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|. Abstract

It is well-established that a multi-layer perceptron (MLP) with a single hidden layer of N neurons
and an activation function bounded by zero at negative infinity and one at infinity can learn N
distinct training sets with zero error. Previous work has shown that the input weights and biases
for such a MLP can be chosen in an effectively arbitrary manner; however, this work makes the
implicit assumption that the samples used to train the MLP are noiseless. We demonstrate that the
values of the input weights and biases have a provabl e effect on the susceptibility of the MLP to
noise, and can result in increased output error. It is shown how to compute a quantity called
Dilution of Precision (DOP), originally developed for the Global Positioning System, for a given
set of input weights and biases, and further shown that by minimizing DOP the susceptibility of the

MLP to noiseis also minimized.

Il. Introduction
Consider amulti-layer perceptron (MLP) with M input neurons, a single hidden layer of N neurons,
one linear output neuron, and an activation function g(a). The output O(x) of this network may be

written as



O(X):Zﬁig(wi Xx+b), (D

where 3 isthe weight between the ith hidden neuron and the output neuron, w; the weight between
the jth input neuron and the ith hidden neuron, wi = [wis Wiz ... wi] " O OV the vector of weights
between the input layer and the ith hidden neuron, x = [X; X, ... xv] T O O™ the vector of input

values, and b; the input bias of the ith hidden neuron.

For a set of distinct unweighted training samples (x;, t)), xi 0 O™, t; 0 O, i = 1,...,P, we may write

the output of the MLP as
N -
t, = Z,G’ig(wi X, +b), j=1..,P. 2)

In training such a network, we seek to find w;, b;, and 4 such that the output error E(O), expressed

as
E(O) =%Z(O(Xi)—ti)2 , 3)

IS minimized.

Let us now specify that our activation function g(a) is continuous and nonlinear, and that

[0 a— -0
9@ -4 , 0 *

(e.g., the sigmoid function). It iswell-known that a MLP of this type can model a set of N distinct
unwei ghted training samples with zero output error. Previous work has shown that the values of the
input weights w; and biases b; for such a MLP can be chosen in an effectively arbitrary manner, and

algorithms for computing these values are detailed in [4], [5], and [10]. For this assertion of



arbitrariness to be true, though, our training samples must be noise-free. In this paper, we will
examine the effects of noise on the weights and biases of the trained neural net, and define a
criterion called Dilution of Precision; this criterion, originally developed for the Global Positioning

System, will allow us to choose the neural net parameters so as to minimize the output error.

[11. Noise Propagation in Multilayer Perceptrons
Let us consider the MLP from the introduction; i.e., one consisting of M input nodes, single hidden
layer of N neurons, one linear output neuron, and an activation function g(a) bounded as per
equation (4). Given aset of N distinct unweighted training samples (x;, t), i = 1,...,N, once we have
chosen values for the input weights w; and biases b; of the hidden layer, the output layer weights
B.1=1,...,N, may be found by solving the linear equation

HB =t, (5)
wheret =[tito ... tn]' OO, B=[B B ... A" O O, and the hidden layer output matrix H is
defined as
Bg(wl X, +b) ... g(wy B +by) B

0 : . : 0 (6)
@(Wllj(N +b1) g(WN D(N +bN)§

H

where wi; is the weight between the jth input node and the ith hidden node, b; the bias on the ith
hidden node, and w; = [wy Wai ... wvi] O O™ the input weight vector for hidden nodei. It has been
shown ([4], [7]) that in this case w; and b; may always be chosen such that H isinvertible, and
accordingly B = H. In the absence of output noise in our training samples, there is no inherent

reason to prefer one set of parameters (wy,...,wn, bs,...,bn, B) which accurately models the training



set over another; we shall demonstrate, though, that in the presence of output noise thisis not the

case.

Let us now consider a set of N distinct unweighted noisy training samples (x;, Ti), x; 0 O, T; O O,
i =1,...,N, such that
Ti=t+ &, (7
where t; is the correct output value for the ith sample, &; the error term for that sample, and &; is
small relativetot,. Ifwelet T =[T; To... Ty]" O O" replacet in (5), then simple algebra shows that
B =H't+ &) - HB, (8)
where J3 isthe error in the calculated value of the ith output weight, 3B =[98, 3B: ... 3" O O,

and & = [&1 &2 &N]T U DN.

It is apparent from equation (8) that error in the training sample output values will result in an error
in the calculated values of the output weights, and likewise apparent that the magnitude of this error
will depend on the hidden layer output matrix H. Accordingly, given flexibility in choosing the
parameters of our MLP, it is obviously desirable to choose our input weights w; and biases b; so as

to minimize JB.

