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Abstract. We consider two-person zero-sum stochastic mean payoff games with
perfect information, or BWR-games, given by a digraph G = (V = VB∪VW ∪VR, E),
with local rewards r : E → R, and three types of vertices: black VB , white VW , and
random VR. The game is played by two players, White and Black.
When the play is at a white (black) vertex v, White (Black) selects an outgoing arc
(v, u). When the play is at a random vertex v, a vertex u is picked with a given
probability p(v, u). In all cases, Black pays White the value r(v, u).
The play continues forever, and White aims to maximize (Black aims to minimize)
the limiting mean (that is, average) payoff. We prove that this class of games is
polynomially equivalent with the classical Gillette games and it includes many well-
known subclasses, such as cyclic games, simple stochastic games, stochastic parity
games, and Markov decision processes.
It was shown in [BGEM09] that every BWR-game can be reduced by a potential
transformation to a canonical form in which the value and optimal strategies of
both players are obvious, for every initial position, since a locally optimal move in
it is optimal in the whole game. In particular, the optimal strategies are uniformly
optimal (or ergodic), while the values might depend on the initial position.
Like in the Gillette paper, the proof in [BGEM09] goes through the discounted
version and then taking the discount factor to the limit 1; hence it does not result
directly in an efficient algorithm. In this paper, we give such an algorithm in the
ergodic case, namely, when the optimal values do not depend on the initial position.
We show that this algorithm is pseudo-polynomial when the number of random
nodes is a constant. and give an almost matching lower bound on its running time.
The corresponding example shows that this lower bound holds in a wide class of the
considered ”pumping” algorithms.
An important application of the BWR-games was recently found. It is known that
so-called ”parlor” games with perfect information, like Chess and Back Gammon,
can be solved in pure strategies. Yet, it was an open question, whether these pure
strategies can be chosen positional (that is, the move in a position v depends
only on v, not on previous positions and moves) and uniformly optimal (that is,
independent on the initial position). In [BG09] this question was answered in the
positive by a reduction of Chess and Back Gammon to a BW- and a BWR-game,
respectively.

Keywords: Back Gammon, Chess, parlor games, local reward, Gillette model,
perfect information, potential, stochastic game
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1 Introduction

1.1 Sketch of the results

We consider two-person zero-sum stochastic games with perfect information and mean pay-

off. Let G = (V, E) a digraph (digraph) whose vertex-set V is partitioned in three subsets

V = VB ∪ VW ∪ VR that correspond to black, white, and random positions, controlled re-

spectively, by two players, Black - the minimizer and White - the maximizer, and by nature.

Furthermore, let us fix a local reward function r : E → R, Vertices v ∈ V and arcs e ∈ E

are called positions and moves, respectively. In a personal position v ∈ VW (respectively,

v ∈ VB) White (Black) selects an outgoing arc (v, u), while in a random position v ∈ VR a

move (v, u) is picked with a given probability p(v, u), in accodance with a given probabilistic

distribution. In all cases Black pays White the reward r(v, u).

We shall assume that graph G contains no dead-ends, or in other words, at least one

move (v, u) exists in every position v ∈ V . This assumption can be made without any loss of

generality, since we can always add a loop v, v) to each dead-end v and set r(, v, v) = u(v),

where u(v) was the terminal payoff at v.

Finally, let us fix an initial position v0 ∈ V . The interpretation is standard. The play

starts in v0 and continues forever; White’s objective is to maximize the limiting mean payoff

c = lim inf
n→∞

∑n
i=0 bi

n + 1
, (1)

where bi is the reward incurred at step i of the play, while the objective of Black is opposite,

that is, to minimize lim supn→∞

∑n
i=0

bi

n+1
.

We shall prove that a saddle point exists in pure positional uniformly optimal (ergodic)

strategies. Here ”pure” means that the choice of a move (v, u) in a personal position v ∈

VB ∪ VR is deterministic, not random; ”positional” means that this choice depends solely on

v, not on previous positions or moves; finally, ”ergoduic” means that it does not depend on

the initial position v0, either.

Our results and methods are similar to those of Gillette [Gil57]; see also Liggett and

Lippman [LL69]. First, we analyze the so-called discounted version, in which the payoff is

discounted by a factor βi at step i, giving the effective payoff: aβ = (1 − β)
∑∞

i=0 βibi, and

then proceeding to the limit as the discount factor β ∈ [0, 1) tends to 1.

The class of the BWR-games was introduced in [GKK88]; see also [CH08].

It was recently shown in [BGEM09]) that the BWR-games and classical Gillette games

[Gil57] are polynomially equivalent; see also [GM08, AM09].

The special case when there are no random positions, VR = ∅, is known as cyclic, or

mean payoff, or BW-games. They were introduced for the complete bipartite digraphs in

[Mou76b, Mou76a], for all (not necessarily complete) bipartite digraphs in [EM79], and for

arbitrary digraphs in [GKK88].
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Another special case of this was considered extensively in the literature under the name

of parity games [BV01a, BV01b, CJH04, Hal07, Jur98, JPZ06], and later generalized also to

include random nodes in [CH08]. The game is reduced to the minimum mean cycle problem

in case VW = VR = ∅, see for example [Kar78]. On the other hand, if one of the sets VB or

VW is empty, we obtain a Markov decision process; see, for example, [MO70], and if both are

empty VB = VW = ∅, we get a weighted Markov chain.

In the special case of a BWR-game, when all rewards are zero except at a single node t

called the terminal, at which there is a self-loop with reward 1, we obtain the so-called simple

stochastic games (SSG), introduced by Condon [Con92]. In these games, the objective of

White is to maximize the probability of reaching the terminal, while Black wants to minimize

this probability. SSG’s have also been considered in several papers [Con92, Con93, GH08,

Hal07]. Recently, it was shown that Gillette games, and hence BWR-games, are equivalent

to SSG’s under polynomial-time reductions [AM09]. Thus, by recent results of Björklund,

Vorobyov [BV05], and Halman [Hal07], all these games can be solved in randomized strongly

subexponential time 2O(
√

nd log nd), where nd = |VB| + |VW | is the number of deterministic

vertices; see [BGEM09] for more details. Let us note that a number of pseudo-polynomial and

subexponential algorithms already exists for the BW-games [GKK88, KL93, Pis99, BV05,

BV07, HBV04, Hal07, ZP96]; see also [DG06], and for parity games [JPZ06]. These games

are of interest to complexity theory; Karzanov and Lebedev [KL93] (see also [ZP96]) proved

that decision problem ”whether the value of a BW-game is positive” is in the intersection of

NP and coNP, yet, no polynomial alorithm is known; see recent survey by Vorobyiov [Vor08].

Another challenging open question is whether a pseudo-polynomial algorithm exists for

SSG, or more generally, for BWR-games. Besides their many applications, these classes also

lie in NP∩co-NP, and yet their complexity is still open.

Given a BWR-game, we consider potential transformations x : V → R, assigning a

real-value x(v) to each vertex v ∈ V , and transforming the local reward on each arc (v, u)

into rx(v, u) = r(v, u) + x(v) − x(u). It is known that for cyclic games, there exists such a

transformation such that, in the transformed game, the locally optimal strategies are globally

optimal, and hence, the value and optimal strategies become obvious [GKK88]. This result

was extended for the more general class of BWR-games in [BGEM09]: in the transformed

game, the equilibrium value µ(v) = µx(v) is given simply by the maximum local reward for

v ∈ VW , the minimum local reward for v ∈ VB, and the average local reward for v ∈ VR. In

this case we say that the transformed game is in canonical form.

The special case when VR = ∅ was shown in [GKK88]. However, it is not clear how the

algorithm given in [GKK88] can be generalized to the case with random nodes. On the other

hand, the proof in [BGEM09] follows by considering the discounted case and then taking

the discount factor β to the limit. While such approach is enough to prove the existence of

canonical form, it does not give immediately an algorithm.
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In this paper, we give such an algorithm that does not go through the discounted case,

but under the restriction that the given game is ergodic, i.e. the optimal values do not

depend on the starting position. We show that this algorithm is pseudo-polynomial in the

case when the number of random nodes is constant, and leave open the question whether

such algorithm exists in the general non-ergodic case.

Theorem 1 Consider a BWR-game with k random nodes, a total of n vertices, and integer

rewards in the range [−R, R], and assume that all probabilities are rational of maximum

common denominator W . Then there is an algorithm that runs in time

O(nO(k)W O(k2)R log(nRW )) and either brings any such game G by a potential transformation

to canonical form, or proves that G is non-ergodic.

Let us remark that the ergodic case is frequent in applications. For instance, it is the

case when G = (VW ∪ VB ∪ VR, E) is a complete tripartite digraph (where p(v, u) > 0 for all

v ∈ VR and (v, u) ∈ E); see Section 3 for better sufficient conditions.

1.2 Why Chess and Back Gammon can be solved in positional

pure uniformly optimal strategies

An important application of the BWR-games was recently found in [BG09]. Let us consider

two person zero-sum games with perfect information, so-called ”parlor” games, like Chess or

Back Gammon. Such a game is naturally modeled by a digraph G whose terminal vertices

VT are the outcomes of the game Yet, G might have directed cycles, since positions can be

repeated. Hence, infinite plays are possible. Let us assume that all infinite plays form one

outcome c, the AIPFOOT property. The set of outcomes A = VT ∪ {c} is ranked arbitrarily

(but oppositely) by the two players. For example, Chess and Back Gammon are AIPFOOT

games, since any infinite play is a draw, by definition. It is well-known [Zer12] that positional

games with perfect information can be solved in pure strategies. However, it was an open

question, whether these pure strategies can be chosen positional (that is, the move in a

position v depends only on v, not on previous positions and moves) and uniformly optimal

(that is, independent on the in initial position). In [BG09] this question was answered in

positive. Somewhat surprisingly, it appears convenient to reduce an AIPFOOT game G (for

example, Back Gammon or even Chess) to a BWR-game. The reduction is very simple.

