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Abstract. In this study a new Data Envelopment Analysis (DEA) model is proposed that minimizes the L( (or Tchebycheff) distance of each Decision Making Unit (DMU) to the efficient frontier. This model is obtained by using the same constraints of the additive model but with a different objective function. This function is based on the L( metric and, contrary to the additive model, relies on the minimization of the distance of the actual operation point to the observed extreme frontier. This last issue is important since a better efficiency evaluation can be achieved with this model with respect to the additive model. The conditions in which the normal (instead of the augmented) Tchebycheff distance could be used to guarantee the attainment of efficient solutions are shown. Simple graphical examples (in 2D and 3D) are used to illustrate the proposed DEA model.
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Introduction

In the Data Envelopment Analysis (DEA) literature four models have been considered as the basic DEA models (see Charnes et al., 1994, for a presentation and comparative analysis of these models):

1) CCR model – This model was presented in the DEA seminal work of Charnes, Cooper and Rhodes (1978). The CCR model is based on the radial minimization (maximization) of all inputs (outputs) and assumes an environment of Constant Returns to Scale (CRS);

2) BCC model – The Banker, Charnes and Cooper (1984) model is the Variable Returns to Scale (VRS) version of the CCR model;

3) Additive model – The additive model was originated in the work of Charnes et al. (1985). This model maximizes the L1 distance of the analyzed Decision Making Unit (DMU) to the observed efficient frontier (or envelopment surface) and assumes VRS;

4) Multiplicative model – This model was first presented in the work of Charnes et al. (1982, 1983) and results from the application of the other basic models to the logarithms of the original data values.

In this study a new DEA model is proposed that minimizes the L( (or Tchebycheff) distance of the analyzed DMU (k) to the envelopment surface. This model is obtained by using the same constraints of the additive model but a different objective function is considered. This function is based on the L( metric and, contrary to the additive model, it relies on the minimization of the distance of the actual DMU point of operation to the observed extreme frontier. This last issue is important since a better efficiency evaluation can be achieved with this model with respect to the additive model (see also Briec, 1999).

In section 2 a simple DEA example with 1 input and 1 output is presented, where the additive and Tchebycheff projections are shown. In section 3 the Tchebycheff DEA model formulation is presented. The circumstances in which it is necessary to use the augmented Tchebycheff distance, instead of the normal Tchebycheff distance, are explained in section 4. In section 5 the Tchebycheff model is applied to an illustrative example with 2 inputs and 1 output. Finally some conclusions are drawn and future directions of possible work are outlined.

1 An illustrative example with 1 input and 1 output

The example in this section is based on the example of Charnes et al. (1994). This example illustrates a case of 7 DMUs with 1 input and 1 output (see figure 1).
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Figure 1: Illustrative example.

In figure 1 it is possible to recognize that 
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 and 
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 units are operating better than the others, in an environment of VRS. This is because a DMU is (Pareto) efficient if there is no other DMU, or a nonnegative convex linear combination of 
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 inputs and 
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 outputs of some DMUs, that improves one factor (output or input) without worsening at least one of the other factors.

DEA sets an envelopment surface in the space of dimension 
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m

+

, which is defined by the factors’ observed values of the efficient DMUs (or obtained by a nonnegative convex linear combination of some efficient DMUs). The DMUs that do not belong to this envelopment surface (or efficient frontier), and are part of its interior, are operating inefficiently.

The efficient frontier (figure 1) is given by the lines 
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. The inefficient DMUs (
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) are enveloped inside this surface.

Supposing that 
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 is an extra DMU, then 
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 is a weakly
 efficient unit, but it is clearly inefficient since 
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 produces a higher level of output with the same input consumption. Similar comments could be stated about 
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Usually, besides classifying each DMU as efficient/inefficient, a DEA model returns an efficient projection point on the efficient frontier for each inefficient DMU.

The additive model returns a projected point based on the maximum L1 distance between the analyzed DMU’s point of operation and the efficient frontier. For example (see figure 2), DMU
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 has its maximum L1 distance
 to the envelopment surface in 
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 and the minimum in 
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 (if weakly efficient points are considered) or 
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 (if only efficient points are considered). Dashed lines in figure 2 are the L1-metric isodistance contours, that is the loci of points of the same distance away from 
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.


[image: image24.wmf]P4

P3

P2

P1

P5

P6

P7

A

-4

-3

-2

-1

1

2

3

4

5

6

7

8

-1

1

2

3

4

5

6

7

8

9

10

11

12

X

Y


Figure 2: Example of L1 metric.

L1 metric is a distance function in which every factors’ difference (both inputs and outputs) is taken into consideration in the direct proportion of its magnitude (thus leading to the solution with maximum aggregate achievement; see figure 2).

