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1. INTRODUCTION



The summation theory of 
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provides a systematic way of studying the solution of difference equations, transforming series, and investigating quadrature formulae.  It’s application to queueing stems from the ability to solve difference equations and certain forms of functional equations.
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in which 
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is specified essentially asks a question: namely, find a primitive,
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 It does not provide a constructive solution for 
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  The introduction of the Riemann integral, however, does provide a constructive solution for all bounded, continuous functions and, thus, all primitives are found from
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Define the difference quotient of 
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then one may ask for primitives, 
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of a continuous variable 
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One would like a constructive solution also for this problem.  Since the Riemann integral has found application in an enormous variety of problems so a constructive solution for (1.4) should prove of equal utility.  In particular, the solution of (1.4) should reduce to (1.2) for 
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  The following (
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definition is a constructive solution of (1.4):
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The quantity 
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 Some examples are:
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in which
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These formulae are immediately obtained from the definition.  The following summability method is used to extend the applicable domain of functions




[image: image27.wmf]S

S

x

a

x

a

z

z

z

e

z

z

f

f

w

l

l

w

(

)

lim

(

)

.

D

D

=

®

+

-

0




(1.8)

Examples are:
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which are generalizations of the psi function and Bernoulli’s polynomials respectively to which they reduce when 
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(the symbol 
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is not shown in this case).


Some properties of the sum are:
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Set
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then one has the span integral
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and the multiplication formula
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Define
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then, if G(x) is a primitive of 
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Related to this result is the formula for summation by parts, namely,
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2. SUMMATION OF SERIES

The summation of series may be effected by use of 6. in the list of properties of the sum.  Using (1.9) for the Bernoulli polynomials, one immediately obtains the famous formula of Bernoulli:
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The following is a useful approximate formula for the principle sum which is, in fact, asymptotic for 
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An example for 
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Thus, using (2.2),
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It may be shown that 
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Consider the sum
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which, for 
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small is poorly convergent; one would like an approximation accurate for this case.  Let
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then
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and
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Use of (2.2) now yields
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3. SOLUTION OF THE FIRST ORDER DIFFERENCE EQUATION

a) The homogeneous equation
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may be written in the form
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hence,
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A particular form of solution often useful in queueing applications obtainable from (1.5) with 
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in which it is assumed that the product is convergent.

b) The inhomogeneous equation

The equation
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may be solved in terms of the solution of the homogeneous equation.  Let
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then substitution into (3.5) yields
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One now has
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It should be recalled that these solutions are constructed for a continuous independent variable.

Some examples of difference equations are:
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for which 
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The equation
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for which 
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4. THE M/G/1 WITH EXPONENTIAL RENEGING


The model to be considered, assumed to be in equilibrium, consists of an M/G/1 FIFO queue with arrival rate 
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 in which customers become impatient and leave the waiting line.  Having started service however, they do not leave.  Let 
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 the probability the system is empty, then a level crossing argument yields the following Volterra integral equation
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Let 
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then the transform of (4.1) yields the following first order difference equation in the continuous variable s
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The solution of (3.8) will be used with
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thus,
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The form of solution (3.4) yields
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which also satisfies the boundary condition of (4.3).  To determine 
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These are easily computable forms

5. AN M/M/1 PROBLEM WITH AN EXCEPTIONAL CUSTOMER


The following problem illustrates the use of functional equations in the study of queues.  The arriving stream consist of customers which require the service rate 
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of ordinary customers in the system, assumed in equilibrium, satisfies the following functional equation
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Methods developed for the study of functional equations allow the solution to be exhibited as follows:

Define
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then
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A perturbation analysis for 
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(5.4)

which, of course, reduces to the known result for the M/M/1 when 
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.



A consistent development of the theory underlying the results of this presentation and, of course, much more is planned for the proposed Difference Equation course.

.
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