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Abstract. Trying to improve the algorithm [10], Leonid Khachiyan raised the
following natural combinatorial game-theoretic problem, one of the few remaining
natural problems in NP ∩ coNP unknown to be in P, and generalizing Minimum
Cost Average Cycles.

Blocking Negative Cycles. Given a finite edge-weighted digraph without
sinks (every vertex has an outgoing edge) and a subset C of its vertices, can we
choose one otgoing edge from each vertex in C (and throw away all other outgoing
edges from C) in such a way that the remaining digraph has no negative-weight
cycles reachable from a distingushed starting vertex? 2

(I.e., one player forbids edges so as the other cannot construct negative cycles.)
This problem appears as a subproblem in computing values and constructing ergodic
partitions in the celebrated Mean Payoff Games [5, 6, 10]. Until now a strongly
polynomial solution for the above problems appeared elusive. All existing algorithms
were superpolynomial : [10, 14, 16, 2, 15] suggested pseudopolynomial algorithms,
with the number of iterations proportional to the maximum absolute edge weight,
whereas [4] described a subexponential, in the number of vertices, algorithm.

This paper settles the problem by showing, for the first time, that Blocking
Negative Cycles in cyclic Mean Payoff Games, as well as p-Mean Partition
(partition vertices into subsets with mean values < p and ≥ p), are strongly polyno-
mial time solvable, independently of the edge weight.

Key words: cyclic games, mean payoff games, optimal strategy, strongly polyno-
mial algorithms.



1 Introduction

Mean Payoff Games (MPG for short) were introduced and studied in [5, 13, 6, 10]. Consider
a finite edge-weighted digraph G = (V, E, w) with every vertex possessing an outgoing edge,
the set of vertices V partitioned into subsets VMax of Max player and VMin of Min player,
n = |V |, m = |E|, and W = maxe∈E |w(e)|. Starting in a vertex v0 the players move a pebble
along edges ad infinitum, constructing a sequence of edges vi, i = 0, . . . ,∞. If the pebble is
in a vertex vi ∈ VMax then Max selects an outgoing edge from vi and moves the pebble to
its destination vertex vi+1; otherwise Min makes the analogous choice and move.

Players Max and Min are adversary, the first one wants to maximize, whereas the second
one wants to minimize, respectively, the values

lim inf
k→∞

1

k

k−1∑

i=0

w(vi, vi+1), and lim sup
k→∞

1

k

k−1∑

i=0

w(vi, vi+1). (1)

The finite zero-sum version of MPGs is similar [6]: a finite MPG develops until the first
vertex repetition occurs, at which point the mean of the resulting simple cycle is declared to
be the value (paid by Min to Max).

It turns out that the infinite and finite versions of MPGs are equivalent [6]. In particular,
every vertex v0 ∈ V has a value ν(v0) equal to both limits in (1). The players can secure
this value, each by applying a pure positional strategy (i.e., a deterministic choice of one
outgoing edge per his vertex) resulting in a simple cycle with the mean equal to ν(v0). If
one of the players deviates from his optimal strategy, he can only reach a worse value. Also,
revealing a strategy in advance is not a disadvantage [6, 10]. Moreover, when one player fixes
his pure positional strategy, an optimal counterstrategy of his adversary is polynomial time
computable (e.g., by Karp’s minimal average cycle algorithm). Consequently the problem
whether the value of a vertex is above or below a certain threshold is in NP ∩ coNP. [6,
10, 16]. However, until now no polynomial algorithms were known. [6, 10] suggested
exponential algorithms for finding values. Later [16, 14, 2, 15] developed pseudopolynomial
in W algorithms. A step forward was achieved in [4], where a subexponential in n and
simultaneously pseudopolynomial in W algorithm was introduced. Finally, in the particular
case of nonnegative edge weights, [12] suggested a strongly polynomial (in n) algorithm.
Unfortunately, it does not extend to the most interesting general case of arbitrary edge
weights.

In this paper we suggest the first strongly polynomial in n, m algorithm for Blocking
Negative Cycles and related problems. Since the possibility of blocking negative cycles
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depends on a starting vertex of the game (think of the game on two disjoint cycles, one nega-
tive and one positive), it is more convenient to consider the following, strongly polynomially
equivalent, partition problem.