The L( metric is a distance function where the absolute value of the largest coordinates’ difference between two points absolutely dominates. Therefore, if this metric is used in DEA, only the largest factors’ difference is taken into account (thus leading to the most balanced solution between achievements of different factors). In figure 3 it is possible to see how point 
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 that minimizes the L( distance between 
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P

 and the efficient frontier is obtained. Dashed lines in figure 3 are the L(-metric distance isocontours.
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Figure 3: Example of L( metric.

2 Tchebycheff DEA model formulation

Before presenting the Tchebycheff DEA model for a DMU 
[image: image28.wmf]k

, it is shown how its actual point of operation, its projected point and the decision space in the DEA context are represented:

· Let 
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 represent input 
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 of DMU 
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 and 
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 represent output 
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 of DMU 
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. Then its actual point of operation is given by
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, then the projected point of DMU k is given by
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(1)

· In general, DEA models assume that every input of a DMU 
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 projected point should be lower than or equal to its actual value and every output of a DMU 
[image: image39.wmf]k

 projected point should be higher than or equal to its actual value:
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By having into consideration the last assumptions and 
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, the L1 distance between DMU 
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 actual point of operation and its projected point is given by
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The corresponding L( metric is given by
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The following linear programming formulation is the DEA additive model (ADD) applied to DMU k:
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subject to:
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(2)
The additive model uses a maximization and not a minimization objective function because in the later case the solution is always 
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. In that case, the DMU 
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 projected point coincides with its actual operation point. This happens because the reference point (or actual point of operation) belongs to the decision space.

The minimization of a distance function based on the L( metric is interesting because it captures the attitude of minimizing the worst case and it does not imply a heavier computational burden (regarding the L1 metric) because the min-max problem can be transformed into a linear programming problem.

Assuming that each factor projection is a function (
[image: image52.wmf]k

f

) to be maximized in the case of an output and a function to be minimized in the case of an input, then the following model
 is a Multiple Objective Linear Programming (MOLP) problem that reflects the efficiency of DMU 
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:
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(M1)

subject to (2)
One of the so-called scalarizing processes generally used in MOLP to compute efficient solutions consists in minimizing a distance to a reference point (which is generally taken as the ideal solution, that is the point in the objective function space that would optimize all the objective functions simultaneously and which is not feasible whenever the functions are conflicting). The problem to be solved by using the L( metric is
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(M2)

subject to (2)
subject to (2)
Since 
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 is the reference point or the actual DMU 
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 operation point:
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The minimax objective function in M2 can be formulated as:
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 is a free variable because the reference point is inside the decision space. However, solutions given by model M3 can be weakly efficient (Steuer, 1986). To avoid these points, it is possible to use the Tchebycheff augmented distance (
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By making 
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, the following formulation for M3 is obtained:
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The solution to M4 is always nonnegative: cf. the constraints of M4, in particularly (2) (
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 and the following Tchebycheff DEA model (TCH) formulation is obtained:
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Theorem 1:

DMU 
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 is operating efficiently if and only if the optimal solution to TCH model applied to DMU 
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 is 0.

Proof: The projected point of an efficient DMU 
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 is given by its actual operation point, which is given by 
[image: image79.wmf]0

1

=

Ù

=

jk

kk

l

l

, 
[image: image80.wmf]k

j

n

j

¹

=

,

,...,

1

. Substituting these values into the constraints of the TCH model null slack values (
[image: image81.wmf]m

i

s

ik

,...,

1

,

0

=

=

-

 and 
[image: image82.wmf]s

r

s

rk

,...,

1

,

0

=

=

+

) are obtained. By substituting these slack values into the other constraints then 
[image: image83.wmf]0

£

k

U

. This implies that 
[image: image84.wmf]0

*

=

k

U

, and since all components of the objective function are zero then its value is zero. ( 

3 Weakly efficient points

In the previous section, it was shown that if it is necessary to attain efficient solutions in the Tchebycheff model, then the augmented Tchebycheff distance should be used. In this section, the conditions in which the normal Tchebycheff distance could be used to guarantee the attainment of efficient solutions are shown.

The TCH model without the augmented portion in the objective function leads to a simplified version (M5) of that model because the variables 
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 could be removed. This is possible because their non-negativity is guaranteed by the constraints of the TCH model: 
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The following results will be illustrated at the end of this section.

Theorem 2:

If a DMU 
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Proof: Without loss of generality for the output case, let us suppose that DMU 
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 constraints, the following result is obtained:
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By combining (3) and (4), it is easy to verify that 
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Theorem 3:

If a DMU 
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Proof: Without loss of generality for the output case, let us suppose that DMU 
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 is binding. Therefore, by using (3) the following equation is obtained:
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Theorem 4:

If a DMU 
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Proof: Without loss of generality for the output case, it is possible to conclude (3) for the case of input 
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By analyzing (6) it is clear that 
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Theorem 5:

M5 can have optimal weak efficient solutions, if and only if there exists at least one weakly efficient DMU.

