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A LARGE DEVIATION APPROACH TO QUEUEING

David Jagerman

1. INTRODUCTION


An important aspect of queueing analyses is the determination of the distributions of number in system and the waiting time of an arrival.  Queueing systems are described by the nature of the customer arrival stream, the work to be done by the server, and the discipline; only first-in-first-out (FIFO) queues will be considered.  The arrival stream is customarily considered to be renewal, that is, the interarrival times form a stationary process and are independent.  This type of queue is designated GI/G/1.  While it is now known how to analyze such a queue, the analysis in not trivial; Laplace transform and complex variable theory are the preferred tools.  Often one seeks only the asymptotic form of the desired distributions since this usually provides more than enough information. In many practical situations, however, the successive interarrival times are correlated.  The performance of a queue is greatly influenced by this and so is the difficulty of the analysis [1].  Simulations are quite helpful here [2].  This has led to a reappraisal of the goals of an analysis.  To explain this observe that the asymptotic distributions for the equilibrium variables, Q for number in system, and, W for waiting time, are assumed to have the form
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in which the quantities, 
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are usually constant.  The constants, 
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are called the characteristic decrements associated with the asymptotic forms.  In many situations, it is not feasible to ascertain the corresponding  values of 
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.

  Approximations to 
[image: image5.wmf]A

 may, however, be found.  The decrements, on the other hand,  present an entirely different situation.  The purview of the theory of Large Deviations [3] includes the exact determination of the
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’s.  Often it is not necessary to have even as much information as (1.1) since the knowledge of 
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alone already allows the comparison of system performance and of queueing policies [4,5]; thus, approximations to 
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are usually sufficient if only a refinement is required. This discussion will present some basic notions of large deviation theory and practical applications to the problem of the number in system.

2. THE EXPONENTIAL BOUND

The fundamental inequality of Tchebyscheff  is the starting point for the analyses.  For a nonnegative random variable it states
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To see this, let 
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be the distribution function of 
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then
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(2.2)

Observe that the inequality is nontrivial only for 
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For 
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(2.3)

hence, application of the Tchebyscheff inequality yields
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(2.4)

This motivates the introduction of the moment generating function, 
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given by
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It may be shown that the moment generating function is entirely equivalent to the distribution function of 
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in that one may be obtained from the other. Equation (2.4), however, shows a simple use of 
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to bound the distribution.  The inequality is now written in the form
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(2.6)

which is valid for all 
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  One now chooses 
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 to minimize the exponent, accordingly, the rate function, 
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(2.7)

and the final exponential bound is [3,4]
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3. ENERGY FUNCTION OF A STREAM

A stream of arrivals in time will now be considered in which the origin is an arrival point. Let the counting function
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be the stationary sequence of interarrival times with the common density function 
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 that is, 
[image: image31.wmf]X

1

 is the time from 0 to the first arrival, 
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 is the time from the first arrival to the second arrival etc.  The moment generating function of 
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This function is too information-rich to be of general practicability; in particular, it will be advantageous to remove its dependence on 
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.

  Thus the function, 
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sometimes called the energy function of the stream, is introduced by




[image: image37.wmf]L

(

)

lim

ln

(

,

)

lim

ln

.

(

)

q

q

q

=

=

®

¥

®

¥

t

t

N

t

t

M

t

t

Ee

1

1



(3.10)

This limit does not exist for all streams; for example, streams with a power law behavior for the interarrival time correlation structure and also for streams with a fractal structure [6].  It will be assumed to exist for the present discussion.

The following supremum operation, called the Legendre transform, is  used to define a function, 
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(3.11)

This function is sometimes called the entropy of the stream.  It plays an important role in many analyses although it will not be used here.


Consider two streams with counting functions, 
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then if the streams are superposed, the total counting function
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(3.12)

Reference to (3.10) shows that the energy of the stream is additive, that is,
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(3.13)

for the corresponding energy functions.  This will be important in our present application.

4. RESULTS FOR SOME STREAMS

Let 
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be the generating function of the probability distribution of 
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then one has
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It is useful now to introduce the unilateral Laplace transform, 
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 of a function 
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(4.3)

For renewal streams  the Laplace transform of the generating function [7] is given by
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in which 
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is the Laplace transform of the interarrival time density function. Unfortunately, the function 
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itself is required to determine the energy function from (3.10).  For sufficiently simple cases explicit inversion of 
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is available and one may proceed, otherwise, the following technique is useful.  From (4.2), one has
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Let 
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be the smallest positive root of
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assumed simple, then
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The symbol 
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is used for the root in anticipation of the final result.  The constant 
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is easily obtained using L’Hopital’s rule; thus,
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(4.8)

In many cases of renewal theory it is justified to invert the transform of (4.7) [7] and claim that
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however, for more general transforms, Tauberian theory [8] must be used to justify the asymptotic relation.  From (4.9) and (3.10) one now has that the root 
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is the energy function of a renewal stream.  A simple example is provided by the Poisson stream of rate 
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 for which 
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is available explicitly, thus,
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and, hence,
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An integral operator is used to study properties of TES processes [9,10,11].  Let 
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be the dominant eigenvalue of the operator, then it has been determined that
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For the ship arrival process [12] it has been found that
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in which 
[image: image72.wmf]a

is the scheduled interarrival time.  Interestingly this shows a similarity to a deterministic stream.  For streams governed by a finite state Markovian process, the result is similar to (4.12) in which 
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is now the dominant eigenvalue of a matric operator.


A statistical approach may also be taken to approximate 
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especially in counting cell arrivals in an ATM process [13].

5. APPROXIMATION TO 
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Let 
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be the probability density function of the service then, in the queueing system considered now, the correct departure process will be replaced by a renewal stream whose interarrival time density is 
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  Let 
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be the counting function for the arrival process, then
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(5.1)

The inequality follows because no idle time is permitted so more departures are counted in 
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than actually occur. To create an approximation to 
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(5.2)

The approximation will be created by use of the Tchebyscheff inequality thus
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(5.3)

Since the Tchebyscheff inequality is an upper bound, this may compensate for the lower bound in (5.2).

Let 
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designate the energy functions of the arrival stream and the departure stream respectively; that is,
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(5.4)

and, following (4.8), define
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(5.5)

then
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(5.6)

It is desired to approximate the distribution of the equilibrium variable 
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 which is independent of time, hence the time dependence of the approximation of (5.6) must be removed.  This is accomplished by requiring
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thus the approximation obtained is
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The symbol, 
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is used for the critical value of 
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 which is obtained as the smallest positive root of (5.7).  An alternate view is based on (3.13) for the superposition of streams.  Since, in equilibrium, there can be no net flow, the total energy function must be zero thus leading again to (5.7).  The mathematically accurate analyses of large deviation theory show that the 
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 produced by (5.7) is, in fact, exact.  The coefficient, 
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however, is only approximate.  A simple example is provided by the M/D/1 queue for which
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The coefficient, 
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(5.10)

In this case it is easily computed that
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Some numerical comparisons are 
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If only the energy functions are available then one still has
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in which 
[image: image104.wmf]A
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however, is unknown and possibly a function of t.  Thus (5.8) holds but with 
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 unknown and possibly dependent on t.  Nonetheless, (5.7) is valid, and so the exact 
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 is available, because of the assumption that an equilibrium distribution for Q exists implying the total energy function is zero.   Thus no approximation for 
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In general the fluid queueing model G/D/1 with server rate 
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which introduces the function 
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 called the bandwidth of the stream.  This is used in capacity apportionment studies when several streams are superposed in order to satisfy grade of service requirements [14].
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