Blocking Negative Cycles (Partition Form). Given an MPG G, find a partition
of its vertices into the sets G≥0, G<0 starting from which Max can enforce nonnegative and
Min can enforce negative cycles. 2

In [4] we considered the following strongly polynomially equivalent problem.

p-Mean Partition: given an MPG G and a threshold p ∈ R, find a partition of its
vertices into the sets G≥p, G<p starting from which Max can enforce cycles of mean weight
≥ p and Min can enforce cycles of mean weight < p. 2

To address this problem, in [4] we introduced the following “controlled” analog of the
standard shortest paths problem; cf., [11].

Longest Shortest Paths.

Given: a weighted digraph (without 0-weight cycles) with a sink and a set of controlled
vertices.

Find: a selection of exactly one outgoing edge from each controlled vertex maximizing the
lengths of the shortest paths from each vertex to the sink. 2

As it was pointed out by V. Gurvich and L. Khachiyan, this problem is related to (but
different from) the NP-hard problem addressed in [8]; see also [11]. The main contribution
in [4, 3] was to show that the Longest Shortest Paths problem can be solved in ran-
domized subexponential (and simultaneously pseudopolynomial) time. For that purpose we
developed an iterative improvement optimization algorithm based on combinatorial linear
programming. Blocking Negative Cycles and p-Mean Partition easily reduce to
Longest Shortest Paths [4].

The following problem is from [10].

Ergodic Partition: given an MPG find the partition of its vertices into classes with
equal values (and compute these values). 2

By standard dichotomy and approximation techniques, it is (nonstrongly) polynomially
reducible to 0-Mean Partition, with the number of iterations proportional to the size of
the game graph and log W , the length of the binary representation of the largest absolute
edge weight [10, 4].

Proposition 1.1 Finding values of MPGs is polynomial time reducible to the 0-Mean Par-
tition problem.

Proof. For an arbitrary MPG, adding a constant k to every edge weight adds k to every
vertex value; multiplying every edge weight by a constant k multiplies every vertex value by
k. This is because values are defined by mean values of optimal simple cycles wrt positional
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strategies, and because every cycle mean changes by additive or multiplicative constant,
respectively. Therefore, partitioning with a rational mean threshold reduces to the 0-Mean
Partition.

Values of MPG vertices are rationals with numerators and denominators up to nW and n,
respectively. If a value is known to belong to an interval of length ≤ 1/n2, then it is uniquely
determined. By dichotomizing the range [−W, W ] with rational thresholds, polynomially
many in n and log W times, each time invoking the partition algorithm, we may uniquely
determine the value of a vertex [10, 16, 4]. 2

2 Simplifying Assumptions

For technical convenience, throughout the paper, until Section 6, we assume, without loss of
generality, the following special form of MPGs:

1. the game graphs are complete bipartite, i.e., every edge is either from VMax to VMin to
or from VMin to VMax (the players strictly alternate moves), and E = VMax × VMin ∪
VMin × VMax;

2. there are no 0-weight cycles.

These assumptions simplify technical details and help to avoid clutter. Readers familiar
with games know that such games form a reduction class for general MPGs and may skip
Section 6 altogether.

Let us note that in MPGs satisfying the assumptions above either Max can block negative
cycles from all vertices or cannot block any such cycles from any vertex, i.e., Min can block
positive cycles. Therefore, from the decision point of view such games represents a YES/NO
question. Moreover, such games are ergodic, i.e., every vertex has the same value. By
Proposition 1.1, our algorithm will be easily adaptable to answer a more general Value
Decision Problem for MPGs: whether the (unique) value (of all vertices) of such a
game is below or above a given threshold.

3 LP Formulation for MPGs

The definition below does not assume that an MPG is bipartite nor complete, i.e., applies
to general MPGs. The idea is to say that every Max vertex is ≥ and every Min vertex is ≤
than its successors wrt weighted edges, but using equality and nonnegative slack variables
instead of inequalities. We will later see the adequacy of this definition.

Definition 3.1 (Linear Slack Constraints [15]) For an MPG G let SG, called slack con-
straints, be the following system of linear constraints:
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1. for every edge x
w
→ v with x ∈ VMax write constraints

x = v + w + sxv, (2)

sxv ≥ 0, (3)

where sxv is a Max slack variable associated to the edge;

2. similarly, for every edge y
w′

→ v with y ∈ VMin write constraints

y + s′yv = v + w′, (4)

s′yv ≥ 0, (5)

where s′yv is a Min slack variable associated to the edge. 2

Unfortunately, this trick does not allow for expressing the max and min functions, which
would further require that at least one slack associated to all outgoing edges equals zero (and
would immediately solve the problem). Such a requirement is expressible as “the product
of all slacks associated to outgoing edges from a vertex equals zero”. This is, however, a
nonlinear constraint, leading to a nonconvex and nonconcave program. We will achieve the
same goal differently, in a more sophisticated way.

We adopt the convention that primed s′ and w′ denote Min slacks and weights of edges
outgoing from Min vertices, while unprimed s and w will denote slacks and weights associated
with Max vertices. Max variables will be denoted x and Min variables by y. In the sequel
we will freely identify edges with their corresponding equality constraints and vertices with
their corresponding variables.

The simple LP-formulation above is adequate for expressing interesting MPG properties
to be discussed below. We start with the simplest, but very useful

Proposition 3.2 For a cycle in an MPG G let wi, si, s′i (for i ∈ I) be the weights of all
edges, all Max slacks, and all Min slacks on the cycle. Then SG implies

∑

i∈I

wi +
∑

i∈I

si −
∑

i∈I

s′i = 0. (6)

Proof. Just sum up left- and right-hand sides of the equalities corresponding to edges on
the cycle. Variables xi, yj disappear by telescoping. 2

This proposition partially explains why the bipartite assumption is useful. Indeed, when-
ever a positive weight cycle traverses only Max vertices in G, or a negative weight cycle
traverses only Min vertices, the system SG is infeasible, because (6) cannot be satisfied.
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4 The Target Function

We will be interested in minimizing, for the reasons to become clear shortly, the following
linear target function:

f(x, y, s, s′) = 1T s + n2 · 1T x, (7)

where n is the total number of game vertices, and x, y, s, s′ are vectors of Max and Min
variables and their associated slacks. Two occurrences of 1 denote the all-ones vectors of
appropriate dimensions. As usual, vectors are columns, the superscript T denotes the matrix
(vector) transposition, and the scalar product is denoted by juxtaposition.

Thus, the target function (7) is just the sum of all Max slacks plus the sum of all Max
variables times n2 (a constant for every fixed dimension n). The purpose of this multiplication
will become clear later in the proof of Proposition 5.8.

5 Properties of Feasible Solutions and Target Function

Recall that we globally assume preconditions stipulated in Section 2, thus omitting them
from the premises of all claims.

Feasible solutions of MPG LPs can be shifted up and down:

Proposition 5.1 If x, y, s, s′ is a feasible solution to the linear constraints S corresponding
to an MPG, then x + δ1, y + δ1, s, s′ is also a feasible solution to S, where δ ∈ R and two
occurrences of 1 are all-ones vectors of appropriate dimensions.

Proof. Immediate, due to bipartiteness. 2

We will call the transformation from the above Proposition the δ-shift of a feasible solu-
tion.

As a consequence, to work with finite optima, we can (have to) arbitrarily fix the value
of one variable as follows.

Proposition 5.2 Let S be the linear constraints corresponding to an MPG. Then the opti-
mum of the LP

minimize f(x, y, s, s′) subject to S ∪ {y1 = 0} (8)

is finite.

Proof. Every feasible solution should satisfy xi ≥ y1 + wi1 = 0 + wi1, and s ≥ 0. 2
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Note that this is not true, if complete bipartiteness is not required.

We could have selected to fix any other Min variable yi = 0 instead. Let us denote by
LPi the linear program (8) with the constraint yi = 0 instead of y1 = 0, which will be useful
in the future development.

The next property is crucial. Call an edge with associated slack 0 a tight edge.

Proposition 5.3 Every minimal solution of (8) satisfies the following 0-in-out property:

for every vertex at least one incoming or outgoing edge is tight.

Proof. Suppose a Max-variable has all associated slacks, corresponding to incoming and
outgoing edges, greater than 0. Then the value of this vertex as well as the values of all
these slacks can be simultaneously diminished by some value δ (e.g., by the minimum of all
such slacks), keeping feasibility and decreasing the value of the target function (7).

Similarly, if a Min-variable has all associated slacks nonzero, its value can be increased1

by a positive (e.g., by the minimum of these slacks δ) value, and all associated slacks de-
creased by the same value. This gives a feasible solution with a smaller target value. (A minor
modification is needed for the distinguished variable y1: we first decrease ALL variables by
δ, then proceed as before.) 2

0-in-out property was introduced and investigated in [15].

For brevity, feasible solutions satisfying the 0-in-out property will be called 0-in-out
feasible solutions. Some such solutions are very important for our purposes, since they
immediately represent solutions to the games (which once again illustrates the adequacy of
the LP-formulation):

Proposition 5.4 For a feasible solution of the system of slack constraints S corresponding
to an MPG the following holds:

1. if every Max-vertex has an outgoing tight edge, then Max can enforce positive weight
cycles from every vertex;

2. if every Min-vertex has an outgoing tight edge, then Min can enforce negative weight
cycles from every vertex.

(Note that at most one2 can hold because of our assumptions and determinacy of MPGs.)

Proof. By Proposition 3.2, the sum of slacks and weights along any cycle that results is

∑

cycle

si −
∑

cycle

s′j +
∑

cycle

wk = 0. (9)

1This explains why we do not include Min variables in the target function.
2Below we show that there is a feasible solution satisfying exactly one of the alternatives.
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Since the first term is 0 whenever Max uses only his tight edges, the third term is
positive; recall we assume wlog the absence of 0-weight cycles. In case 2, Min always uses
his tight edges and analogously, by (9), secures negative cycles. 2

Not every feasible solution with the 0-in-out property satisfies the cases 1 or 2 of Propo-
sition 5.4. What happens in general for such a solution? Here is the answer.

Definition 5.5 (NX-Partition) Consider an arbitrary 0-in-out feasible solution to the sys-
tem of linear constraints corresponding to an MPG. Everything below will be defined wrt this
solution. Let N0 be the set of Min-vertices without outgoing tight edges, and X0 be the set
of Max-vertices without outgoing tight edges.

(Temporarily) Ignore all non-tight edges. Let N be the set of all vertices from which Max
can force the play into N0, and X be the set of all edges from which Min can force the play
into X0, if both players use only tight edges. 2

We may assume wlog that both N0 and X0 are nonempty; otherwise, Proposition 5.4
applies immediately. Additionally, both N and X are acyclic, by the absence of 0-weight
cycles.

We have the following properties justifying the term “partition” in Definition 5.5.

Proposition 5.6 1. The sets N , X form the partition of the game vertices.

2. There are no tight edges of Max from X to N and no tight edges of Min from N to
X. Although, there may be tight edges of Max from N to X and tightly edges of Min
from X to N ; see Figure 1.

Proof. Since N , X are acyclic, apply topological sorting. Proceeding in the resulting topo-
logical ordering, start constructing X, N by setting X = X0, N = N0. Then continue as
follows:

1. if all tight successors of a Max-vertex v are already determined to be in X, then v ∈ X
as well;

2. if some tight successor of a Max-vertex v is in N , then v ∈ N as well;

3. if at least one tight successor of a Min-vertex v is in X then v ∈ X as well;

4. if all tight successors of a Min-vertex v are already determined to be in N , then v ∈ N
as well.

Since we proceed in the (acyclic) topological ordering, for every vertex its X or N its mem-
bership is always uniquely defined; thus X, N form a partition.

The second claim follows directly by definition of N , X and by inspection. 2
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May be non-tight ONLY

May be non-tight ONLY

May be either tight or non-tight

May be either tight or non-tight

X N

shift down

Figure 1: A nontrivial NX-partition with possible edges crossing the cut. Round (square)
vertices and outgoing edges belong to Max (Min, resp.). Vertical arrows near the edges show
what happens with associated slacks when the whole X-partition is drawn down, which is
always possible since the corresponding slacks are strictly positive.

A partition is called nontrivial if both X and N are nonempty. Figure 1 graphically rep-
resents such a partition. The following proposition shows how one 0-in-out feasible solution
determines another one by “shifting down” (or decreasing) simultaneously all vertices in X.

Proposition 5.7 For every 0-in-out feasible solution to the system of linear constraints S
for an MPG defining a nontrivial NX-partition, one can define another 0-in-out-feasible
solution by shifting down the X-part as follows:

1. select the minimal slack δ among associated to Max edges from X to N and to Min
edges from N to X (recall that all such edges are non-tight, so δ > 0);

2. decrease all values of vertices in X by δ.

Proof. Obviously, the result of the modification will again be a 0-in-out feasible solution.
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This is because of the simple invariant that holds during the shifts: if a vertex has an
outgoing tight edge, it will still have one after the shift. 2

We postpone the discussion of the minor problem when the fixed variable y1 = 0 appears
to be in X. This can be easily repaired by first shifting up all x, y variables by δ.

Note that after the shift down, an NX-partition may change nonmonotonically3, and
has to be recomputed, because new tight edges appear. Such iterative recomputation al-
ways terminates and leads to the final trivial NX-partition (one of X or N is empty), when
Proposition 5.4 applies. The associated algorithm (very similar to the potential transfor-
mation algorithm of [10]) is described in [15]. Unfortunately, this algorithm can make too
many iterations of drawing-down and recomputing changing NX-partitions. Actually, it is
pseudopolynomial, i.e., O(W · poly(n)), where W is the maximal absolute edge weight in a
game. There are known examples of games on which the algorithm actually makes O(W )
iterations.

Our new algorithm described here is still based on Proposition 5.7, but we do not proceed
iteratively. Instead, we make just one step, relying on the following simple but crucial

Proposition 5.8 During the shift down of the partition X as described in Proposition 5.7
the value of the target function (7) decreases.

Proof. Let nMax and nMin be the numbers of Max and Min vertices in the game, p be the
number of Max vertices in X, q be the number of Min vertices in X, and n = mMax +nMin.

Let us count (see Figure 2):

Shift down

p

q

Max vertices

Min vertices

X N

Figure 2: An X shift down. Vertical arrows show slack decrease/increase.

1. the number of Max edges from X to N – these decrease their associated slacks (see
Figure 2) – equals p · (nMin − q);

3i.e., in a sequence of shifts the sets N , X may grow and shrink.
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2. the number of Max edges from N to X – these increase their associated slacks (see
Figure 2) – equals (nMax − p) · q.

Therefore, the overall decrease of the sum of Max slacks per unit shift down4 equals

p · (nMin − q) − (nMax − p) · q, (10)

which can be either positive or negative. The worst case is represented by p = 1, q = nMin−1,
when the X shift down has the maximal increase (rather than decrease) in the sum of Max
slacks appearing in the target function. This increase is bounded from above by (n − 1)2.

However, in every unit shift down of X the value of the target function (7) decreases by
at least n2 due to its second term, since at least one Max vertex in X decreases. Hence, the
overall target value decreases by at least one per every unit shift down of the X partition.
2

We are about to make the final step.

Proposition 5.9 An optimal solution to (8) satisfies the 0-in-out property and defines a
trivial NX-partition (thus solving the game by Proposition 5.4).

Proof. The first claim is already proved as Proposition 5.3.
For the second claim, assume, toward a contradiction, that a minimal solution to (8)

defines a nontrivial NX-partition. If y1 ∈ N , then Proposition 5.8 allows for a feasible
solution with a smaller target value by shifting down X, which gives an immediate desired
contradiction.

In the case y1 ∈ X the argument is slightly more difficult, since X cannot be immediately
shifted down keeping y1 = 0 fixed.

Note that feasible domains of all LPi (i.e., (8) with y1 = 0 replaced by yi = 0) are in
1-1-correspondence and differ by a shift: (x, y, s, s′) is feasible for LPi iff (x + δ, y + δ, s, s′)
is feasible for LPj for δ = −yj , where x + δ denotes the addition of δ to every components
of vector x. Thus, optima for LPi and LPj are also in 1-1-correspondence and differ by a
constant n2 nMax δ. Now, suppose, a 0-in-out feasible solution (x, y, s, s′) for LPi defines
a nontrivial NX-partition and yi ∈ X, i.e., cannot be immediately decreased by the above
shift construction. Since N 6= ∅, some yj ∈ N , and the solution (x + δ, y + δ, s, s′) of LPj

can be decreased by shifting down its X part by the above shift construction, since yj 6∈ X.
Hence, (x + δ, y + δ, s, s′) is not optimal for LPj , thus (x, y, s, s′) is not optimal for LPi, i.e.,
there is a feasible solution with a smaller target value, which is enough for proving our claim
by contradiction. 2

Now we have everything ready for solving MPGs satisfying assumptions of Section 2 in
strongly polynomial time.

Theorem 5.10 Blocking Negative Cycles can be solved in strongly polynomial time.

4We may assume wlog that the solutions to LPs and shifts are integral.
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Proof. By Proposition 5.9, it suffices to write linear slack constraints (Definition 3.1) for
an MPG and solve the resulting LP (8) (Just one LP is enough: by the last paragraph of
the previous proof, optima of different LPi’s differ by a non-essential constant shift only.)
By Proposition 5.4, an optimal solution determines an optimal strategy for the winner, who
enforces either positive or negative cycles from all vertices.

Note that the matrix of the LP (8) is a sparse m × (n + m) (with m = 2nMax × nMin

constraints) matrix with exactly 3 nonzero ±1 coefficients per row.
It is well known [9, Section 6.6] that such LPs can be solved in strongly polynomial time,

depending on the dimension of the constraint matrix, i.e., on n, m only, independently of the
right-hand sides (weights of edges, which can be arbitrarily large) and the target function
coefficients (which do not represent a problem in our case; the size of the target function (7)
is polynomial in n, m). 2

Corollary 5.11 p-Mean Partition can be solved in strongly polynomial time. 2

6 Reduction to MPGs on Complete Bipartite Graphs

For completeness, we prove the following

Proposition 6.1 In the 0-Mean Partition problem the following assumptions can be
done without loss of generality:

1. the game graph has no 0-weight cycles,

2. the game graph is bipartite,

3. the values of all vertices are of the same sign;

4. the game graph is complete bipartite.

Every reduction from general MPGs to the restricted case 1, 2, 3, and 4 is polynomial.

Proof. Given an arbitrary MPG, consider the following chain of reductions.
1. Multiplying every edge weight by n+1 and adding 1 does not change signs of positive-

and negative-weight cycles, but 0-weight cycles (if any) become positive-weight. The 0-mean
partition remains the same.

2. The straightforward solution is to introduce a vertex of the opposite player between two
vertices of the same player. This, however, may increase the number of vertices quadratically.
A more economic solution, leading to just a linear increase in the number of vertices is
depicted in Figure 6 (the outgoing edge from the new vertex gets weight 0). Note that this
transformation may actually change means of cycles, but not 0-means partitions, which is
enough for our purpose.

3. Let v be an arbitrary vertex of a bipartite MPG G without 0-weight cycles. Construct
G′ by adding a new backward edge from every vertex u 6= v of G to v of weight −M for an

12



⇒

Figure 3: The transformation to a bipartite game for a Max node (round), with only a
linear increase in the number of nodes.

edge from a Max vertex and of weight +M for a Min vertex, where M = (n − 1)W + 1.
Suppose, a play in G′ starts from v. If Max can secure a positive value of v in G, he can use
the same strategy as in G never using new edges. If Min never uses his new edges, then the
value is the same as in G. But if Min is the first to use his heavy edge back to v, the cycle
thus formed has a mean ≥ [(n−1)W +1− (n−1)W ]/n > 0 (and we refer to the equivalence
of finite and infinite MPGs [6]). The case when v has negative value in G is symmetric.

