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Béla Vizvárib
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Introduction

A large class of layout problem is when the objects to be placed are represented by rectangles.
The rectangles must be placed without overlap. The objective is to minimize the total
transportation among the objects. The transportation quantity depends on the flow among
the objects and their distances. The rectangles may represent very different kinds of things.
A typical example is that the position of machines and/or cells of a factory are modeled in
this way. The objective is to minimize the total transportation of the semi-finished products.
A general restriction is that the rectangles must have vertical and horizontal edges and
can be rotated by 90, 180, and 270 degrees. Each cell has a pick-up point which is the middle
point of a fixed edge. Transportation is carried out between the pick-up points. There are
four main types of layout in this case. Open field layout does not have any further restriction.
It is the most general type. Vertical and horizontal lines divide the layout into rectangular
parts in the case of ladder layout. Transportation is possible on only these lines and all
pick-up points must lie on the lines. If the track of the transportation is also a rectangle
and the cells can be inside or outside the track then the layout is called closed loop layout.
Finally, if the track is on a single line then the name of the layout is spine.
In the latter case the distances among the pick-up points can be measured easily and the
mathematical models use the exact distances. To the best knowledge of the authors of this
paper, no mathematical model is known in the case of open field and ladder layout which
uses exact distances. The distance of two pick-up point is measured by their l1 distance,
although the vehicle may need to pass a longer distance. In the case of the closed loop layout
there is an exact model [Niroomand-Vizvári 2013].
The main contributions of this paper are models with exact distances. The meaning of
the word ”exact” is that the distance of two points is exactly the length what the vehicle
passes if it goes from one point to other other one. If the distances are measured by Euclidean
distance (l2 distance), then the distance of the points in the layout is their Euclidean distance
if and only if there is no obstacle between the two points, i.e. it is possible ”to see” the other
point from one of the points. If the distances are measured by Manhattan distance (l1
distance) then the distance of two points in the layout is their Manhattan distance if and
only if there is a sequence of adjacent vertical and horizontal intervals such that this sequence
goes from one point to the other one and both vertically and horizontally goes always into
the same direction, for example it goes always up (vertical motion) and right (horizontal
motion). Exact models are provided for both l2 and l1 distances. Both of them is based
on the classical model of [Das 1993]. The model with l1 distance can be considered as an
approximation of the ladder layout.
The latter model is discussed in Section 2, which does not contain new results, however
some necessary notations are introduced even this section. Section 3 gives the model for l2
distances and l1 distance is discussed in section 4.
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2

General Constraints of Layout Problems

The constraints which must be satisfied in all layout problems are discussed based on
[Das 1993]. A very similar model can be found in [Tsai et al. 2011].
It is assumed that the rectangles of the cells have only horizontal and vertical edges and
that the cells are not rotated in any other way. In what follows the words ”rectangle” ans
”cell” will be used as synonims.
An exact model of the layout of the rectangular cells must satisfy the following constraints:
• the cells must not overlap,
• the cells can be rotated by 90, 180 or 270 degrees.
The model uses the coordinates of the central points of the rectangles as variables. However,
the corner points are which must not be covered by other rectangles. The coordinates of the
corner points depend on the rotation of the rectangle. The coordinates of the pick-up points
are also important as the transportation is carried out among them. These coordinates also
depend on the central points and the rotations of the cells. The four corner points and the
pick-up point of a cell are called the critical points of the cell.

2.1

Contstans and variables

The summary of the notations can be found in the next three tables. Each notation is
introduced in the text when it is used first time.
Notations
i, j, p
k, l
ik
jl
q, r
n
si
ti
M
ei5
fij
A

Table 1. Indices
indices of cells
positional index (between 1 and 5)
index of a vertex or pick-up point of cell i
index of a vertex or pick-up point of cell j
rotational index (between 1 and 4)