Let u(a) denote the payoff (of player 1, White) in case of an outcome a ∈ A = VT (G)∪{c}.

For Chess and Back Gammon, u(c) = 0, since c is a draw. In general, let us subtract constant

u(c) from u(a) for all a ∈ A. Obviously, the obtained zero-sum game G ′ is equivalent with G

and u′(c) = 0. Thus, without any loss of generality, we may assume that each infinite play is

a draw, like in Chess or Back Gammon. Then, let us set the local rewards to 0 for all moves

of G ′; furthermore, let us add a loop to each terminal a in G ′ and assign the local reward
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u′(a) to this loop. It is clear that game G′ and the obtained BWR-game G ′′ are equivalent.

See [BG09] for accurate definitions and more details.

Remark 1 Since the BWR and Gillette models are equivalent, it might be shorter to derive

our main result (ii) directly from the Gillette theorem on stochastic games with perfect in-

formation. Yet, Chess and Back Gammon ideally fit the BW and BWR models, respectively.

1.3 Overview of the techniques

Our algorithm for proving Theorem 1 is quite simple. Starting form zero potentials, and

depending on the current locally optimal rewards (maximum for White, minimum for Black,

and average for Random), the algorithm keeps selecting a subset of nodes and reducing

their potentials by the same value, until either the locally optimal rewards at different nodes

become sufficiently close to each other, or a proof of non-ergodicity is obtained in the form

of a certain partition of the nodes. The upper bound on the running time consists of three

technical parts. The first one is to show that if the number of iterations becomes too large,

then there is a large enough potential gap to ensure an ergodic partition. In the second

part, we show that the range of potentials can be kept sufficiently small throughout the

algorithm, namely ‖x∗‖∞ ≤ nRk(2W )k, and hence the range of the transformed rewards

does not explode. The third part concerns the required accuracy. In Appendix C, we show

that it is enough in our algorithm to get the value of the game within an accuracy of

ε =
1

n2(k+1)k2k(2W )4k+2k2+2
, (2)

in order to guarantee that it is equal to the exact value.

One more desirable property of this algorithm is that it is of the certifying type (see e.g.

[KMMS03]), in the sense that, given an optimal pair of strategies, the vector of potentials

provided by the algorithm can be used to verify optimality in linear time (otherwise verifying

optimality requires solving a system of equations).

One should also contrast the bound in Theorem 1 with the subexponential bounds in

[Hal07]: roughly, the algorithm of Theorem 1 will be more efficient if |VR| < (|VW | + |VB|)
1

4

(assuming that W and R are polynomials in n). However, our algorithm could be practically

much faster since it can stop much earlier than its estimated worst-case running time (unlike

the subexponential algorithms [Hal07], or those based on dynamic programming [ZP96],

see Example 2 in Appendix E). We are not aware of any previous results bounding the

running time of a class of BWR-games in terms of the number of random nodes, except

for [GH08] which shows that simple stochastic games on k random nodes can be solved in

time O(k!(|V ||E|+ L)), where L is the maximum bit length of a transition probability. It is

worth remarking here that BWR-games are polynomially equivalent with simple stochastic
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games, but under the reduction from BWR-games to simple stochastic games, the number

of random nodes K becomes a polynomial in n, even if original BWR-games have constantly

many random nodes.

For the special case of Markov decision processes (when VB or VW is empty), the po-

tentials mentioned in the theorem correspond to the dual variables in the standard linear

programming formulation; see e.g. [MO70]1.

We also show the lower bound W Ω(k) on the running time of the algorithm mentioned in

Theorem 1 by providing an instance of the problem, with only random nodes.

The paper is organized as follows. In the next section, we formally define BWR-games,

canonical forms, and state some useful propositions. In Section 3, we give a sufficient condi-

tion for the ergodicity of a BWR-game, which will be used as one possible stopping criterion

in our algorithm. We give the algorithm in Section 4.1, and prove it converges in Section 4.2.

In Section 5, we show that this convergence proof can, in fact, be turned into a quantitative

statement giving the precise bounds stated in Theorem 1. The last section gives a lower

bound example for the algorithm. Some of the proofs will be given in Appendix B. Two

illustrative example are given in Appendix E. The first one illustrates the existence of a

saddle point in pure strategies, while the second one shows, among other things, that local

optimality does not imply global optimality, if the game is not in canonical form.

2 Preliminaries

2.1 BWR-games in positional form

Let G = (V = VW ∪ VB ∪ VR, E) be a digraph (digraph) that may have loops and multiple

arcs. We assume without any loss of generality that G has no terminal vertices, i.e., vertices

of out-degree 0, (otherwise, one can add a loop to each terminal vertex.) There are two

players: White, the maximizer, and Black, the minimizer. The vertices of G are called

positions. They are partitioned into three sets V = VB ∪ VW ∪ VR and called respectively

Black, White, and Random positions.

An arc (v, u) ∈ E is called a move from position v to u . This move is chosen by a player,

White if v ∈ VW and Black if v ∈ VB, or by chance if v ∈ VR. In the latter case a probability

p(v, u) is assigned to each arc (v, u) ∈ E, i.e., 0 ≤ p(v, u) ≤ 1 for all v ∈ VR, u ∈ V and
∑

u | (v,u)∈E p(v, u) = 1 ∀v ∈ VR. For convenience we will assume that p(v, u) > 0 whenever

(v, u) ∈ E and v ∈ VR, and set p(v, u) = 0 for (v, u) 6∈ E. Let us denote by P the obtained

set of probability distributions for all v ∈ VR. Furthermore, to each arc (v, u) ∈ E is assigned

a real number r(v, u) called the local reward (cost or payoff) on (v, u). It is assumed that

Black pays and White gets r(v, u) whenever the move (v, u) is made in the game.

1In fact, one can use Theorem 1 to derive the dual LP-formulation for Markov decision processes.
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Finally, let us fix an initial position v0 ∈ V . The game in positional form is then defined

by the quadruple G = (G, P, p0, r).

2.2 Effective limiting payoffs in weighted Markov chains

When VB = VW = ∅, and hence V = VR consists only of random nodes, we obtain a weighted

Markov chain. In this case P : V × V → [0, 1] is the transition matrix whose entry p(v, u) is

the probability of transition from v to u in one move, for every pair of positions v, u ∈ V .

Then, it is obvious and well-known that for every integral i ≥ 0 matrix P i : V × V → [0, 1]

(the i-th power of P ) is the i-move transition matrix, whose entry pi(v, u) is the probability

of transition from v to u in exactly i moves, for every v, u ∈ V .

Let qi(v, u) be the probability that arc (v, u) ∈ E will be the (i + 1)-st move, given the

original distribution p0 = ev0
, where i = 0, 1, 2, . . . and ev0

is the n-dimensional unit vector

with 1 in position v0, and denote by qi : E → [0, 1] the corresponding probabilistic |E|-vector.

For convenience, we introduce |V |×|E| vertex-arc transition matrix Q : V ×E → [0, 1] whose

entry q(`, (v, u)) is equal to p(v, u) if ` = v and 0 otherwise, for every ` ∈ V and (v, u) ∈ E.

Then, it is clear that qi = p0P
iQ.

Let r be the |E|-dimensional vector of local rewards, and bi denote the expected reward

for the (i + 1)-st move; i = 0, 1, 2, . . ., i.e., bi =
∑

(v,u)∈E qi(v, u)r(v, u) = p0P
iQr. Then the

effective payoff of the weighted Markov chain is defined to be the average expected reward on

the limit, i.e., c = limn→∞
1

n+1

∑n
i=0 bi. It is well-known (see e.g. [MO70]) that this is equal

to c = p0P
∗Qr, where P ∗ is the limit Markov matrix (see Appendix A for more details).

2.3 BWR-games in normal form

Standardly, we define a strategy sW ∈ Sw (respectively, sB ∈ SB) as a mapping that assigns

a move (v, u) ∈ E to each position v ∈ VW (respectively, v ∈ VB). A pair of strategies

s = (sW , sB) is called a situation. Given a BWR-game G = (G, P, v0, r) and situation

s = (sB, sW ), let us define a weighted Markov chain Gs = (G, Ps, v0, r). To do so, we just

extend probability distributions Ps as follows:

Ps(v, u) = 1 whenever v ∈ VW and u = sW (v) or v ∈ VB and u = sB(v);

Ps(v, u) = 0 whenever v ∈ VW and u 6= sW (v) or v ∈ VB and u 6= sB(v). (3)

In other words, in every position v ∈ VB ∪ VW we assign probability 1 to the (unique) move

prescribed by the strategy sB or sW and probability 0 to every other move. For random

position v ∈ VR we assign Ps(v, u) = p(v, u) > 0 if (v, u) ∈ E and Ps(v, u) = p(v, u) = 0

otherwise, as before.

In the obtained weighted Markov chain Gs = (G, Ps, v0, r), we define the limiting (mean)

effective payoff cs as above. Thus, we obtain a matrix game C : SW × SB → R.
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2.4 Solvability and ergodicity

It is known that every such game has a saddle point in pure strategies [Gil57, LL69].

