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An Improved Cutting Plane method for
the solution of Probabilistic Constrained
Problem with Discrete Random Variables

Emre Yamangil, András Prékopa

Abstract.We consider a probabilistic constrained stochastic programming problem
with discrete random variables. Two methods, a cutting plane and a column generation method have already been developed for the solution of the problem. In this
paper we blend them together and obtain a method that is faster than the earlier
ones. We also present a refined algorithm for the generation of p-level efficient points
of a discrete distribution.
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Introduction

In this paper we consider the probabilistic constrained stochastic programming problem,
min
s.t.

cT x
Ax
= b
P (T x ≥ ξ) ≥ p
x
≥ 0,

(1)

where ξ = (ξ1 , . . . , ξr )T is a random vector with finite support. Problem (1) has a long history.
A simpler formulation was given in[2], where probabilistic constraints were taken individually.
Joint probabilistic constraints under independent random variables was formulated in [5].
The general case was first studied in [6].
The notion of a p-level efficient point of a discrete distribution was introduced in [7], where
a dual method, for the solution of problem (1), was also proposed. Assuming the knowledge
of all p-efficient points, a cutting plane method was proposed in [9]. First we enumerate all
p-efficient points and then apply the cutting plane method that subsequently generates the
facets of the cunvex hull of the p-efficient points. Not long after that a column generation
method, to generate tight lower and upper bounds was presented in [3], making the numerical
solvability of problem (1) more realistic, as the enumeration of all p-efficient points frequently
led to intractability. The method was later extended to general convex programming with
probabilistic constraints by the same authors [4]. Problem (1) was reformulated as a large
scale mixed integer programming problem with knapsack constraints in [10]. Using bounds
on the probability of the union of events, new valid inequalities for these mixed integer
programming problems have been derived. A general framework to use probability bounds
for the solution of probabilistic constrained stochastic programming problem was presented
in [8]. We also mention [11], where the algorithm in [3] was further explained.
In this paper we
• present a refined method to generate p-efficient points,
• apply a column generation procedure that generates the p-efficient points simultaneously with the solution algorithm,
• present a different formulation of the cutting plane for the disjunctive hull, defined in
[1].
The remainder of this paper is organized as follows. In Section 2 we give a brief description
of pLEP’s. In Section 3 we present an equivalent formulation of problem (1). Then, in
Section 4 we show how to use outer approximation approach to generate cutting planes for
the feasible region. We finalize the description of our algorithm with the column generation
in Section 5. Numerical examples and concluding remarks are provided in Sections 6 and 7,
respectively.
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p-Level Efficient Points

Let Z denote the possible values of the random vector ξ. A point z ∈ Z is called p-level
efficient point (pLEP) of the probability distribution of ξ, if P (ξ ≤ z) ≥ p and there is no
y ∈ Z satisfying y ≤ z, y 6= z, P (ξ ≤ y) ≥ p. Let Ω = {z (1) , . . . , z (N ) } be the set of all
pLEP’s. For algorithmic enumeration of all pLEP’s we use a modification of the method
presented in [9]. Instead of calculating the smallest value subsequently for every random
variable such that the probabilistic constraint is not violated, we enumerate a tree where
every node corresponds to a permutation of {1, . . . , r}. At every node of this tree we carry
out the minimization in the order given by the permutation. Figure 1 visualizes the pLEP’s
on 3 dimensional space, grey shaded region represents P (ξ ≤ p1 ) ≥ p. Also some of the
facets from the convex hull of pLEP’s are highlighted in Figure 1.
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Figure 1: pLEP’s on R3
We note that O(M r!) = O(M rr ) time is required to calculate all pLEP’s (M denotes
the maximum range of the components of the random vector) which further emphasizes the
importance of the use of a column generation method to solve problem (1).

3

Different Formulations

An equivalent formulation of problem (1) is the following,
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min cT x
s.t. Ax = b
T x ≥ z (i)
x ≥ 0.

for at least one i ∈ {1, . . . , N }

(2)

Problem (2) is a disjunctive programming problem. Following Balas [1], we formulate a
relaxation of Problem (2) as follows:
min cT x
s.t. Ax
P
Tx − N
z (i) λ
i=1
PN i
i=1 λi
x
λ

=
≥
=
≥
≥

b
0
1
0
0.

(3)

In many cases it is impractical to enumerate all pLEP’s and solve the above linear programming problem as it is proposed in [9]. In fact, the number of p-efficient points can be
very large even if the number of components of ξ is moderate. For example, in our numerical
example we have obtained more than 14000 p-efficient points for a 6-component ξ. In this
paper, we propose a column generation and a cutting plane algorithm, where instead of enumerating all pLEP’s, our algorithm finds an initial subset of pLEP’s and at every iteration
either generates a new pLEP or a cutting plane, which cuts off a part of the pLEP-free
region.

4

Cutting Plane Algorithm

We adapt the cut generation strategy of [9] with a new formulation of the cut. First we
convert problem (3) to the following:
min cT x
s.t. Ax
= b
T x −z
−u = 0
P
z − N
z (i) λ
= 0
i=1
PN i
= 1
i=1 λi
x
≥ 0
λ
≥ 0
u ≥ 0.

(4)

We generate facets to the set of feasible solutions of the disjunctive polyhedron (Balas,
1975).
K = {z =

N
X
i=1

(i)

z λi |

N
X
i=1

λi = 1, λ ≥ 0}.