Table 2. Constants and Parameters
the number of cells
the length of the vertical edge of cell i in the basic position
the length of the horizontal edge of cell i in the basic position
a large positive number
unit vector of cell i
the flow value between cells i and j
the node-arc adjacency matrix of complete
graph of the critical points of the cells
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Table 3. Variables
xi (yi )
horizontal (vertical) coordinate
of the center of cell i
zi
binary variable; it is 1 (0) if cell i
is in a vertical (horizontal) position
xik (yik )
horizontal (vertical) coordinate
of a vertex or pick-up point of cell i
λiq
binary variables describing
the position of the pick-up point
of cell i according to its rotation
eij
max{0, xi − xj }
fij
max{0, xj − xi }
gij
max{0, yi − yj }
hij
max{0, yj − yi }
αij
a binary variable; it is 1 if xi ≥ xj
βij
a binary variable; it is 1 if yi ≥ yj
µij
a binary variable; if it is 1, then cells i
and j are not overlapping
vertically, and if it is 0, then cells i and j
are not overlapping horizontally
dik jl
distance of points ik and jl
Mik jl pr
penalty variable; it is M if the line ik jl
crosses the r-th edge of cell p,
and it is 0 otherwise
γik jl pr , δik jl pr
auxiliary variables for calculating the value
of the penalty variable
uik jl pr , vik jl pr , binary variables for calculating the value
wik jl pr , zik jl pr , of the penalty variable
mik jl pr
ei5
unit vector of cell i
gij
path vector between pick up points i5 and j5

2.2

Vertices of cells

Cell i is a rectangle of size si × ti such that in the basic position si (ti ) is the length of
the vertical (horizontal) edge. Basic rotation means 0 degree of rotation. The cells are
represented by their center. The position of a cell is vertical (horizontal) if the position of
its edge of length ti is vertical (horizontal). The position is described by the binary variable
zi .
All vertices of cell i have an index ik , where k = 1, 2, 3, 4. The index of the upper left
vertex is i1 , and so on, clockwise. The index of the lower left vertex is i4 .
The horizontal coordinates of the vertices of cell i are described by the following con-
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Figure 1: The indices of the vertices and the pick-up point of cell i.
straints:
1 − zi
ti −
2
1 − zi
xi2 = xi3 = xi +
ti +
2

xi1 = xi4 = xi −

zi
si
2
zi
si
2

(1)
(2)

The vertical coordinates of the vertices of cell i are described similarly:
1 − zi
si +
2
1 − zi
si −
yi3 = yi4 = yi −
2
yi1 = yi2 = yi +

2.3

zi
ti
2
zi
ti
2

(3)
(4)

Pick-up points of cells

This case the coordinates of the pick-up point of cell i depends only on the rotation of the
cell in the layout. The rotation of cell i is described by four binary variables, λi1 , λi2 , λi3 ,
and λi4 defined as follows:
(

λi1 =

1 if the pick-up point is on the right side of the center
0 otherwise

(

λi2 =

1 if the pick-up point is below the center
0 otherwise

RRR 1-2014, May 2014

(

λi3 =

Page 5

1 if the pick-up point is on the left side of the center
0 otherwise

(

λi4 =

1 if the pick-up point is above the center
0 otherwise

The λ and z variables are not independent. Two equations must hold between them.
The cell is in a vertical position if the pick-up point is below or above the center. Thus,
zi = λi2 + λi4

(5)

1 − zi = λi1 + λi3 .

(6)

implying that

The index of the pick-up point of the cell is i5 ; i.e. k = 5. The two coordinates of the
pick-up point of cell i are
si
2

(7)

si
yi5 = yi + (λi4 − λi2 ) .
2

(8)

xi5 = xi + (λi1 − λi3 )
and

2.4

Non-overlapping constraints

Two cells are overlapping if and only if their centers are too close to each other. The minimal
required horizontal (vertical) distance such that two cells are not overlapping is half the sum
of the length of their edges in the horizontal (vertical) position. The sum depends on the
rotation of the cells. Notice that eij + fij (gij + hij ) is the horizontal(vertical) distance of the
centers of the cells i and j. If there is no horizontal (vertical) overlap, then the distance must
be at least as long as the sum of the two horizontal (vertical) half edges. This requirement
is described by the following inequalities (for all i, j, i 6= j):
1 − zi
zi
1 − zj
zj
ti − si −
tj − sj ≥ −M µij
2
2
2
2

(9)

1 − zi
zi
1 − zj
zj
si − ti −
sj − tj ≥ −M (1 − µij ).
2
2
2
2

(10)

eij + fij −
and
gij + hij −
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It is difficult to use the formulae of eij , fij , gij , and hij explicitly in an optimization
problem; therefore, they are described implicitly by the following constraints:
xi − xj = eij − fij
yi − yj = gij − hij
eij ≤ M αij
fij ≤ M (1 − αij )
gij ≤ M βij
hij ≤ M (1 − βij ).

(11)
(12)
(13)
(14)
(15)
(16)

To complete the model, the technical constraints defining the type of the variables must
be mentioned. Without loss of generality, we may assume that the cells are in the nonnegative
quarter of the plane:
xi , yi , xik , yik ≥ 0.

(17)

The distance variables are also nonnegative:
eij , fij , gij , hij ≥ 0.

(18)

zi , λiq , µij , αij , βij = 0 or 1.

(19)

All other variables are binary:

Notice that the inequalities (9) and (10) handle both overlapping and rotation. Constraints (13) and (14) with nonnegativity ensure that at least one of eij and fij is equal to
zero.

3

Exact Mathematical Model for l2 Distances

In our main model we use the Euclidean distance for the ik and jl points if there are no cells
between the points. Otherwise the distance will be M .

3.1

Distance of two vertices of the same cell

The distance between two adjacent vertices of cell i is the length of the edge:
di1 i2 = di3 i4 = zi si + (1 − zi )ti ,
di2 i3 = di1 i4 = zi ti + (1 − zi )si .

(20)
(21)

Moving directly between opposite vertices is not feasible, thus
di1 i3 = di2 i4 = M.

(22)
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Distance of a vertex and the pick-up point of the same cell

The distance of the pick-up point of cell i and its next vertices is the half of the length of
the edge, i.e. t2i . Moving directly between the pick-up point and the opposite vertices of the
same cell is not feasible, thus in this case the distance is M :
ti
di5 i1 = (λi1 + λi2 )M + (λi3 + λi4 ) ,
2
ti
di5 i2 = (λi2 + λi3 )M + (λi1 + λi4 ) ,
2
ti
di5 i3 = (λi3 + λi4 )M + (λi1 + λi2 ) ,
2
ti
di5 i4 = (λi1 + λi4 )M + (λi2 + λi3 ) .
2

3.3

(23)
(24)
(25)
(26)

Distance of two points of two different cells

The distance of points ik and jl is the Euclidean distance if and only if there is a feasible
segment between the two points, i.e. there are no cells between the points. Otherwise the
distance will be increased by M , thus
dik jl =

q

(xik − xjl )2 + (yik − yjl )2 +

4
n X
X

Mik jl pr ,

(27)

p=1 r=1

where Mik jl pr is a penalty variable; it is M if the line ik jl crosses the r-th edge of cell p and
it is 0 otherwise.
If r = 1, then the r-th edge of cell p is the vertical edge between points p2 and p3 . Then
there exists the unique value γik jl p1 for which:
xp2 = xp3 = γik jl p1 xik + (1 − γik jl p1 )xjl .

(28)

Moreover there exists the value δik jl p1 which satisfies the following equation:
γik jl p1 yik + (1 − γik jl p1 )yjl = δik jl p1 yp2 + (1 − δik jl p1 )yp3 .

(29)

If the segment between ik and jl crosses the 1st edge of cell p, then both of the values γik jl p1
and δik jl p1 are between 0 and 1, and (28) determines the horizontal, and (29) determines the
vertical coordinate of the cross-point.
Similarly, if r = 3, then there exist the same γik jl p3 and δik jl p3 , thus:
xp1 = xp4 = γik jl p3 xik + (1 − γik jl p3 )xjl
γik jl p3 yik + (1 − γik jl p3 )yjl = δik jl p3 yp1 + (1 − δik jl p3 )yp4 .

(30)
(31)

If r = 2 or r = 4, then the edge of cell p is horizontal, thus the vertical equation
is described first. If r = 2, then there exist the only δik jl p2 and γik jl p2 which satisfy the
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Figure 2: The vehicle cannot use a track like the dashed line as it intersects a cell. There
are two ways to go from A to B: (i) AEFB, and (ii) ACDB.

RRR 1-2014, May 2014

Page 9

following:
yp4 = yp3 = δik jl p2 yik + (1 − δik jl p2 )yjl
δik jl p2 xik + (1 − δik jl p2 )xjl = γik jl p2 xp4 + (1 − γik jl p2 )xp3 .

(32)
(33)

Similarly, if r = 4, then there exist the same δik jl p4 and γik jl p4 , thus:
yp1 = yp2 = δik jl p4 yik + (1 − δik jl p4 )yjl
δik jl p4 xik + (1 − δik jl p4 )xjl = γik jl p4 xp1 + (1 − γik jl p4 )xp2 .

(34)
(35)

For example if r = 4, then the segment between ik and jl crosses the 4th edge of cell p if
and only if, then both of the values δik jl p4 and γik jl p4 are between 0 and 1.
If 0 < γik jl pr < 1, then for feasibility of the following two inequalities the values of the
two binary variables need to be equal with 1. Otherwise need not.
1 − γik jl pr − uik jl pr M ≤ 0
γik jl pr − vik jl pr M ≤ 0

(36)
(37)

Similarly, in the following inequalities w and z are both equal with 1 if 0 < δik jl pr < 1.
1 − δik jl pr − wik jl pr M ≤ 0
δik jl pr − zik jl pr M ≤ 0

(38)
(39)

If the segment between ik and jl crosses the r-th edge of cell p, then all four binary
variables are 1, otherwise they need not. Therefore in the following inequality the value of
m is 1 if the segment crosses the edge:
uik jl pr + vik jl pr + wik jl pr + zik jl pr ≤ 3 + mik jl pr .

(40)

Thus the penalty is determined by the following:
Mik jl pr = mik jl pr M.

3.4

(41)

Minimal cost flow

The final main step is the formulation of the objective function. It is the minimization of
the sum of the flow between cells weighted by the distance of the pick-up points of the cells,
where the edges of the graph are the edge points and the pick-up points.
The following constraint determines a path from pick-up point i5 to pick-up point j5 , for
all non-negative flow value fij :
Agij = ei5 − ej5 ,

(42)

where A is the node-arc adjacency matrix of the complete graph consisting of the critical
points of all cells.
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Finally the distance weighted with the flow among the cells is minimized, i.e., the objective function is
min

X

fij dT gij ,

(43)

i,j

where d is the distance vector from values dik jl .
To complete the model, the technical constraints defining the type of the variables must
be mentioned. The distance variables are also nonnegative:
dik jl ≥ 0.

(44)

The path variables are also nonnegative:
gik jl ≥ 0.

(45)

µij , uij kl pr , vij kl pr , wij kl pr , zij kl pr , mij kl pr = 0 or 1.

(46)

All other variables are binary:

4

Model for l1 Distances

In the second model the positions of the cells are similar, but distances are measured by
vertical and horizontal moves. Thus the non-overlapping constraints which ensure the feasibility of the solutions are not discussed again. Similarly, if the distances of the points of the
model are determined then the minimal paths can be obtained in the same way as in the
previous model. The model is based on a new notion of turning point. First, this notion is
discussed. After that the new notations are introduced. The exact l1 distances are discussed
at the end of this section.

4.1

Turning points

Let A = (a1 , a2 ) and B = (b1 , b2 ) two points on the plane which are not on the same
vertical or horizontal lines, i.e. a1 6= b1 and a2 6= b2 . Assume that there is no any obstacle
on the plane, thus the l1 -walker can go without any restriction. There are two paths of
minimal l1 length from A to B such that the direction of the move changes only once. Either
the l1 -walker goes first horizontally to the (b1 , a2 ) point and then vertically from (b1 , a2 ) to
(b1 , b2 ) = B, or he goes first vertically to the point (a1 , b2 ) and then from here to B. The
points (b1 , a2 ) and (a1 , b2 ) are the turning points determined by A and B.
The meaning of the turning point from the point of view of engineering is that it is a
point where the vehicle may turn +90 or -90 degree. There are infinite many turning points,
however there is an optimal solution in which the turning points are determined by the
critical points of the cells.

RRR 1-2014, May 2014
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Figure 3: The route of the l1 walker via point A is infeasible, however the use of point B is
possible.
The coordinates of the vertices and pick-up points are the same as at the main model.
These critical points are also turning points by definition. The coordinates of all other
turning points are chosen from the coordinates of vertices and pick-up points. Cell i gives at
most three different horizontal and at most three different vertical value: xi1 , xi3 , xi5 , and
yi1 , yi3 , yi5 . (And of course one of xi5 and yi5 is not different from the value of vertex i1 or
i3 .)
All possible turning points (xik ; yjl ) are constructed, where k, l ∈ {1, 3, 5}. It means that
there are 3n · 3n turning points with multiplicity (from the equation of one coordinate of the
pick-up points, or from the equation of coordinates of separate vertices or pick-up points).
Of course the vertices and the pick-up points all are elements of turning points, for example
the pick-up points are the turning points, where i = j and k = l = 5.
Some of the turning points are inside cells. These points cannot be used, i.e. any distance
between such a point and any other turning point must be at least M . Similarly, if there is
an obstacle on both l1 track of the turning point then their distance must be at least M .

RRR 1-2014, May 2014
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4.2

New or modified constants and variables
Notations
Table 1. New or modified constants and variables used in the model
ϕ, ψ, ϑ, %, i
indices of cells
index
η, ω, ξ, ζ
positional indices (between 1 and 5)
index
dϕη ψω %ζ ϑξ
distance of turning points
variable
eϕη ψω
max{0, xϕη − xψω }
variable
fϕη ψω
max{0, xψω − xϕη }
variable
gϕη ψω
max{0, yϕη − yψω }
variable
hϕη ψω
max{0, yψω − yϕη }
variable
Vψω ϑξ %ζ
penalty variables
variable
H ϕ η ϑ ξ %ζ
γψω ϑξ %ζ , δϕη ϑξ %ζ
auxiliary variables for calculating the value variable
of the penalty variable
uψω ϑξ %ζ , vψω ϑξ %ζ , binary variables for calculating the value
wϕη ϑξ %ζ , zϕη ϑξ %ζ , of the penalty variables
variable
mψω ϑξ %ζ , oϕη ϑξ %ζ
eϕη ψω i
max{0, xϕη − xi }
variable
variable
fϕη ψω i
max{0, xi − xϕη }
gϕη ψω i
max{0, yi − yψω }
variable
hϕη ψω i
max{0, yψω − yi }
variable
Mϕ η ψ ω i
penalty variable
variable
µϕη ψω i , νϕη ψω i
binary variables for calculating the value
p ϕη ψ ω i
of the penalty variables
variable

4.3

Distances of turning points

Two turning points are neighbours, if their horizontal or vertical coordinates are the same
and there is no any turning point between these points. In the modified model, the horizontal
or vertical distances of neighbours are used only. Otherwise the distances will be at least M .

4.3.1

The distance of two turning points with different indices

If the two turning points (xϕη , yψω ) and (x%ζ , yϑξ ) have not the same horizontal or vertical
coordinates than the distance is equal with M , i.e. for all ϕη 6= %ζ and ψω 6= ϑξ :
dϕη ψω %ζ ϑξ = M.

(47)

RRR 1-2014, May 2014
4.3.2

Page 13

Vertical distance

The distance of the two turning points (xϕη , yψω ) and (xϕη , yϑξ ) is the following. For all ϕη
and ψω 6= ϑξ :
dϕη ψω ϕη ϑξ = gψω ϑξ + hψω ϑξ +

X

Vψω ϑξ %ζ +

%ζ 6=ψω ,ϑξ

X

M ϕη ψ ω i +

i

X

M ϕ η ϑξ i ,

(48)

i

where g + h is the vertical distance of the points. Notice, that describing of g and h is similar
to (11 − 16). Vψω ϑξ %ζ is a penalty variable which value is equal with M , if y%ζ is between yψω
and yϑξ , i.e. the turning points are not neighbours; and it is equal with 0 otherwise. Mϕη ψω i
(Mϕη ϑξ i ) is a penalty variable which value is equal with M , if point (xϕη , yψω ) ((xϕη , yϑξ )) is
inner point of cell ϕ.
There exists the unique value γψω ϑξ %ζ for which:
y%ζ = γψω ϑξ %ζ yψω + (1 − γψω ϑξ %ζ )yϑξ .

(49)

If y%ζ is strictly between yψω and yϑξ , then the value γψω ϑξ %ζ is strictly between 0 and
1. At this case for feasibility of the following two inequalities the values of the two binary
variables need to be equal with 1 and otherwise need not.
1 − γψω ϑξ %ζ − uψω ϑξ %ζ M ≤ 0
γψω ϑξ %ζ − vψω ϑξ %ζ M ≤ 0

(50)
(51)

Hence, the value of mψω ϑξ %ζ is 1 if y%ζ is strictly between yψω and yϑξ :
uψω ϑξ %ζ + vψω ϑξ %ζ ≤ 1 + mψω ϑξ %ζ .