Moreover, there are optimal strategies that do not depend on the starting position v0,

so-called ergodic optimal strategies. In contrast, the value of the game can depend on v0.

The triplet G = (G, P, r) is called a not initialized BWR-game. Furthermore, G is called

ergodic if the value µ(v0) of each corresponding BWR-game (G, P, v0, r) is the same for all

initial positions v0 ∈ V .

2.5 Potential transforms

Given a BWR-game G = (G, P, v0, r), let us introduce a mapping x : V → R, whose values

x(v) will be called potentials, and define the transformed reward function rx : E → R as:

rx(v, u) = r(v, u) + x(v) − x(u), where (v, u) ∈ E. (4)

Potential transforms were first introduced in 1958 by Gallai [Gal58], then applied to stochas-

tic games in 1966 by Hoffman and Karp [HK66] and to B-games in 1978 by Karp [Kar78].

It is not difficult to verify that the two normal form matrices Cx and C, of the obtained

game Gx and the original game G, are equal (see [BGEM09]). In particular, their optimal

(pure positional) strategies coincide, and the values also coincide: µx(v0) = µ(v0).

2.6 Ergodic canonical form

Given a BWR-game G = (G, P, r), let us define a mapping m : V → R as follows:

m(v) =







max(r(v, u) | u : (v, u) ∈ E) for v ∈ VW ,
min(r(v, u) | u : (v, u) ∈ E) for v ∈ VW ,
mean(r(v, u) | u : (v, u) ∈ E) =

∑

u|(v,u)∈E r(v, u) p(v, u), for v ∈ VR.
(5)

A move (v, u) ∈ E in a position v ∈ VW (respectively, v ∈ VB) is called locally optimal if it

realizes the maximum (respectively, minimum) in (5). A strategy sW of White (respectively,

sB of Black) is called locally optimal if it chooses a locally optimal move (v, u) ∈ E in every

position v ∈ VW (respectively, v ∈ VB).

Definition 1 We say that a BWR-game G is in ergodic canonical form if function (5) is

constant: m(v) ≡ m for some number m.

Canonical forms were defined for BW-games in [GKK88], and extended to BWR-games

in [BGEM09].
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Proposition 1 If a BWR-game is in ergodic canonical form then

(i) every locally optimal strategy is optimal and

(ii) the game is ergodic: m is its value for every initial position v0 ∈ V .

3 Sufficient conditions for ergodicity of BWR-games

A digraph G = (VW ∪ VB ∪ VR, E) (whose vertices are partitioned in three subsets, V =

VW ∪VB∪VR) is called ergodic if every corresponding not initialized BWR-game G = (G, P, r)

is ergodic, that is, the values of the games G = (G, P, v0, r) do not depend on v0.

We will give a simple characterization of ergodic digraphs, which, obviously, provides

sufficient conditions for ergodicity of the BWR-games. For BW-games (that is, in case

R = ∅) such characterization was given in [GL89]; see Appendix 2 of [BGMW07] for more

details. Here, we generalize this result to BWR-games.

In addition to partition Πp : V = VW ∪ VB ∪ VR, let us consider one more partition

Πr : V = V W ∪ VB ∪ V R with the following properties:

(i) Sets V W and V B are not empty (while V R might be empty).

(ii) There is no arc (v, u) ∈ E such that [v ∈ (VW ∪VR)∩ V B and u 6∈ V B] or, vice versa,

[v ∈ (VB ∪ VR) ∩ V W and u 6∈ V W ]. In other words, White cannot leave V B, Black cannot

leave V W , and there are no random moves from V W ∪ V B.

(iii) For each v ∈ VW ∩ V W (respectively, v ∈ VB ∩ V B) there is a move (v, u) ∈ E such

that u ∈ V W (respectively, u ∈ V B). In other words, White (Black) cannot be forced to

leave V W (respectively, V B). In particular, this implies that the induced subgraphs G[V W ]

and G[V B] have no dead-ends.

Partition Πr : V = V W ∪ V B ∪ V R satisfying (i), (ii), and (iii) will be called a contra-

ergodic partition for digraph G = (VW ∪ VB ∪ VR, E).

Theorem 2 Digraph G is ergodic if and only if it has no contra-ergodic partitions.

The “only if part” can be strengthen as follows:

Proposition 2 Given a BWR-game G whose graph has a contra-ergodic partition,

if m(v) > m(u) for every v ∈ V W , u ∈ V B then µ(v) > µ(u) for every v ∈ V W , u ∈ V B.

Definition 2 A contra-ergodic decomposition of G is a contra-ergodic partition

Πr : V = V W ∪ V B ∪ V R such that m(v) > m(u) for every v ∈ V W and u ∈ V B.

By Proposition 2, if G has a contra-ergodic decomposition, then G is not ergodic.
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The above Theorem and Proposition are easily reduced to the BW-games [GL89]. It is

sufficient to set VR = V R = ∅. Already in this case, verification of conditions (i), (ii), and

(iii) is NP-hard [GL89]; see also Appendix 2 of [BGMW07] for the complete proof.

Yet, in several cases it is easy to show that these conditions cannot hold; see Corollaries

3-6 of [BGMW07] for the BW-games; they can be easily extended to the BWR-games.

For example, no contra-ergodic partition can exist if G = (VW ∪VB ∪VR, E) is a tripartite

digraph such that the underlying non-directed tripartite graph is complete; see, for instance,

the example in Appendix E, where each part consists of only one vertex.

4 Pumping algorithm for the ergodic BWR-games

4.1 Description of the algorithm

Given a BWR-game G = (G, P, r), let us compute m(v) for all v ∈ V using (5). Throughout,

we will denote by [m]
def
= [m−, m+] and [r]

def
= [r−, r+] the range of m(·) and r(·, ·), respectively.

Given a subset I ⊆ [m], let V (I) = {v ∈ V | m(v) ∈ I} ⊆ V . In the following algorithm,

set I will always be a closed or semi-closed interval within [m].

Let m− = t0 < t1 < t2 < t3 < t4 = m+ be given thresholds. We will successively apply

potential transforms x : V → R such that no vertex ever leaves the interval [t0, t4], nor the

interval [t1, t3]; in other words, Vx[t0, t4] = V [t0, t4] and Vx[t1, t3] ⊇ V [t1, t3] for all considered

transforms x, where Vx(I) = {v ∈ V | mx(v) ∈ I}.

Let us initialize potentials x(v) = 0 for all v ∈ V . We will fix

t0 := m−
x , t1 := m−

x +
1

4
|[mx]|, t2 := m−

x +
1

2
|[mx]|, t3 := m−

x +
3

4
|[mx]|, t4 := m+

x . (6)

Then, let us reduce all potentials of Vx[t2, t4] by a maximum constant δ such that no vertex

leaves the closed interval [t1, t3]; in other words, we stop the iteration whenever a vertex from

this interval reaches its border. After this we compute potentials x(v), new values mx(v),

for v ∈ V , and start the next iteration.

It is clear that δ can be computed in linear time: it is the maximum value δ such that

mδ
x(v) ≥ t1 for all v ∈ Vx[t2, t4] and mδ

x(v) ≤ t3 for all v ∈ Vx[t0, t2), where mδ
x(v) is given by

the following formula:
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max

{

max
(v,u)∈E,u∈Vx[t2,t4]

{rx(v, u)}, max
(v,u)∈E,u∈Vx [t0,t2)

{rx(v, u)} − δ

}

for v ∈ VW ∩ Vx[t2, t4],

min

{

min
(v,u)∈E,u∈Vx[t2,t4]

{rx(v, u)}, min
(v,u)∈E,u∈Vx [t0,t2)

{rx(v, u)} − δ

}

for v ∈ VB ∩ Vx[t2, t4],

∑

(v,u)∈E,u∈V

p(v, u)rx(v, u) − δ
∑

(v,u)∈E,u∈Vx[t0,t2)

p(v, u) for v ∈ VR ∩ Vx[t2, t4],

max

{

max
(v,u)∈E,u∈Vx[t2,t4]

{rx(v, u)} + δ, max
(v,u)∈E,u∈Vx [t0,t2)

{rx(v, u)}

}

for v ∈ VW ∩ Vx[t0, t2),

min

{

min
(v,u)∈E,u∈Vx[t2,t4]

{rx(v, u)} + δ, min
(v,u)∈E,u∈Vx [t0,t2)

{rx(v, u)}

}

for v ∈ VB ∩ Vx[t0, t2),

∑

(v,u)∈E,u∈V

p(v, u)rx(v, u) + δ
∑

(v,u)∈E,u∈Vx[t2,t4]

p(v, u) for v ∈ VR ∩ Vx[t0, t2).

(7)

It is also clear from (7) (and important) that δ ≥ |[mx]|/4. Indeed, vertices from [t2, t4]

can only go down, while vertices from [t0, t2) can only go up. Each of them must traverse a

distance of at least |[mx]|/4 before it can reach the border of the interval [t1, t3]. Moreover,

if after some iteration one of the sets Vx[t0, t1) or Vx(t3, t4] becomes empty then range of mx

is reduced at least by 25%.

Procedure PUMP(G, ε) below tries to reduce any BWR-game G by a potential trans-

formation x into one in which |[mx]| ≤ ε. Two subroutines are used in the procedure.

REDUCE-POTENTIALS(G, x) replaces the current potential x with another potential with

a sufficiently small norm (cf. Lemma 4 below). This reduction is needed since, without

it, the potentials and hence the transformed local rewards can grow exponentially. The

second routine FIND-PARTITION(G, x) uses the current potential vector x to construct a

contra-ergodic decomposition of G (cf. line 17).

