = m̃− (1−
√
β)x̃(v).

Multiplying (44) by
√
β and adding to (41) (or (42)) shows the existence of the claimed

constant m = (1 +
√
β)m̃ and the potential x(v) = x̃(v) for all v ∈ V . By (35), the value of

the GGPI at vertex v ∈ V is given by

µβ(v) = (1 +
√
β)µ̃β(v) = (1 +

√
β)(m̃− (1−

√
β)x̃(v)) = m− (1− β)x(v),

using (iv). �


