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Abstract. Incidence algebras of finite pre-ordered sets are shown to correspond exactly to
matrix algebras over the commutative ring of diagonal matrices. Among these the conjugates by
permutation matrices of the algebra of upper triangular matrices are precisely the incidence
algebras of linear orders, and their various intersections are the poset incidence algebras.
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1 Introduction

The theory of Mdobius functions, including the classical Mdbius function of
number theory and the combinatorial inclusion-exclusion formula, is set in the context
of incidence agebras (see Rota [R2]. Roman [R1], Stanley [S]). The incidence
algebra of afinite poset (S,£, ) over afied F isthe set of al maps

a:s’® F (1)
such that a(x,y) =0 unless x £, y. The notation £, stands for an arbitrary partial

order on s (reflexive, transtive and antisymmetric binary relation). Addition in the
incidence algebrais defined by

(a+b)(x,y) =a(x,y) +b(x,y) (2)
and multiplication is defined by
(@x)(x,y)= Qa(x2)X(z,y) 3)
xE, 2£, y

This is the setting for the theory of Mdbius inversion presented in [R1, R2, §
where in fact not only finite but aso locally finite posets are considered, for which
(3) is gtill well defined. The incidence algebra is thus a (generaly non commutative)
ring with the Kronecker delta d : s? ® F as multiplicative identity, and the Mobius
function m of the poset is the multiplicative inverse of the zeta function z : S° ® F
given by

z(x,y)=1lif x£, y

Z (x,y) =0 otherwise

There is no loss of generdity in assuming that S ={1,..., n} and the members
(1) of the incidence agebra are then in fact nxn matrices with entries in F, (2) is
obvioudy matrix addition, and among members of an incidence algebra the
multiplication (3) is easly seen to coincide with the usual matrix product. The
incidence algebra contains all matrices of the form

® 0

¢ o =
& by
where b1 F, which constitute a commutative subring isomorphic to F, and then the

incidence algebra is an algebra over F in the sense of Lang [L]. In fact the incidence
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algebra contains all diagona matrices, which congtitute a larger but still commutative
subring, and thus the incidence algebra is a matrix algebra over the algebra of
nxn diagonal matrices with entries in F that we call the diagonal matrix algebra over
F. While the diagonal matrix algebra is obvioudy the smallest poset incidence agebra

over F, note that if n >1then thereis no largest poset incidence algebra over F.

2  Incidence algebras of pre-orders

A pre-order r is areflexive and trangitive binary relationonaset S . If Sis
finite then without loss of generality we may assume that S ={1..., n} . Given afield F

the incidence algebra A(r) of a pre-order set (S,£r)over F is the set of maps

a:5*® F such that a(x,y) =ounless xry. These maps are in fact matrices and
addition and multiplication in A(r) are defined as matrix sum and product. The
closure of A(r) under both sum and product is easy to verify and as for poset

incidence agebras, the product of a and b isaso given by

(a,b)(i, j) = & ali,k)b(k, )

irkrj
Observe that the set U (respectively L) of all nxn upper (respectively lower)
triangular matrices is just the incidence algebra of the linear order 1£.. £n
(respectively of itsdual n £ ... £ 1).

Recal that for any nxn matrix M and non-singular nxn matrix P, the
incidence matrix M '=PMP "* is called the conjugate of M by P . We are interested
in the case where P is a permutation matrix. Since permutation matrices form a
multiplicative group, the relation “M, is a conjugate of M, by some permutation
matrix” is an equivalence relation. Observe aso that every lower triangular matrix is
the conjugate of some upper triangular matrix by the permutation matrix

e 10

§oNs @

& o

Recall finally that each pre-order on s being a subset of s?, the set of pre-
orders on s is naturally ordered by inclusion and constitutes a lattice (in fact thisis a

closure system, as pointed out in [F]).
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THEOREM The map associating to each pre-order r on{1,2 ..... n} its incidence
algebra A(r) over a field F is an order isomorphism from the lattice of pre-orders
on {1,2 ..... n} to the lattice of nxn matrix algebras over the diagonal matrix algebra

over F. For any such incidence algebra A(r) the following conditions are

equivalent:
i) fi is a linear order,
i) A(r) is the conjugate, by some permutation matrix, of the algebra U
of upper triangular matrices,
iii) A(r) is the conjugate, by some permutation matrix, of the algebra L

of lower triangular matrices.
Proof. Asin the preliminary discussion, denote {1,2,.., n} by s .
Obvioudy if r, i r, then A(r,)i A(r,). Conversdy if r, Er,, then let ir,j
without ir ,j. Let M be the matrix whose only non-zero entry, equa to 1, is in
position i, j . Then
M, T A(r,)- A(r,)
and therefore A(r,) E A(r,). This shows that r ® A(r) establishes an order

isomorphism between the lattice of pre-orders and some subset of the lattice of all
nxn matrix algebras. It remains to show that the range of this embedding includes al
matrix algebras A containing the diagona algebra. Let indeed A be any such matrix
algebra. Let

r ={(i,j)1 s?:$al A suchthat a(i, j)?* 0}.
Weclamthat r isapre-order and A(r) =A.
Claim1. The relation r is a preorder. Therelation r isreflexive because the identity
matrix belongs to A and therefore (i, j)T r for al il s. To prove transitivity, for
each il s consider the diagonal matrix

wil

Q)

o
S O B N A Nt

=
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where the deltas are Kronecker's deltas. The matrices D,,D,,.., D, belong to A.
Suppose now that irk and krj. Let aik,aij A with a, (i,k)* 0, a,(k,j)* 0.
Then a =Da,D,a,D,; belongsto A and a(i,j)* 0, and thus irj, proving the
trangitivity of r .

Claim 2. The incidence algebra A(r) coincides with A. Theinclusion A1 A(r) is
obvious. For the converse inclusion it is enough to show that for every (i, j)T r , the
agebra A contains the matrix M ; whose only non-zero entry, equal to 1 is entry
(i, j) - But we know that A contains some matrix M whose entry (i, j) is not zero,
say it is ¢c. The matrix M may have other non-zero entries. Consider the diagonal
matrices D, and D; defined as in (5).We have M; =¢.D,.M .D; and therefore M,
belongsto A(r) asclaimed, concluding the proof that A(r) = A.

The two claims above being proved, the isomorphism stated in the theorem is
now established.

As for the second statement of the theorem, the equivalence of (ii) and (iii)
follows from the preliminary discussion about conjugation by the permutation matrix

(4). To show that (i) implies (ii) , let r be alinear order on s, and let s be unique
order isomorphism (S,£) ® (S,r), where £ is the natura order on S ={1,2,.., n} .
Let P be the permutation matrix whose only non-zero entries, equal to 1, are the
entriesin postions (i,s (i) , i =1,2,.., n. Itisnot difficult to see that

A(r)y=PU.P* (6)

That proves (ii). In the other direction assume that we have (ii) for a preorder
r, i.e. thus (6) holds for some permutation matrix P. Let s :S® S be the
permutation defined by P, i.e. s (i) =i if entry i,j is 1 in P .Then the incidence
agebraof thelinear order £° in which

s E®..£°s(n)
is PU.P ', andtherefore r must coincide with £° , and thusit isalinear order. -

The following is then a straightforward consequence of the well-known fact
that every partial order is the intersection of its linear extensions. (See e.g. Davey and
Priestley [DP], or [F] )
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COROLLARY. For any incidence algebra A(r) over a field F of a pre-order r
on the finite set {1,2,..,, n} the following conditions are equivalent :
i) r isapartial order on {1,2,..., n} .

ii) A(ry=| PU.P™
Pi s
where U is the algebra of nxn upper triangular matrices over F and O is some non-

empty set of nxn permutation matrices over F. -
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