We will prove in Lemma 3 that if the number of pumping iterations performed is large

enough, namely,

N =
8n2Rx

|[mx]|θk−1
+ 1, (8)

where Rx = r+
x − r−x , θ = min{p(v, u) : (v, u) ∈ E}, and k is the number of random

nodes, and yet the range of mx is not reduced, then we will be able to find a contra-ergodic

decomposition.

In Section 4.2, we will first argue that the algorithm terminates in finite time if ε = 0

and the considered BWR-game is ergodic. In the following section, this will be turned into

a quantitative argument with the precise bound on the running time. Yet, in Section 6, we

will show that this time can be exponential already for R-games.
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Algorithm 1 PUMP(G, ε)

Require: A BWR-game G = (G = (V, E), P, r) and a desired accuracy ε
Ensure: a potential x : V → R s.t. |mx(v) − mx(u)| ≤ ε for all u, v ∈ V if the game is

ergodic, and a contra-ergodic decomposition otherwise
1: let x0(v) := x(v) := 0 for all v ∈ V ; i := 1
2: let t0, t1, . . . , t4, and N be as defined by (6) and (8)
3: while i ≤ N do

4: if |[mx]| ≤ ε then

5: return x
6: end if

7: δ := max{δ′| mδ′

x (v) ≥ t1 for all v ∈ Vx0[t2, t4] and mδ′

x (v) ≤ t3 for all v ∈ Vx0[t0, t2)}
8: if δ = ∞ then

9: return the ergodic partition Vx0[t0, t2) ∪ Vx0[t2, t4]
10: end if

11: x(v) := x(v) − δ for all v ∈ Vx0[t2, t4]
12: if Vx0 [t0, t1) = ∅ or Vx0(t3, t4] = ∅ then

13: x := x0:=REDUCE-POTENTIALS(G, x); i := 1
14: recompute the thresholds t0, t1, . . . , t4 and N using (6) and (8)
15: end if

16: end while

17: V W ∪ V B ∪ V R:=FIND-PARTITION(G, x)
18: return contra-ergodic partition V W ∪ V B ∪ V R
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4.2 Proof of finiteness for the ergodic case

Let us assume without loss of generality that range of m is [0, 1], and the initial potential

x0 = 0. Suppose that during N iterations no new vertex enters the interval [1/4, 3/4]. Then,

−x(v) ≥ N/4 for each v ∈ V (3/4, 1], since these vertices “were pumped” N times, and

x(v) ≡ 0 for each v ∈ V [0, 1/4), since these vertices “were not pumped” at all. We will show

that if N is sufficiently large then the considered game is not ergodic.

Consider infinitely many iterations i = 0, 1, . . ., and denote by V B ⊆ V (respectively,

by V W ⊆ V ) the set of vertices that were pumped just finitely many times (respectively,

always but finitely many times); in other words, mx0(v) ∈ [1/2, 1] if v ∈ V W (respectively,

mx0(v) ∈ [0, 1/2) if v ∈ V B ) for all but finitely many i′s. It is not difficult to verify that the

partition Πr : V = V W ∪ V B ∪ V R, where V R = V \ (V W ∪ V B), is contra-ergodic. It is also

clear that after sufficiently many iteration mx0(v) > 1/2 for all v ∈ V W , while mx0(v) ≤ 1/2

for all v ∈ V B. Thus, by Proposition 2, the considered game G is not ergodic, or in other

words, our algorithm is finite for the ergodic BWR-games.

But how many times a vertex can oscillate around 1/2 until it finally settles itself down

in [1/4, 1/2) or in (1/2, 3/4]? We shall give an upper bound below.

5 Running time analysis

Consider the execution of the algorithm on a given BWR-game. We define a phase to be a

set of iterations during which the range of mx, defined with respect to the current potential

x, is not reduced by a constant factor of what it was at the beginning of the phase, i.e., none

of the sets Vx[t0, t1) or Vx(t3, t4] becomes empty (cf. line 12 of the procedure). Note that

the number of iterations in each phase is at most N defined by (8). Lemma 3 states that if

N iterations are performed in a phase then, the game is not ergodic. Lemma 5 bounds the

total number of phases and estimates the overall running time.

5.1 Finding a contra-ergodic decomposition

We assume throughout this section that we are inside phase h of the algorithm, which started

with a potential xh, and that |[mx]| > 3
4
|[mxh]| in all N iterations of the phase, and hence

we proceed to step 17. For convenience, we will write (·)xh as (·)h, where (·) could be m, r,

r+, etc, (e.g., m−
h = m−

xh , m+
h = m+

xh). We assume that the phase starts with local reward

function r = rh and hence 2 xh = 0.

Given a potential vector x, we use the following notation:

EXTx = {(v, u) ∈ E : v ∈ VB ∪ VW and rx(v, u) = mx(v)}, ∆x = min{x(v) : v ∈ V }.

2in particular, note that rx(v, u) and mx(v) are used, for short, to actually mean r
x+x

h(v, u) and m
x+x

h(v),
respectively
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Lemma 1 Consider any two nodes u, v ∈ E and let x be the current potential. Then

x(u) ≥

{

x(v) − (m+
h − r−h ) if either v ∈ VW , (v, u) ∈ E or v ∈ VB, (v, u) ∈ EXTx

x(v)−(m+

h
−r−

h
)

θ
if v ∈ VR and (v, u) ∈ E,

and

x(u) ≤

{

x(v) + r+
h − m−

h if either v ∈ VB, (v, u) ∈ E or v ∈ VW , (v, u) ∈ EXTx
x(v)+r+

h
−m−

h
−(1−θ)∆x

θ
if v ∈ VR and (v, u) ∈ E.

Let tl < 0 be the largest value satisfying the following conditions:

(i) there are no arcs (v, u) ∈ E with v ∈ VW ∪ VR, x(v) ≥ tl and x(u) < tl;

(i) there are no arcs (v, u) ∈ EXTx with v ∈ VB, x(v) ≥ tl and x(u) < tl.

Let X = {v ∈ V : x(v) ≥ tl}. In other words, X is the set of nodes with potential as close

to 0 as possible, such that no white or random node in X has an arc crossing to V \X, and

no black node has an extremal arc crossing to V \ X. Similarly, define tu > ∆x to be the

smallest value satisfying the following conditions:

(i) there are no arcs (v, u) ∈ E with v ∈ VB ∪ VR, x(v) ≤ tu and x(u) > tu;

(i) there are no arcs (v, u) ∈ EXTx with v ∈ VW , x(v) ≤ tu and x(u) > tu,

and let Y = {v ∈ V : x(v) ≤ tu}. Note that the sets X and Y can be computed in

O(|E| log |V |) time.

Lemma 2 It holds that max{−tl, tu − ∆x} ≤ nRh

(

1
θ

)k−1
.

The correctness of the algorithm follows from the following lemma.

Lemma 3 Suppose that pumping is performed for Nh ≥ 2nTh + 1 iterations, where

T = 4nRh

|[mh]|θk−1 , and neither the set Vh[t0, t1) nor Vh(t3, t4] becomes empty. Let V B = X and

V W = Y be the sets constructed as above, and V R = V \ (X ∪ Y )). Then V W ∪ V B ∪ V R is

a contra-ergodic decomposition.

5.2 Potential reduction

One problem that arises during the pumping procedure is that the potentials can increase

exponentially in the number of phases, making our bounds on the number of iteration per

phase also exponential in n. For the BW-case Pisaruk [Pis99] solved this problem by giving

a procedure that reduces the range of the potentials after each round, while keeping all its
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desired properties needed for the running time analysis. (For convenience, we give a variant

of this procedure in the appendix.)

Pisaruk’s potential reduction procedure can be thought of as a combinatorial procedure

for finding an extreme point of a polyhedron, given a point in it. Indeed, given a BWR-

game and a potential x, let us assume without loss of generality, by shifting the potentials

if necessary, that x ≥ 0, and let E ′ = {(v, u) ∈ E : rx(v, u) ∈ [m−
x , m+

x ], v ∈ VB ∪ VW},

where r is the original local reward function. Then the following polyhedron is non-empty:

Px =











































x′ ∈ R
V

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

m−
x ≤ r(v, u) + x′(v) − x′(u) ≤ m+

x , ∀(v, u) ∈ E ′

r(v, u) + x′(v) − x′(u) ≤ m+
x , ∀v ∈ VW , (v, u) ∈ E \ E ′

m−
x ≤ r(v, u) + x′(v) − x′(u), ∀v ∈ VB, (v, u) ∈ E \ E ′

m−
x ≤

∑

u∈V p(v, u)(r(v, u) + x′(v) − x′(u)) ≤ m+
x , ∀v ∈ VR

x(v) ≥ 0 ∀ v ∈ V











































.

Moreover, Px is pointed, and hence must have an extreme point.

Lemma 4 Consider a BWR-game in which all rewards are integral with range R = r+−r−,

and probabilities p(v, u) are rational with common denominator at most W , and let k = |VR|.

Then any extreme point x∗ of Px satisfies ‖x∗‖∞ ≤ nRk(2W )k.

Note that any point x′ ∈ Px satisfies [mx′ ] ⊆ [mx], and hence replacing x by x∗ does not

increase the range of mx.

5.3 Proof of Theorem 1

Consider a BWR-game G = (G = (V, E), P, r) with |V | = n vertices and k random nodes.

Assume r to be integral in the range [−R, R] and all transition probabilities are rational

with common denominator W .

Lemma 5 Procedure PUMP(G, ε) terminates in O(nk(2W )k(1
ε

+ n2|E|)R log(R
ε
)) time.

Theorem 1 follows by setting ε sufficiently small:

Corollary 1 When procedure PUMP(G, ε) is run with ε as in (2), it either output a potential

vector x such mx(v) is constant for all v ∈ V , or it finds a contra-ergodic partition. The

total running time is O(nk3(2W )k(n2(k+1)(2W )4k+2k2+2) + n2|E|)R log(RWn)).
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6 Lower bound example

We show now that the execution time of the algorithm, in the worst case, can be exponential

in the number of random nodes k, already for weighted Markov chains, that is, for R-games.

Consider the following example.

Let G = (V, E) be a digraph on k = 2l+1 vertices ul, . . . , u1, u0 = v0, v1, . . . , vl, and with

the following set of arcs:

E = {(ul, ul), (vl, vl)} ∪ {(ui−1, ui), (ui, ui−1), (vi−1, vi), (vi, vi−1) : i = 1, . . . , l}.

Let W ≥ 1 be an integer. All nodes are random with the following transition probabilities:

p(ul, ul) = p(vl, vl) = 1 − 1
W+1

, p(u0, u1) = p(u0, v1) = 1
2
, p(ui−1, ui) = p(vi−1, vi) = 1 − 1

W+1
,

for i = 2, . . . , l, and p(ui, ui−1) = p(vi, vi−1) = 1
W+1

, for i = 1, . . . , l. The local rewards are

zero on every arc, except for r(ul, ul) = −r(vl, vl) = 1. Clearly this Markov chain consists of

a single recurrent class, and it is easy to verify that the limiting distribution p∗ is as follows:

p∗(u0) =
W − 1

(W + 1)W l − 2

p∗(ui) = p∗(vi) =
W i−1(W 2 − 1)

2((W + 1)W l − 2)
, for i = 1, . . . , l.

The optimal expected reward at each vertex is

µ(ui) = µ(vi) = −1 · (1 −
1

W + 1
)p∗(ul) + 1 · (1 −

1

W + 1
)p∗(ul) = 0,

for i = 0, . . . , k. Upto a shift, there is a unique set of potentials that transform the Markov

chain into canonical form, and they satisfy the following system of equations:

0 = −
1

2
∆1 −

1

2
∆′

1,

0 = −(1 −
1

W + 1
)∆i+1 +

1

W + 1
∆i, for i = 1, . . . , k − 1

0 = −(1 −
1

W + 1
)∆′

i+1 +
1

W + 1
∆′

i, for i = 1, . . . , k − 1

0 = −(1 −
1

W + 1
) +

1

W + 1
∆l,

0 = 1 −
1

W + 1
+

1

W + 1
∆′

l,

where ∆i = ui−ui−1 and ∆′
i = vi−vi−1; solving we get ∆i = −∆′

i = W k−i+1, for i = 1, . . . , l.

Lower bound on pumping algorithms. Any pumping algorithm that starts with 0

potentials and modifies the potentials in each iteration by at most γ will not have a number
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Figure 1: An exponential Example.

of iterations less than W l−1

2γ
on the above example. By (7), the algorithm in Section 4 has

γ ≤ 1/ min{p(v, u) : (v, u) ∈ E, p(v, u) 6= 0}, which is Ω(W ) in our example. We conclude

that the running time of the algorithm is O(W l−2) = Ω(W Ω(k)) on this example.
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Appendix A: Limiting distribution of Markov chains

Let (G = (V, E), P ) be a Markov chain, and let C1, . . . , Ck ⊆ V be the vertex sets of the

strongly connected components (classes) of G. For i 6= j, let us (standardly) write Ci ≺ Cj,

if and only if there is an arc (v, u) ∈ E such that v ∈ Ci and u ∈ Cj. The components Ci,

such that there is no Cj with Ci ≺ Cj are called the absorbing (or recurrent) classes, while

the other components are called transient or non-recurrent. Let J = {i : Ci is absorbing},

A = ∪i∈JCi, and T = V \ A. For X, Y ⊆ V , a matrix H ⊆ R
V ×V , a vector h ⊆ R

V , we

denote by H[X; Y ] the submatrix of P induced by X as rows and Y as columns, and by h[X]

the subvector of h induced by X. Let I = I[V ; V ] be the |V | × |V | identity matrix, e = e[V ]

be the vector of all ones of dimension |V |. For simplicity, we drop the indices of I[·, ·] and

e[·], when they are understood from the context. Then P [Ci; Cj] = 0 if Cj ≺ Ci, and hence

in particular, P [Ci; Ci]e = e for all i ∈ J , while P [T, T ]e has at least one component of value

strictly less than 1.

The following are well-known facts about P i and the limiting distribution pw = ewP ∗,

when the initial distribution is the wth unit vector ew of dimension |V | (see, e.g., [KS63]):

(L1) pw[A] > 0 and pw[T ] = 0;

(L2) limi→∞ P i[V ; T ] = 0;
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(L3) rank(I−P [Ci; Ci]) = |Ci|−1 for all i ∈ J , rank(I−P [T ; T ]) = |T |, and (I−P [T ; T ])−1 =
∑∞

i=0 P [T ; T ]i;

(L4) the absorption probabilities yi ∈ [0, 1]V into a class Ci, i ∈ J , are given by the unique

solution of the linear system: (I − P [T ; T ])yi[T ] = P [T ; Ci]e, yi[Ci] = e and yi[Cj] = 0

for j 6= i;

(L5) the limiting distribution pw ∈ [0, 1]V is given by the unique solution of the linear

system: pw[Ci](I − P [Ci; Ci]) = 0, pw[Ci]e = yi(w), for all i ∈ J , and pw[T ] = 0.

Appendix B: Proofs

Proof of Proposition 1. Indeed, if White (Black) applies a locally optimal strategy then

after every own move (s)he will get (pay) m, while for each move of the opponent the local

reward will be at least (at most) m, and finally, for each random position the expected local

reward is m. Thus, every locally optimal strategy of a player is optimal. Furthermore, if

both players choose their optimal strategies then the expected local reward bi equals m for

every step i. Hence, the value of the game limn→∞
1

n+1

∑n
i=0 bi equals m, too. �

Proof of Theorem 2. “Only if part”. Let Πr : V = V W ∪ V B ∪ V R be a contra-ergodic

partition of G. Let us assign arbitrary strictly positive probabilities to random moves such

that
∑

u | (v,u)∈E p(v, u) = 1 for all v ∈ VR. We still have to assign a local reward r(v, u) to

each move (v, u) ∈ E. Let us define r(v, u) = 1 whenever v, u ∈ V W , r(v, u) = −1 whenever

v, u ∈ V B, and r(v, u) = 0 otherwise. Clearly, if the initial position is in V W (respectively, in

V W ) then the value of the obtained game is 1 (respectively, −1). Hence, the corresponding

not initialized game is not ergodic.

“If part”. Given a not initialized and not ergodic BWR-game G = (G, P, r), let µ(v)

denote the value of the corresponding initialized game G = (G, P, v, r) for each initial position

v ∈ V . The obtained function µ(v) is not constant, since G is not ergodic. Let µW and µB

denote the maximum and minimum values, respectively. Then, let us set V W = {v ∈

V | µ(v) = µW , V B = {v ∈ V | µ(v) = µB, and V R = V \ (V W ∪ V B). It is not difficult to

verify that the obtained partition Πr : V = V W ∪ V B ∪ V R is contra-ergodic. �

Proof of Proposition 2. Let us choose a number µ such that m(v) > µ > m(u) for every

v ∈ V W and u ∈ V B; it exists, because set V of positions is finite. Obviously, properties

(i,ii,iii) imply that White (Black) can guarantee at least (at most) µ for every initial position

v ∈ V W (respectively, v ∈ V B. Hence, µ(v) > µ > µ(u) for every v ∈ V W and u ∈ V B. �
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Proof of Lemma 1. We only consider the case for v ∈ VR, as the other claims are obvious

from the definitions. For the first claim, assume that x(v) ≥ x(u), since otherwise there is

nothing to prove. Then from mx(v) ≤ m+
0 , it follows that

m+
h − r−h ≥ m+

h −
∑

u′

p(v, u′)rh(v, u′)

≥ p(v, u)(x(v) − x(u)) +
∑

u′ 6=u

p(v, u′)(x(v) − x(u′))

≥ θ(x(v) − x(u)) + x(v)(1 − θ),

from which our claim follows. The other claim can be proved by a similar argument (by

replacing x(·) by ∆x − x(·) and m+
h − r−h by r+

h − m−
h ). �

Proof of Lemma 2. By definition of X, for every node v ∈ X there must exist (not

necessarily distinct) nodes v0, v1, . . . , v2j = v ∈ X such that x(v0) = 0, and for i = 1, 2, . . . , j,

x(v2i) ≥ x(v2i−1), and either (v2i−2, v2i−1) ∈ E and v2i−2 ∈ VW ∪ VR or (v2i−2, v2i−1) ∈ EXTx

and v2i−2 ∈ VB. Among the even-numbered nodes, let v2i1−2, . . . , v2il−2 be the ones belonging

to VR. Using Lemma 1, we obtain the following inequality by a telescoping sum:

x(v2iq+1−2) ≥ x(v2iq−1) − (iq+1 − iq − 1)(m+
h − r−h ), for q = 1, . . . , l, (9)

and x(v2i1−2) ≥ −i1(m
+
h − r−h ).