(5)
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Let Φ0 = {z (1) , . . . , z (p) } be an initially generated subset of pLEP’s with the follow(i)
(i)
ing property. Let z j = max{zj |i = 1, . . . , N }, ∀j = 1, . . . , r and z j = min{zj |i =
1, . . . , N }, ∀j = 1, . . . , r. Then ∀z ∈ Φ we have
P z ≤ z ≤ z. Clearly such a subset can
be generated efficiently. Also introduce z (0) = p1 pi=1 z (i) , the arithmetic mean of Φ.
Since the set Φ can be concentrated on an affine manifold with dimension smaller than
r, we append the following constraint to the constraints in problem (4):
wlT (z − z 0 ) = 0,

l = 1, . . . , h,

where [w1 , . . . , wh ] is a basis of the vectors z (1) − z (0) , . . . , z (p) − z (0) .
To create the cutting plane in the kth iteration, we formulate the problem:
min P
eT λ
p
(i)
− z (0) )λi = z k − z 0
s.t.
i=1 (z
λ ≥ 0,
where e = (1, . . . , 1)T and (xk , uk , z k ) is the current optimal solution. Let α
value of problem (6). If α ≤ 1, then we terminate the procedure. The
solution(xk , uk , z k ) is an optimal solution to problem (4). Else we generate
Let z (i1 ) − z (0) , . . . , z (ir−h ) − z (0) be an optimal basis to problem (6).
w 6= 0 such that,
wT wi = 0,
wT (z (ij ) − z (i1 ) ) = 0,

(6)
be the optimum
current optimal
a cut as follows.
Then we find a

i = 1, . . . , h
j = 2, . . . , r − h.

If w is determined in such a way that wT (z (0) − z (i1 ) ) > 0, then we supplement the
following cut to our problem:
wT z − wT z (i1 ) ≥ 0.

5

(7)

Column Generation Method

We incorporate the column generation method proposed by [3]. In that paper, instead
of generating cuts with the method of [9], the authors successively generate upper and
lower bounds to the probabilistic constrained problem. When these bounds coincide the
algorithm terminates. Here we propose to generate columns that are better approximates to
the disjunctive
as follows.
 (i ) hull
(0)
1
Let z − z , . . . , z (ir−h ) − z (0) be an optimal basis to problem (6) and π the corresponding dual vector. Since π is dual feasible, we have
(z (i) − z 0 )T π ≤ 1,

∀i ∈ Φ0 .

(8)
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Enumeration
Algorithm

Initialization
Execution

# of pLEPs
pLEP time
# of initial pLEPs
Initial pLEP time
# of gen. pLEPs
# of gen. Rows
CPU time

Dimension r
3
4
5
6
33 187 1461 14856
0.0 0.3 16.2 5638.7
6 24 120
709
0.0 0.0
0.0
0.3
7 35
60
85
4 10
11
9
0.4 1.9
3.9
9.1

Table 1: Computational Study
We look for a new pLEP, z 0 ∈ Φ subject to the condition that (8) is not satisfied, i.e.
(k)
(k)
(z 0 − z 0 )T π > 1. Let z j = max{zj |k = i1 , . . . , ir−h }, ∀j = 1, . . . , r and z j = min{zj |k =
i1 , . . . , ir−h }, ∀j = 1, . . . , r. We can attain such a z 0 by solving the following problem,
max π T z
s.t. P (z ≥ ξ) ≥ p
z
≤ z
z
≥ z

(9)

If we assume that the random variables are independent, we can further simplify problem
(9) in the following way.
Pr Pzi
max
i=1
k=z i kπi δik
Pr Pzi
s.t.
i=1
k=z i log(P (k ≥ ξi ))δik ≥ log(p)
(10)
Pzi
∀i
k=z i δik = 1,
δik ∈ {0, 1}, ∀i, k
If z 0 does not satisfy (8) then we let Φ0 ← Φ0 ∪ {z 0 }, else we generate the cut as described
in Section 4.

6

Numerical Results

We coded all our algorithms in MATLAB 7.11.0. Also we employ the use of linear programming and binary integer programming solver provided by MATLAB Optimization Toolbox
V5.1. We provide the output of our computational test in Table 1.
Computational study strongly encourages the use of column generation cutting plane
method, as we can see in cases of even modestly sized problems. We frequently observe
that the enumeration phase is exhaustive and it quickly becomes intractable. However, the
initial subset of pLEP’s are easy to obtain to start the algorithm, which quickly generates
the required subset of pLEP’s and cuts into the feasible region. The matrices A ∈ R5×15 ,
T ∈ Rr×15 , c ∈ R15×1 and b ∈ R5×1 have been uniformly generated between 0 and 10.
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The components of the random vector ξ = (ξ1 , . . . , ξr )T are independent and have Poisson
distribution in all numerical examples and p = 0.9.

7

Concluding Remarks and Future Research

Quite often the number of pLEP’s grows exponentially, since the complexity of the proposed
method of enumeration is O(M rr ). This explains why enumerative approaches quickly become intractable due to the size of the problem. The Column Generation / Cutting Plane
method presented in this paper gives us an elegant solution method, where we just need to
enumerate a small subset of pLEP’s to start the algorithm and we need to generate a subset
of them, which points to the gradient of the objective function.
As regards future work first we mention that the Column Generation procedure is NPhard (similarly to the Knapsack Problem). A more efficient way of generating the columns
may be necessary for solving large scale stochastic programming problems. Also, the proposed method heavily depends on the initially generated subset of pLEP’s which is also of
exponential complexity. Increasing the efficiency of this method can greatly contribute to the
performance of our algorithm. However, we realize that solving the Disjunctive Programming
problem is NP-hard. Therefore a great increase in efficiency is unlikely.
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