Now suppose a play starts in any other vertex v′ 6= v. Then each player can reach v and
then follow the same strategy as he uses from v. The signs of means in infinite plays thus
formed, one starting from v′, the other from v, are the same (the initial finite path does not
matter (this argument also depends on the equivalence between finite and infinite MPGs
[6]). Hence, in G′ mean values of all vertices are of the same sign.

4. Let M = (n−1)W +1. Add all missing edges between VMax and VMin with the weight
−M or +M depending on whether an edge leaves a Max or a Min vertex. This makes the
graph complete bipartite and preserves the signs of all values. The choice of M is motivated
in the same way as in 3. Note that we can also assume both partitions have the same number
of vertices, by duplicating vertices and their outgoing edges. 2

Remark. In the chain of reductions above the number of vertices and edges may grow just
linearly in the number of vertices n. In contrast, maximum absolute weights in 1, 3, and 4
are multiplied by n each time, which results in the overall weight multiplication by n3. Our
algorithm operates on bipartite MPGs without 0-weight cycles. Thus, assumptions 1, 2 cost
us a factor of n in the weight increase. 2

7 Conclusions

By Propositions 1.1 and 6.1 we get

Corollary 7.1 Ergodic Partition for MPGs is solvable in pseudopolynomial time
O(poly(m, n) · log W ). 2

Note, for comparison, that [10, 16, 2] all suggested pseudopolynomial, but O(poly(n, m) ·
W ) algorithms, whereas the algorithm in [4] has simultaneously pseudopolynomial and subex-
ponential bounds: min(O(poly(n, m)·W ), eO(

√
n log m) ·log W ), and the algorithm [1] improves

the above bound by dropping the last log w.
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Similarly, we have

Corollary 7.2 The decision version of the Longest Shortest Path problem (whether
the longest shortest path from a vertex to the sink is longer than a given threshold?) is
strongly polynomial time solvable. 2

The previous best algorithm [4] has bound min(O(poly(n, m) · W ), eO(
√

n log m)).

In conclusion, let us mention an application. Parity Games are similar to MPGs, but
instead of weighted edges have colored vertices, assigned natural priorities. Numerous tem-
poral logics of programs and model-checking problems reduce to Parity Games [7]. Similarly
to MPGs, a parity game starts in a vertex, and players Max and Min construct an infinite
sequence of vertices. Max tries to ensure that in every such sequence the largest vertex
color appearing infinitely often is even, whereas Min tries to make it odd. The (folklore)
reduction from Parity Games to MPGs consists in assigning all edges from a vertex of color
c the same weights (−n)c. It easily follows, since a cycle is positive iff the largest color on
the cycle is even, that Parity Games are determined in pure positional strategies and solv-
able in strongly polynomial time, by reduction to a single instance of Blocking Negative
Cycles or 0-Mean Partition. Thus,

Corollary 7.3 Parity Games are strongly polynomial time solvable. 2

In this paper we left out the question of precisely determining the best possible polyno-
mials in the strongly polynomial or pseudopolynomial bounds. These depend on the best
available strongly polynomial algorithms for linear programs of the special form (see the
proof of Theorem 5.10). The standard strongly polynomial refinements of LP are based on
Khachiyan’s ellipsoid algorithm [9], with quite (prohibitively) high polynomial degrees. The
very special structure of LPs resulting from MPGs allows for expecting better polynomials
in this restricted case. This requires further investigation similar to the two-variable-per-
constraint subclasses of LP. After all, game theorists have to contribute better game-specific
algorithms compared with the general LP algorithms. Another interesting question is the
generalization of the standard MPGs considered here to extended MPGs with the node-
wise edge interdictions [14, 12, 11]. We conjecture that the results of these papers can be
improved and generalized, respectively. The remaining open problem is strong polynomial
solvability of the Ergodic Partition problem for MPGs. Although computing values
requires O(n log W ) time just to print out the answer in binary, it is conceivable that the
partition into ergodic classes can be done more efficiently, by a strongly polynomial (in n,
m) algorithm. See [1] for a strongly subexponential one.
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