Now applying Lemma 1 to the pair v2iq−2 ∈ VR and v2iq−1, for q = 1, . . . , l, and using (9)

we obtain:

xq+1 ≥
xq

θ
−

(

1

θ
+ iq+1 − iq − 1

)

(m+
h − r−h ), (10)

where we write, for convenience, xq = x(v2iq−2), for q = 1, . . . , l. Iterating, we obtain:

xl ≥ −

(

1

θl−1
+

l
∑

q=2

1

θl−q

(

1

θ
+ iq − iq−1 − 1

)

)

(m+
h − r−h ).

Combining this with the inequality x(v) ≥ xl − (j − iq − 1)(m+
h − r−h ) and using θ < 1, we

get

x(v) ≥ −
1

θl−1
(j − i1 + 1) (m+

h − r−h ) ≥ −
1

θk−1
|X|(m+

h − r−h ).

Similarly, one can prove for any v ∈ Y that x(v) ≤ ∆x + 1
θk−1 |Y |(r+

h − m−
h ), and the lemma

follows. �

Proof of Lemma 3. Note from (7) that we pump in each iteration by δ ≥ |[mh]|
4

. Further-

more, our formula for δ implies that once a vertex enters the region Vh[t1, t3], it will never
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leave it. In particular, there are vertices v0 ∈ X ∩ Vh[t0, t1) and vn ∈ Y ∩ Vh(t3, t4] with

x(v0) = 0 and x(vn) = ∆x.

For a vertex v ∈ V , let N(v) denote the number of times the vertex was pumped. Then

N(v0) = 0 and N(vn) = Nh.

We claim that N(v) ≤ T for any v ∈ X, and N(v) ≥ Nh − T for all v ∈ Y (i.e.,

every vertex in X was not pumped in all steps but at most T , and every vertex in Y

was pumped in all steps but at most T ). Indeed, if v ∈ X (respective;y, v ∈ Y ) was

pumped greater than (respectively, less than) T times then x(v)−x(v0) ≤ − nRh

θk−1 (respectively,

x(vn) − x(v) ≤ − nRh

θk−1 ), in contradiction to Lemma 2.

Since Nh > 2T , it follows that X ∩ Y = ∅. Furthermore, among the first 2nT + 1

iterations, in at most nT iterations some vertex v ∈ X was pumped, and in at most nT

iterations some vertex in Y was not pumped. Thus, there must exist an iteration at which

every vertex v ∈ X was not pumped and every vertex v ∈ Y was pumped. At that particular

iteration, we must have X ⊆ Vh[t0, t2) and Y ⊆ Vh[t2, t4], and hence mx(v) < t2 for every

v ∈ X and mx(v) ≥ t2 for every v ∈ Y . By the way the sets X and Y were constructed and

from (7), we can easily see that X and Y will continue to have this property till the end of

the Nh iterations, and hence they induce a contra-ergodic partition. The lemma follows. �

Proof of Lemma 4. Consider such an extreme point x∗. Then x∗ is uniquely determined

by a system of n linearly independent equations chosen from the given inequalities. Thus

there exist subsets V ′ ⊆ V , V ′
R ⊆ VR and E ′′ ⊆ E such that, |V ′| + |V ′

R| + |E ′′| = n, and x∗

is the unique solution of the subsystem x′(v) = 0 for all v ∈ V ′, x′(v)− x′(u) = m∗
x − r(v, u)

for (v, u) ∈ E ′′, and x′(v)−
∑

u∈V p(v, u)x′(u) = m∗
x −

∑

u∈V p(v, u)r(v, u) for v ∈ V ′
R, where

m∗
x stands for either m−

x or m+
x .

Note that all variables x′(v) must appear in this subsystem, and that the underlying

undirected graph of the digraph G′ = (V, E ′′) must be a forest (otherwise the subsystem

does not uniquely fix x∗, or it is not linearly independent).

Consider first the case VR = ∅. For i ≥ 0, let Vi be the set of vertices of V at (undirected)

distance i from V ′ (observe that i is finite for every vertex). Then we claim by induction

on i that x∗(v) ≤ iγ for all v ∈ Vi, where γ = max{m+
x − r−, r+ − m−

x }. This is trivially

true for i = 0. So let us assume that it is also true for some i > 0. For any v ∈ Vi+1,

there must exist either an arc (v, u) or an arc (u, v) where u ∈ Vi−1. In the former case, we

have x∗(v) = x∗(u) + m∗
x − r(v, u) ≤ iγ + U − r− ≤ (i + 1)γ. In the latter case, we have

x∗(v) = x∗(u) − (m∗
x − r(u, v)) ≤ iγ + r+ − L ≤ (i + 1)γ.

Now suppose that |VR| > 0. For each connected component Cl in the forest G′, let us fix

a node vl as follows: if Cl has a node in V ′, vl is chosen to be such a node, otherwise, vl is

chosen arbitrarily.
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For every node v ∈ Cl let Pv be an undirected path from v to vl. Thus, we can write

x′(v) uniquely as

x′(v) = x′(vl) + `v,1m
+
x + `v,2m

−
x +

∑

(u′,u′′)∈Pv

`v,u′,u′′r(u′, u′′), (11)

for some `v,1, `v,2 ∈ Z, and `v,u′,u′′ ∈ {−1, 1}. Thus if x∗(vl) = 0 for some component Cl,

then by a similar argument as above, x∗(v) ≤ γ|Cl| for every v ∈ Cl.

Note that, upto this point, we have used all equations corresponding to arcs in G′ and

to vertices in V ′. The remaining set of |V ′
R| equations should uniquely determine the values

of the variables in any component which has no node in V ′. Substituting the values of x′(v)

from (11), for the nodes in any such component, we end-up with a linearly independent

system on k′ = |V ′
R| variables (I − P ′)x = b, where P ′ is a k′ × k′ matrix in which, for

v, u ∈ V ′
R, P ′(v, u) =

∑

u′∈U p(v, u′) for some U ⊆ V (and hence each row sums up to at

most 2 in absolute value), and ‖b‖∞ ≤ n(|[r]| + |[mx]|) ≤ 2nR.

The rest of the argument follows (in a standard way) by Cramer’s rule. Indeed, the value

of each component in the solution is given by ∆′/∆, where ∆ is the determinant of I − P ′

and ∆′ is the determinant of a matrix A obtained by replacing one column of I − P ′ by

b. We upper bound ∆′ by k′‖b‖∞∆max, where ∆max is the maximum absolute value of a

subdeterminant of A of size k′ − 1. To bound ∆max, let us consider such a subdeterminant

with rows a1, . . . , ak′−1, and use Hadamard’s inequality:

∆′ ≤
k′−1
∏

i=1

‖ai‖ ≤ 2k′−1,

since ‖ai‖1 ≤ 2, for all i. To lower bound ∆, we note that W k′

∆ is a non-zero integer, and

hence has absolute value at least 1. Combining the above inequalities, the lemma follows. �

Proof of Lemma 5. We note the following:

1. By (8), the number of iterations per phase h is at most Nh = 8n2Rh

|[mh]|θk−1 + 1.

2. Each iteration requires O(|E|) time, and the end of a phase we need an additional

O(n2|E|) (which is dominated by the time required for REDUCE-POTENTIALS).

3. By Lemma 4, for any (v, u) ∈ E, we have rx(v, u) = r(v, u) + x(v) − x(u) ≤ (1 +

4nk(2W )k)R, and similarly, rx(v, u) ≥ −(1 + 4nk(2W )k)R. In particular, Rh ≤ (1 +

4nk(2W )k)R at the beginning of each phase h in the procedure.

Since |[mh]| ≤
3
4
|[mh−1]| for h = 1, 2, . . ., the maximum number of such phases until we

reach the required accuracy is at most H = log4/3

(

|[m0]|
ε

)

. Putting all the above together,
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we get that the total running time is

(1 + 4nk(2W )k)R
H
∑

h=0

1

|[mh]|
+ O(n2|E|)H.

Noting that |[m0]| ≤ 2R and |[mH ]| ≥ ε, the lemma follows. �

Appendix C: An upper bound on the required accuracy

Consider a BWR-game in which all local rewards are integral in the range [−R, R], and all

probabilities p(v, u), for (v, u) ∈ E and v ∈ VR, are rational numbers with least common

denominator W . Fix an arbitrary situation s and a starting vertex w, and let respectively P ∗
s

and p∗s = ewP ∗
s be the limiting transition matrix and distribution corresponding to s. Using

the notation in Appendix A, we let Ci, i ∈ J be the absorbing classes and T = V \ (∪i∈JCi)

be the set of transient nodes. For i ∈ J , let yi ∈ [0, 1]T be the absorbing probability vector

into class Ci.

Lemma 6 The numbers {yi(v) : i ∈ J and v ∈ T} are rational with common denominator

at most (2W )k.

Proof Consider the system of equations defining yi: (I − P ′)yi = p′i, for some i ∈ J , where

P ′ = P ∗
s [T ; T ] and p′i = Ps[T ; Ci]e (see Appendix A for details). As in the proof of Lemma

4, the idea is to eliminate the variables corresponding to black and white nodes and get a

system only on random nodes. Let E ′ = {(v, u) ∈ E : v ∈ VB ∪ VW and P ′(v, u) = 1} and

G′ = (V, E ′). Then by linear independence of the system (recall (L3)), G′ is a forest. For a

node v ∈ VB ∪ VW , the equation is yi(v) = yi(u) + p′i(v). In particular, if for each connected

component Cl in the forest G′, we fix a node vl arbitrarily, we can express yi(v), for every

node v ∈ Cl, uniquely as yi(v) = yi(vl) +
∑

(u,u′)∈Pv
`v,u,u′p′i(u), for some `v,u,u′ ∈ {−1, 1},

where Pv is the undirected path between v to vl.

Substituting these values of yi(v) in the remaining k′ ≤ k equations

yi(v) =
∑

u P ′(v, u)yi(u) + p′i(v), for v ∈ VR, we end-up with a linearly independent system

on k = |V ′| variables: (I − P ′′)x = b, where P ′′ is a k′ × k′ matrix in which, for v, u ∈ V ′,

P ′′(v, u) =
∑

u′∈U P ′(v, u′) for some U ⊆ V (and hence each row sums up to at most 2 in

absolute value), and for v ∈ V ′, b(v) =
∑

u `up
′
i(u), where `u ∈ Z.

The rest of the argument follows as in Lemma 4. The value of each component in the

solution is given by ∆′/∆, where ∆ is the determinant of I − P ′′ and ∆′ is the determinant

of a matrix A obtained by replacing one column of I − P ′′ by b. The lemma follows by

observing that ∆ ≤ 2k′

and that both W k′

∆, and W k′

∆′ are integral. �
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For a situation s (that is a pair of strategies), let κ(s) be the number of absorbing classes

(and hence, directed cycles) with only black and white nodes.

Lemma 7 The numbers {p∗
s(v) : v ∈ V } are rational with with common denominator at

most nκ(s)+kkk(2W )k+k2+kκ(s).

Proof Let J ′ ⊆ J , be the set of indices such that Ci ∩ VR = ∅. Note by definition that

κ(s) = |J ′|, and |J \J ′| ≤ k. Consider any absorbing class Ci. Let E ′ = {(v, u) ∈ E : v, u ∈

Ci and P ∗
s (v, u) > 0} and G′ = (V, E ′). Assume first that i ∈ J ′. Then p∗s(v) = yi(w)/|Ci|

for all v ∈ Ci, where w is the starting vertex and yi(w) is the absorbing probability of w into

Ci (so yi(w) = 1 if w ∈ Ci). It follows from Lemma 6 that {p∗
s(v) : v ∈ Ci} are rational

with common denominator Mi ≤ |Ci|(2W )k.

Now consider the case i ∈ J \ J ′. For v ∈ Ci, let R(v) be the set of vertices that can

reach v by a directed path in G′, all whose internal nodes (if any) are in VB ∪ VR. Note that

R(v) ∩ VR 6= ∅ for each v ∈ (VB ∪ VW ) ∩ Ci. Otherwise, there is a node v ∈ (VB ∪ VW ) ∩ Ci

such that no random node in Ci can reach v, and hence the whole component Ci must be a

cycle of black and white nodes only.

Consider the system of equations in (L5) defining p∗
s(v):

π(v) =
∑

u∈(VB∪VW )∩Ci

π(u) +
∑

u∈VR∩Ci

p(u, v)π(u),

for v ∈ Ci, and
∑

v∈Ci
π(v) = yi(w). Eliminating the variables π(v) for v ∈ (VB∪VW )∩Ci, we

end-up with a system on only random nodes v ∈ VR ∩ Ci: π(v) =
∑

u∈R(v)∩VR
p′(u, v)π(u),

where p′(u, v) = p(u, v) +
∑

u′∈R(v)∩(VB∪VW ) p(u, u′) (note that
∑

u∈VR∩Ci
p′(v, u) = 1 for

all v ∈ VR ∩ Ci). Similarly, we can reduce the normalization equation to
∑

v∈VR∩Ci
(1 +

∑

u∈VB∪VW , v∈R(u) p′(v, u))π(v) = yi(w).

This gives a system on ki = |Ci ∩ VR| variables of the form (I − P ′)x = 0, bx = yi(w),

where the matrix P ′ and the vector b have rational entries with common denominator at most

W , each column of P ′ sums up to at most 1, and ‖b‖1 ≤ ki|Ci|. Any non-zero component

p∗s(v) in the solution of this system takes the form yi(w) ∆
∑ki

i=1
bi∆i

, where ∆, ∆1, . . . , ∆ki
are

subdeterminants of I − P ′ of rank ki − 1. Using ∆i ≤ 2ki−1 and Lemma 6, we get that all

p∗s(v), for v ∈ VR ∩ Ci are rational with common denominator Mi ≤ |Ci|ki(2W )ki−1+k.

After solving this system, we can get the value of p∗
s(v), for v ∈ (VW ∩ VB) ∩ Ci from

the equation: π(v) =
∑

u∈R(v)∩VR
p′(u, v)π(u). Again, we get rational numbers with common

denominator at most Mi ≤ |Ci|ki(2W )ki+k.

It follows that all components of p∗
s are rational with common denominator at most:

h
∏

i=1

Mi ≤
∏

i∈J ′

[

|Ci|(2W )k
]

∏

i∈J\J ′

[

|Ci|ki(2W )ki+k
]

≤ [n(2W )k]κ(s)(nk)k(2W )k+k2

. (12)
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�

The following example shows that the bound in Lemma 7 cannot be made, in general, to

depend exponentially only on the number of random nodes, if we consider an arbitrary situ-

ation s. Consider a graph with one random node w and κ disjoint directed cycles C1, . . . , Cκ,

of sizes ni = |Ci| which are relatively prime. There is an arc from w to one arbitrary node in

each cycle with transition probability 1/κ, and the total reward of each cycle is 1. Then the

limiting distribution starting from w is p∗
s(w) = 0 and p∗s(v) = 1/ni and the value at node w

is given by 1
κ

∑κ
i=1

1
ni

. This has a denominator exponential in n =
∑κ

i=1 ni + 1.

In view of this example, in order to get stronger bounds, one needs to consider special

situations, namely, those that can be returned by our pumping algorithm. Let s be such

a situation. Then for every v ∈ VB ∪ VW , the arc (v, s(v)) selected by s is extremal, i.e.,

mx(v) = rx(v, s(v)) given the current potential x. We call such a situation extremal with

respect to x.

Lemma 8 Suppose that s is an extremal situation with respect to a potential vector x, such

that C and C ′ are absorbing classes (and hence cycles) with only black and white nodes

C, C ′ ⊆ VB ∪ VW . If |[mx]| < 1
n2 , then r(C)

|C| = r(C′)
|C′| , where r(C), r(C ′) are the local rewards

of the cycles C and C ′, respectively (that is, r(C) =
∑

v∈C r(v, s(v))).

Proof Since s is extremal, we have r(C) = rx(C) =
∑

v∈C mx(v) ∈ [m−
x |C|, m+

x |C|],

and hence r(C)/|C| ∈ [m−
x , m+

x ]. Similarly, r(C ′)/|C ′| ∈ [m−
x , m+

x ]. Thus, if r(C)/|C| 6=

r(C ′)/|C ′|, we must have

1

n2
≤

∣

∣

∣

∣

|C ′|r(C) − |C|r(C ′)

|C||C ′|

∣

∣

∣

∣

=

∣

∣

∣

∣

r(C)

|C|
−

r(C ′)

|C ′|

∣

∣

∣

∣

≤ m+
x − m−

x <
1

n2
.

�

Lemma 9 Let s be an extremal situation with respect to some potential x such that |[mx]| <
1
n2 . Then cs (the expected limiting payoff corresponding to situation s) is rational with de-

nominator at most nk+1kk(2W )2k+k2+1.

Proof Let C1, . . . , Cκ(s) be the absorbing classes with no random nodes, in the Markov chain

defined by s, and let V ′ ⊆ V \∪
κ(s)
i=1 Ci be the set of nodes in the remaining absorbing classes.

Since s is extremal, Lemma 8 implies that either κ(s) ≤ 1 or r(Ci)/|Ci| is some constant γ

for all i = 1, . . . , κ(s). In the former case, c(s) = p∗
sQsr =

∑

v∈V p∗s(v)
∑

u p(v, u)r(v, u) is

rational with denominator at most nk+1kk(2W )2k+k2+1 by Lemma 7. In the latter case, we

get

c(s) =

κ(s)
∑

i=1

yi(w)
r(Ci)

|Ci|
+
∑

v∈V ′

p∗s(v)
∑

u

p(v, u)r(v, u) = γ

κ(s)
∑

i=1

yi(w)+
∑

v∈V ′

p∗s(v)
∑

u

p(v, u)r(v, u),
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which by (12) is again rational with denominator as stated in the lemma. �

The next lemma shows that it is enough in our pumping algorithm to take

ε =
1

n2(k+1)k2k(2W )4k+2k2+2
. (13)

Lemma 10 Assume that the given BWR-game is ergodic, and let ε be as defined in (13).

Consider two situations s and s′ such that s is optimal, s′ is extremal with respect to some

potential x for which |[mx]| ≤ ε. Then cs = cs′ .

Proof Since both s an s′ are extremal with respect to some potentials, and ε < 1
n2 ,

Lemma 9 implies that both c(s) and c(s′) are rational with denominator at most M =

nk+1kk(2W )2k+k2+1. It follows that |c(s) − c(s′)| is rational with denominator at most M 2,

and hence if c(s) 6= c(s′), then |c(s) − s(s′)| ≥ 1
M2 . �

Appendix D: Potential reduction for BW-games

For completeness, we give here a version of the potential reduction procedure of Pisaruk

[Pis99] for BW-games.