(52)

Thus the penalty is determined by the following:
Vψω ϑξ %ζ = mψω ϑξ %ζ M.

(53)

If y%ζ is not strictly between yψω and yϑξ , then the value γψω ϑξ %ζ is either at least 1 or at
most 0. Hence, at least one of uψω ϑξ %ζ and vψω ϑξ %ζ can be 0. The objective function decides
on the value of the variable in an optimal way.
The calculation of the inner point penalty for turning point (xϕη , yψω ) and cell i is the
following:
1 − zi
zi
eϕη ψω i + fϕη ψω i −
ti − si ≥ −M µϕη ψω i
(54)
2
2
and
zi
1 − zi
zi
gϕη ψω i + hϕη ψω i − ti −
si − ti ≥ −M νϕη ψω i .
(55)
2
2
2
The definitions of e, f , g, and h is similar to (11 − 16), again. From this
µϕη ψω i + νϕη ψω i ≤ 1 + pϕη ψω i .

(56)

Thus the penalty is determined by the equation:
Mϕη ψω i = pϕη ψω i M.

(57)

The calculation of inner point penalty for turning point (xϕη , yϑξ ) and cell i is the same.
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4.3.3

Horizontal distance

The distance of the two turning points (xϕη , yψω ) and (xϑξ , yψω ) is the following. For all
ϕη 6= ϑξ and ψω :
dϕη ψω ϑξ ψω = eϕη ϑξ + fϕη ϑξ +

X

H ϕ η ϑξ % ζ +

%ζ 6=ϕη ,ϑξ

X

M ϕη ψ ω i +

i

X

M ϑξ ψ ω i ,

(58)

i

where e + f is the vertical distance of the points, describing of e and f is similar to (11 − 16).
Hϕη ϑξ %ζ is a penalty variable which value is equal to M , if x%ζ is between xϕη and xϑξ , i.e.
the turning points are not neighbours; and it is equal with 0 otherwise. Mϕη ψω i (or Mϑξ ψω i )
is a penalty variable which value is equal with M , if point (xϕη , yψω ) (or (xϑξ , yψω )) is inner
point of cell i.
There exists the unique value δϕη ϑξ %ζ for which:
x%ζ = δϕη ϑξ %ζ xϕη + (1 − δϕη ϑξ %ζ )xϑξ .

(59)

If x%ζ is between xϕη and xϑξ , then the value δϕη ϑξ %ζ is between 0 and 1. At this case for
feasibility of the following two inequalities the values of the two binary variables need to be
equal to 1 and otherwise need not.
1 − δϕη ϑξ %ζ − wϕη ϑξ %ζ M ≤ 0
δϕη ϑξ %ζ − zϕη ϑξ %ζ M ≤ 0

(60)
(61)

Therefore in the following inequality the value of oϕη ϑξ %ζ is 1 if x%ζ is between xϕη and xϑξ :
wϕη ϑξ %ζ + zϕη ϑξ %ζ ≤ 1 + oϕη ϑξ %ζ .

(62)

Thus the penalty is determined by the following:
Hϕη ϑξ %ζ = oϕη ϑξ %ζ M.

(63)

If x%ζ is not strictly between yϕη and yϑξ , then the value γψω ϑξ %ζ is either at least 1 or at
most 0. At least one of wϕη ϑξ %ζ and zϕη ϑξ %ζ can be 0. The objective function decides on the
value of the variable in an optimal way.
Calculating of inner point penalty for turning point (xϕη , yψω ) and cell i is similar to
vertical case.

4.4

Minimal cost flow

The structure of the objective function is identical to the structure of the first model.
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Conclusions

This paper contains two exact models for open field version of the rectangular layout problem.
The open field version is the most general version. The expression ”exact model” means that
not only the contraints are correct but even the objective function is. The objective function
was approximated in the earlier models by an l1 type distance measuring the lengths of
infeasible routes. The non-exactness of the previous models is also reflected by the fact that
some known solutions obtained by meta-heuristics can be improved by obvious ways. In
the new models the objective function contains the lengths of feasible routes of the vehicle
which can move in the models in l2 or l1 way, repectively. To the best knowledge of the
authors, these are the first exact model for the open field case. The only exact model so far
is [Niroomand-Vizvári 2013] concerning to the closed loop case when the track of the vehicle
is also a rectangle. The new models can be the starting points of the development of new
meta-heuristic methods.
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