
3.2
Asymptotic Waiting Time Distribution

In this section, we will introduce an approximation for the asymptotic waiting time distribution in the SHIP/G/1 queue.  Let 
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 be the waiting time of the 
[image: image2.wmf]lth

 arrival, 
[image: image3.wmf]t

l

 be the time of the 
[image: image4.wmf]lth

 arrival and 
[image: image5.wmf]p

t

l

(

)
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Observe that
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and applying Tchebyscheff’s inequality, we have
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which is the basic approximation.  In order to evaluate the expectations in (35), we proceed as follows:  In view of the distinction between the sequences 
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in which R is the equilibrium forward recurrence time, measured from the arbitrary instant of observation to the next arrival time.  The evaluation of the density function 
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consequently, the Laplace transform of 
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Since 
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Clearly, since 
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 is the sum of l interdeparture times, the Laplace transform of its density function is 
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Since 
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Since the equilibrium variable 
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in which 
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 is the smallest root of (42).  Consequently, 
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We can also write
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where 
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It can be shown that 
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which can be verified from (29) and (42).

4.
Numerical Examples

In this section, numerical examples are provided to demonstrate accuracy of the approximations obtained for 
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.  This value of the traffic intensity is quite reasonable for bulk ports.  A number of ports operate at this level of work load (Soros (1997), ATZ (1996)).  Larger traffic intensities cause excessive delays in the harbor, resulting in insurmountable levels of demurrage cost
.  Also, lower values of the intensity result in undesirable idleness at the port.  As discussed earlier (10). Gamma distribution is used as the service time distribution and the shape parameter k takes values of 1.5, 3, and 4, to examine the impact of service-time variability on accuracy of the approximation.  

Simulation results were produced using a commercial simulation modeling tool (ARENA/SIMAN).  In each example, time-average probabilities (
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) were obtained using over 800,000 vessels.  The simulation model also produced 95% confidence intervals in each example.  These intervals are extremely tight and are not included in the graphs to avoid confusion.

Mainly, two sets of examples are presented: 
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1
-0.3517
-0.0762

2
-0.1301
-0.0704

3
-0.0175
-0.0656

4
-0.0011
-0.0591

5
-0.0001
-0.0524

Table 1  Arrival process characteristics

In all the examples, we provide approximate values for 
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 days.  The reason is that the approximations proposed in this paper are asymptotic in the sense that the accuracy improves as b or t increases.  Based on our numerical experience, we have decided upon 
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 as the cut-off point.  In some cases, the approximation is quite accurate even for b or t <3, however, due to the nature of the approximations, that is, for instance the use of Tchebyscheff’s inequality, normally small values of b and t should not be considered.  In fact, observe that approximations get better as b and t increase in all the examples. 
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Figure 4 shows the results of Example 1.  There is some variability in the vessel arrival process, that is 
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, and the lag-1 autocorrelation coefficient is 
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Figure 5. Example 2:  a = 1.2, 
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Figure 6. Example 3:  a = 1.2, 
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Figures 7 to 9 present results of Examples 4 to 6 where the lay period is increased to 
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 days resulting in a highly variable vessel arrival process with 
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.  Given the dominance of the variability in the arrival process, nonetheless reducing the service time variability (that is, 

increasing k) had a minor impact on 
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Figure 7. Example 4:  a = 1.2, 
[image: image85.wmf]w
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, k=1.5
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Figure 8. Example 5:  a = 1.2, 
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, k=3
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Figure 9. Example 6:  a = 1.2, 
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, k=4

Figures 10 to 15 present results on the approximations of 
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 in the same Examples 1 to 6.  First, analogous to our earlier observations, as k increases, 
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Figure 10. Example 1:  
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Figure 11. Example 2:  a = 1.2, 
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, k=3
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Figure 12. Example 3:  a = 1.2, 
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Figure 13. Example 4:  a = 1.2, 
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, k=1.5
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Figure 14. Example 5:  a = 1.2, 
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Figure 15. Example 6:  a = 1.2, 
[image: image98.wmf]w
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, k=4

The impact of correlation in random components in a queueing system is demonstrated in Altiok and Melamed (1999).  Autocorrelation in interarrival times or in service interruptions such as failures have a significant effect on the performance of a queueing system.  Figure 16 shows the relation between 
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Figure 16. Impact of 
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 on the performance of the SHIP/G/1 queue
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.  As mentioned earlier, 
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) to 0.0.  Recall that all the autocorrelation coefficients are negative in the ship arrival process.  Figure 16 shows how different the mentioned probabilities would be if the vessel arrival process is assumed to be independent when it is correlated in reality.  Notice that increased autocorrelation makes the arrival process lesser variable as also indicated in Figure 3.b, resulting in lesser volatility in the queueing system.  The probabilities 
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 are smaller in high correlation cases than the ones in the low correlation cases.  Ignoring correlation, as usually is the case, will result in unnecessarily high values for the estimates of the average number of vessels at the port and the average port time per vessel.  A conclusive remark here is that one should not ignore correlation (when exists in significant magnitude) in the analysis of queueing systems such as the ports we have analyzed in this paper.

5.  Conclusion
In this paper, we have studied the vessel arrival process and the queueing behavior in sea ports handling bulk materials.  Useful approximations are developed for the asymptotic probabilities of the number of vessels at the port as well as for the waiting time probabilities.  These approximation procedures are quite general in nature and may be applied to service time distributions other than the Gamma distribution.  We have shown the impact of parameters 
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 and 
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 on the port performance.  We have also provided correction terms to the usual integral approximation (Lewis (1961)) for the generating function of the probability distribution of 
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.  Finally, Appendix B indicates a relation between the autocorrelation coefficients and the arrival event instants.  This provides another way to evaluate autocorrelation coefficients.
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Appendix A: The Probability Generating Function of 
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The logarithm of the generating function for 
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will be studied in this appendix with the purpose of obtaining simplified formulae for the main contributions and exact remainder expressions.  Also the large deviation limit will be obtained showing that it coincides with that of a deterministic stream.  The investigation is divided into two parts; part one for 
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The main tool used in the simplification of 
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The sum of (A.1) is dissected into the following three sums:
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thus, taking account of 
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Thus, after some simplification, one has
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The change of variable 
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Thus,
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For the moment generating function 
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It is interesting to observe that the perturbation of the scheduled inter-arrival times is not reflected in the large deviation limit since 
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 is the same as that obtained for a purely deterministic stream.  This result, however, figures in an important way in the approximate distributions of number in system and waiting time, [see (29) and (42)].

Appendix B:  Correlations in the Vessel Arrival Process

In this appendix, we study the correlation properties of a vessel arrival process.  Let 
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The second moments of 
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Clearly, one can write
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Combining (B.3) and (B.4), 
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or introducing a change of summation variables
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where 
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Since
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substituting (B.8) into (B.7), one obtains 
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Dividing both sides of (B.11) by 
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which allows us to obtain 
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Then, one can write 
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which is true for any stationary sequence.
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� Demurrage is the cost item payable by the port authority to the ship owner for keeping the vessel at the port more than the allowed time.
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