Algorithm 2 REDUCE-BW(G, x)

Require: A BW game G = (G = (V, E), P, r) and a current set of potentials x : V → R

Ensure: A reduced potential x′

1: X := emptyset; x′ := x
2: while X 6= V do

3: ε1 := min{m+
x − rx′(v, u) : v ∈ X, u ∈ V \ X, (v, u) ∈ E, rx′(v, u) ≤ m+

x }
4: ε2 := min{rx′(v, u) − m−

x : v ∈ V \ X, u ∈ X, (v, u) ∈ E, rx′(v, u) ≥ m−
x }

5: ε3 := min{x′(v) : v ∈ V \ X}
6: x′(v) := x′(v) − min{ε1, ε2, ε3} for all v ∈ V \ X

7: while ∃v ∈ V \ X such that x′(v) ≤ m+
x −m−

x

2
|X| do

8: X := X ∪ {v}
9: end while

10: end while

11: return x′

Lemma 11 Let G = (G, r) be a BW-game and x be a given potential vector. Then in

O(n|E|) time, procedure REDUCE(G, x) returns another potential vector x′ such that

(a) 0 ≤ x′(v) ≤ m+−m−

2
(n − 1) for all v ∈ V ;
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(b) [mx′ ] ⊆ [mx].

Proof After the first iteration of the outer while loop, we are guaranteed that the new

potential x′ satisfies x′(v) ≥ 0, and it will remain so for the rest of the iterations. In

particular, condition (a) will be satisfied when the procedure terminates (provided it does

terminate) as follows from the way the set X is updated. Condition (b) is maintained

throughout the procedure by our choice of ε = min{ε1, ε2, ε3}. So it remains to show that

the procedure terminates in at most n steps. Consider any iteration of the outer while

loop, where the potential is x′ at the beginning of the iteration, and note that any v ∈ X

and u ∈ V \ X have a potential difference of x′(v) − x′(u) < −m+
x −m−

x

2
. Thus, if v ∈ X,

u ∈ V \ X (respectively, v ∈ V \ X, u ∈ X), (v, u) ∈ E, and rx′(v, u) ≤ m+
x (respectively,

rx′(v, u) ≥ m−
x ) then rx′(v, u) = rx(v, u) + x′(v) − x′(u) < m+

x +m−

x

2
≤ m+

x (respectively,

rx′(v, u) > m+
x +m−

x

2
≥ m−

x ). This implies that ε1 > m+
x +m−

x

2
and ε2 > m+

x +m−

x

2
. Also ε3 > 0

(except possibly for the first iteration). Thus ε > 0. When ε = ε3, then with respect to

the new potentials x′′ (obtained by updating x′: x′′(v) = x′(v) − ε for all v ∈ V \ X),

there is a vertex v having x′′(v) = 0 which will be added to X. On the other hand, when

ε = ε1 (respectively, ε = ε2), then there is an edge (v, u) ∈ E such that v ∈ X, u ∈ V \ X

and ε1 = m+
x − rx′(v, u) (respectively, v ∈ V \ X, u ∈ X and ε2 = rx′(v, u) − m−

x ), i.e.,

m+
x = rx′′(v, u) = rx(v, u) + x′′(v) − x′′(u) ≤ m+

x + x′′(v) − x′′(u) (respectively, m−
x =

rx′′(v, u) = rx(v, u) + x′′(v) − x′′(u) ≥ m−
x + x′′(v) − x′′(u)), from which follows x′′(u) ≤

x′′(v) ≤ m+
x −m−

x

2
(|X| − 1) (respectively, x′′(v) ≤ x′′(u) ≤ m+

x −m−

x

2
(|X| − 1)). (Note that we

used the fact that rx(v, u) ≤ rx′(v, u) for all (v, u) ∈ E such that v ∈ X and u ∈ V \X, and

rx(v, u) ≥ rx′(v, u) for all (v, u) ∈ E such that v ∈ V \ X and u ∈ X.) Thus u (respectively,

v) will be added to X. �

Appendix E: Examples

Example 1: Solvability in pure positional strategies

Let us consider a graph in which all three classes, White, Black, and Random positions, are

not empty. A minimal such graph G = (V, E) contains three vertices V = {0, 1, 2}, where

VR = {0}, VW = {1}, and VB = {2}. Furthermore, let E consists of six arcs [i, j) for all

i, j ∈ {0, 1, 2} such that i 6= j. Thus, G is a complete tripartite graph without loops and

multiple edges. For all local costs and probabilities, the obtained game has a value (in pure

positional strategies).

Yet, even for this simple example the reduction to canonical form would demand a long

case analysis. Instead, let us consider the normal form. Each player, White and Black, has

only two strategies: s1
W = (1, 2), s2

W = (1, 0) for White and s1
B = (2, 1), s2

B = (2, 0) for Black.
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We will consider the corresponding 2 × 2 matrix, with entries a1,1, a1,2, a2,1, a2,2, and show

that it has a saddle point in pure strategies for all possible parameters of the game.

As usual, we denote by r(i, j) the cost of the move (i, j) and by p1 = p0,1 and p2 = p0,2

the probabilities to move from 0 to 1 and to 2, respectively; assuming that p1 > 0, p2 > 0

and p1 + p2 = 1.

Let us consider all four situations. It is easy to see that (s1
W , s1

B) results in a simple cycle

on vertices 1 and 2 and, hence, a1,1 = (1/2)(r(1, 2) + r(2, 1)).

Situation (s1
W , s2

B) results in a Markov chain with the limit distribution:

P1 = p1/(2 + p1), P0 = P2 = 1/(2 + p1) and, hence,

a1,2 = (p1/(2 + p1))(r(0, 1) + r(1, 2)) + (p2/(2 + p1))r(0, 2) + (1/(2 + p1))r(2, 0).

By symmetry, (s2
W , s1

B) results in a Markov chain with the limit distribution:

P2 = p2/(2 + p2), P0 = P1 = 1/(2 + p2) and, hence,

a2,1 = (p2/(2 + p2))(r(0, 2) + r(2, 1)) + (p1/(2 + p2))r(0, 1) + (1/(2 + p2))r(1, 0).

Finally, (s2
W , s2

B) results in

a2,2 = (1/2)[p1(r(0, 1) + r(1, 0))) + p2(r(0, 2) + r(2, 0))] .

Let us remark that all four limit distributions do not depend on the initial position, in

agreement with the ergodicity of G.

Multiplying all entries by 2(2 + p1)(2 + p2) we obtain:

a′
1,1 = (2 + p1)(2 + p2)(r(1, 2) + r(2, 1));

a′
1,2 = 2(2 + p2)[p1(r(0, 1) + r(1, 2)) + p2r(0, 2) + r(2, 0)];

a′
2,1 = 2(2 + p1)[p2(r(0, 2) + r(2, 1)) + p1r(0, 1) + r(1, 0)];

a′
2,2 = (2 + p1)(2 + p2)[p1(r(0, 1) + r(1, 0)) + p2(r(0, 2) + r(2, 0))].

We claim that this matrix game has a saddle point in pure strategies for all values

r(i, j) and p1, p2 such that p1 > 0, p2 > 0, and p1 + p2 = 1. It is well-known that a

2 × 2 matrix game has no saddle point in pure strategies if and only if each entry of one

diagonal is strictly larger than each entry of the other diagonal. Let us assume indirectly

that max{a1,1, a2,2} < min{a1,2, a2,1}, that is,

a1,1 < a1,2 , a1,1 < a2,1 , a2,2 < a1,2 , and a2,2 < a2,1.

Substituting four entries ai,j we can rewrite this system as follows:

2p1r(0, 1) + 2p2r(0, 2) + 2r(2, 0) − (2 − p1)r(1, 2) − (2 + p1)r(2, 1) > 0,

2p2r(0, 2) + 2p1r(0, 1) + 2r(1, 0) − (2 − p2)r(2, 1) − (2 + p2)r(1, 2) > 0,

−p2
1r(0, 1) − p1p2r(0, 2) + (2 − (2 + p1)p2)r(2, 0) + 2p1r(1, 2) − (2 + p1)p1r(1, 0) > 0

−p2
2r(0, 2) − p2p1r(0, 1) + (2 − (2 + p2)p1)r(1, 0) + 2p2r(2, 1) − (2 + p2)p2r(2, 0) > 0
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If we assume that min{a1,1, a2,2} > max{a1,2, a2,1} then we obtain the same four inequal-

ities multiplied by −1. In both cases we get a contradiction, since their linear combination

with the strictly positive coefficients: p1p
2
2, p2p

2
1, p2, and p1 results in 0 in the left hand side.

Example 2: Local and global optimality

Let us consider a graph with 2 nodes: a white node u and a black node v. There are two

self loops (u, u) and (v, v) with rewards −1 and 1 respectively. There are two additional

arcs making a cycle (u, v), (v, u) with rewards, −R and R, respectively, where R is a very

large integer. Even though this is a very small example with no random nodes, it is enough

to illustrate many useful things. First, the locally attractive moves (u, u) and (v, v) are

not globally optimal, since the optimal solution is to follow the cycle of average reward 0.

Second, the range of m (which [−1, 1] in this case) could be much smaller than the range

of R, and yet arcs with very large local rewards are not eligible for deletion. Third, our

pumping algorithm will finish in a constant number of iterations on this example, while a

dynamic programming approach might take O(R) iterations.

−1 +1

−10

+10

Figure 2: Example 2: R = 10