It iswell-known that, for an exactly determined or overdetermined linear system, the optimal
solution for (5) may be obtained by aleast-squaresfit; i.e.,

B=(HH)™H™. (9)
Let us consider atraining set of N distinct unweighted noisy training samples (x;, T;), x; 0 O,

T, 00,1 =1,...,N, (xi, Ti)) = (x;, T;) iff. i = j. If the noise components of all T; are assumed to be



uncorrelated and generated by a normal random variable of mean zero and standard deviation ¢,
then the covariance law requires ([6], [11]) that
Cap=(HH)™H'CxHH)H, (10)
which simplifiesto
Cp=(H'CaH)?, (1)
where Cq 0 0" M and Cx O O™ are the covariance matrices for B and &, respectively. For

the training set given above,

Ca=Id, (12)
where | isthe identity matrix, and thus
Cq = F(HH)™ (13)
Accordingly, if we use the notation
LA
(HTH)‘1=DS I o (14)
@Nl hNNE
then
ohy . 0%y, O
Cy=g: O (15)

%th athN

The trace elements of C g represent the variances of the normally-distributed d3, where
var(9B) = ohi, (16)
withi =1,...,N. It thusfollows that the standard deviation g; of output weight error 93 is

o, =o4/h;, (17)



and the standard deviation og of || is

Oy =0/hy +...+hy, . (18)

I'V. Dilution of Precision
The quantity Dilution of Precision was developed as a means to estimate the quality of location
coordinates obtained from the Global Positioning System (GPS), and was first described in [9]. We

will now adapt it to serve asimilar purpose for our calculated 3.

Examining equation (18), we notice that the values of the trace elements h;; of (H'H)™* have a

multiplicative effect on the standard deviation of the error in J3; i.e., athough not a source of error
themselves, they amplify any error present in the MLP. Accordingly, it is apparent that, given two
or more differing MLP's modeling the same function, it is preferable to use the MLP for which the
square root of the sum of the trace elements h;; of (H'H)™ isthe smallest. We refer to this quantity

as Dilution of Precision (abbreviated DOP), and thus define

DOP=.h, +..+h, . (29

The existence of DOP gives us a criterion by which to judge the desirability of one set of MLP
weights and biases (wa,...,Wn, bs,...,bn, B) over another; i.e., the set with the lowest DOP value
should be selected. Given that observed real-world training dataisinvariably noisy, the existence

of DOP represents a valuable tool for minimizing the effects of such noise.



V. Discussion

The case of aMLP with N neurons being trained with N distinct unweighted training samples was
chosen for the derivation of DOP because the hidden layer output matrix H has been proven to be
invertible ([4], [5], [7], [10]). Given that the cross-product matrix H'H is guaranteed to be
invertibleif H isof full rank [11], DOP may be calculated for any MLP satisfying this criterion;
i.e., the number of distinct training samples used to train the MLP is equal to or greater than the
number of neurons in the hidden layer of the MLP, and the rows of H are linearly independent.
Accordingly, DOP may be used as a criterion with which to choose between two or more trained
MLP’s to use in modeling a function approximated by noisy training samples; i. e., the MLP with
the lowest DOP will be the MLP whose weights and biases were least affected by the noise, and
should thus be chosen. An obvious next research step would be develop or adapt an algorithm to
generate MLP parameters (e.g., the algorithm detailed in [4]) to do so in a manner that minimizes
DOP; intuition suggests that this task can most easily be accomplished with a Monte Carlo or

genetic algorithm.

When H is overdetermined (i.e., when the number of distinct training samples used to train the
MLP is greater than the number of neurons in the hidden layer of the MLP), an additional criterion
becomes available. From [3], we define the quantity DOPwax such that, for an MLP with P training

samples,

DOP,,, = max{\/ DOP? - DOP? i =1,.., P}, (20)

where DOP; is the DOP calculated from H when the ith row is removed. DOPyax has been shown

to be a more effective indicator of system susceptibility to error than simple DOP [3] for GPS, and



it would be of worth to determine whether thisimprovement also applies to MLP's, and whether

such improvement justifies the increased computation time.

We note that we have made the assumption that the errorsin our training sample output values are
small relative to those values. If this should turn out not to be the case for some training sample, it
may be desirable to exclude that training sample from our system. GPS literature details numerous
algorithms by which this can be accomplished (e.g., [12]), and the adaptation of these algorithmsto

MLP'swould be desirable.

Finaly, it is of worth to mention that the DOPyax criterion discussed above is a part of afamily of
GPS integrity algorithms known collectively as Receiver Autonomous Integrity Monitoring
(RAIM). RAIM algorithmswork by using redundant satellite data to estimate the quality of a
position calculated with GPS ([1]), and it is reasonable to expect that other RAIM techniques might
also be adapted to minimizing noise susceptibility in MLP’s. An overview and comparison of

some major RAIM methods may be found in [8], and an analysis of RAIM theory is available in

2]

V1. Conclusions

In this paper, it has been proved that MLP with M input neurons, a single hidden layer of N
neurons, one linear output neuron, and a continuous activation function g(a) bounded by zero at
negative infinity and one at infinity, being trained by a set of N distinct unweighted noisy training
samples, should have its parameters (wj,...,Wn, b,...,bn, B) chosen such that its DOP is minimized.

We have established DOP as a criterion by which to select between different MLP § implementing



the same function, and have generalized DOP to the larger class of al MLP's. Finally, we have

suggested several future research directions and unsolved problems.

With development, DOP and related metrics can serve as invaluable tools for MLP construction,

and it isrecommended that such development take place.
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