Proof: This result is a consequence of previous theorems 2, 3 and 4. (
The results of theorems 2, 3, 4 and 5, are illustrated by using the example of figure 1, to which 3 more DMUs (
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 and 
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; see figure 4) have been added.
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Figure 4: Illustrative example of weak efficient projections.

DMU 8 is a weakly efficient DMU. Then, by theorem 5, M5 can return weakly efficient projections for inefficient DMUs. This happens because, by theorem 2, the projected point of DMU 8 can be 
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 itself.

The projected point of DMU 9 or DMU 8, given by M5, can be a point belonging to the line between 
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. These points are the basic optimal solutions to M5. Therefore, in that case, M5 returns alternative optimal solutions (
[image: image152.wmf](

)

[

]

1

..

0

,

1

1

8

Î

-

+

a

a

a

P

P

).

Analyzing 
[image: image153.wmf]10

P

, it is easy to see that, after solving M5, 
[image: image154.wmf]5

.

0

*

=

U

. Since 
[image: image155.wmf]5

.

0

*

4

10

=

=

-

U

y

y

 then, by theorem 5, a possible projected point is
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. Since, there are not weakly efficient DMUs in the output side, as it is DMU 8 in the input side, then the optimal solution of M5 applied to DMU 10 is unique (
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4 An illustrative example with 2 inputs and an 1 output

In this section the application of the TCH model is made to an example with 10 DMUs, 2 inputs and 1 output. The factors’ data, its envelopment surface and its efficient frontier are displayed in figure 5.
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Figure 5: Example data, its envelopment surface and efficient frontier.

By assuming VRS, the efficient frontier is defined by the triangular facets whose vertices are the efficient DMUs’ operation points: {
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} and {
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}. The remaining DMUs are inefficient and they are located in the interior of the envelopment surface.
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Figure 6: Inefficient DMUs projections based on the minimum L( distance to the efficient frontier.
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Figure 7: Inefficient DMUs projections based on the maximum L1 distance to the efficient frontier.

As it is well known, DEA basic models return an efficient projection for the inefficient DMUs. In figures 6 and 7, projections based on the minimization of the L( distance and on the maximization of the L1 distance are displayed. By comparing these figures, it can be seen that the TCH model returns projections in which the projected point tends to be closer to the actual operation point of an inefficient DMU, with respect to the ADD model. This issue is particularly important for studies that attempt to find better efficiency measures (Pastor et al., 1999).

The results of the TCH and ADD models are presented in tables 1 and 2.

Table 1: Example TCH model optimal solutions.
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Table 2: Example ADD model optimal solutions.
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The projected points, for both models, are obtained by using (1). These projected points are presented in table 3.

Table 3: Example TCH and ADD projections.
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As a final comment to this section, it must be remarked that the results of the TCH and M5 models are the same for this example, because no weakly efficient DMUs exist.

5 Conclusions and work currently underway

In this study, a new DEA model (TCH) has been presented which is based on the minimization of the Tchebycheff distance. This issue distinguishes this model from the additive model, which is based on the maximization of the L1 distance of the actual operation point to the observed extreme frontier. This issue is important since a better efficiency evaluation can be achieved with the proposed model with respect to the additive model.

Two models have been presented regarding the attainment of weakly efficient points (model M5) and efficient points (model TCH). Some results concerning weakly efficient points have been shown.

The TCH model assumes VRS, but by removing the convexity constraint 
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 this model can be transformed into a CRS model.

This new model can be extended by using the weighted Tchebycheff augmented distance. The authors are currently working in this topic where attention will be paid to interactive aspects. Moreover, this distance function could minimize the problems associated with the dependence of results on units change.
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� One solution is (Pareto) weakly efficient, if and only if there is no efficient solution that is strictly better in all performance measures.


� For a Lp metric, the distance between two points, � EMBED Equation.3  ���, is given by


� EMBED Equation.3  ���


Within the family of Lp metrics, L1 and L( metrics are of particular interest in the field of MultiObjective Linear Programming. This is because they are the only Lp metrics that result in linear scalar problems, when minimizing a distance of the frontier to a reference point


� EMBED Equation.3  ���


� The inputs minimization was transformed in maximization through their symmetrical values.


� ( is a small positive quantity. Usually (=10E-6.
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		8		12.00		120.00		29.30		9.41		117.41		31.89		4.49		12.00		69.99		29.30		50.01

		9		13.00		175.50		31.50		9.75		126.48		34.75		49.24		12.58		72.69		31.50		102.81

		10		16.50		65.00		17.50		10.68		59.18		23.32		10.08		10.75		30.26		17.50		35.21

		*Euclidean distance between the projecction and the actual point of operation
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