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Abstract

We consider the problem of investigating the structure
of the space of all possible cliques in random graphs gen-
erated according to the G, 1K model. This model con-
sists of all graphs on n nodes and edge probability 1/2,
in which a random set of K nodes is forced to be a clique.

In this work we make a first attempt to explain the
hardness of the problem by revealing the combinatorial
characteristics of the space of all possible cliques for
graphs generated according to the above distribution.
Our main tool is “Go with the winners”, an optimization
heuristic that uses many particles that independently
search the space of all possible solutions. In particu-
lar, we consider how the search space decomposes into
smaller regions of related solutions by imposing a quality
threshold to them. If these regions possess a combinato-
rial property, the so called “local expansion”, then these
regions can be effectively sampled by using enough par-
ticles and thus discover the optimal solution.

Most importantly however, sampling can be used to
deduce properties of the search space. These properties
can then help optimize heuristic performance and design
heuristics that take advantage of this information. Thus
the goal of this work is not to compare clique-finding
heuristics but to exhibit a way to reveal the combinatorial
characteristics of the search space, verify this informa-
tion experimentally and use it to design good heuristics.

1 Introduction

A clique of size K in a graph G is a complete subgraph
on K nodes, that is a set of nodes any two of which are
connected by an edge. The clique problem is that of
determining the largest K for which there exists a clique
of size K in the graph.

While this problem is one of the fundamental prob-
lems in Computer Science, the problem is known to be
NP-complete[17, 12], so we cannot expect to have good
performance in the worst case. The best known approx-
imation algorithm for general graphs is due to Boppana

*Department of Mathematics, University of Athens and Tech-
nical University of Chania, Greece. E-mail: tdimitr@math.uoa.gr

and Halldérsson[6] and has a performance guarantee of
O(n/(logn)?), where n is the number of vertices in the
graph.

On the negative side, it was shown by a series of
results[3, 4] that it is impossible to approximate, in poly-
nomial time, the size of the largest clique within a fac-
tor of n¢, for some constant €, assuming P # NP. As
these results apply to the worst case it is only natural to
study the problem for random graphs drawn from spe-
cific distributions. The G, ;, model consists of all graphs
G with n vertices and edge probability p. The most fre-
quently examined case is for p = % It is known (see
for example[5]) that almost surely the size of the largest
clique in the G, 1 model is 2log, n — O(loglogn).

There are several simple polynomial time algorithms
that find a clique of size logy n, that is about half the size
of the largest one. However, many attempts at design-
ing randomized algorithms that can beat this bound, i.e.
discovering a clique of size at least (1 + €)logn, for any
fixed € > 0, have met no success. The problem of finding
such an algorithm was suggested by Karp[18]. His re-
sults implied that several algorithms do not achieve this
bound and was conjectured that no polynomial time al-
gorithm can find, with high probability, a clique of size
bigger than (1 + €)log, n. In support of this conjecture,
Jerrum[13] demonstrated the existence of an initial state
for which the Metropolis algorithm (Simulated Anneal-
ing with a fixed temperature) needs super-polynomial
time n*1°8™) to find a clique of size (1 + ¢)log, n, for
any constant € > 0.

A similar model to the previous one is G, 1 x which
assumes the existence of a clique of size K in the graph.
The graph is generated according to G, 1 and a random
subset of K nodes is forced to be a clique. It is easy to
find the largest clique in this model for K = Q(yv/nlogn)
as this clique almost surely contains the vertices with
the largest degrees[19]. Recently, Alon, Krivelevich and
Sudakov[2] improved this bound to K = Q(y/n) using an
algorithm based on the spectral properties of the graph.
It is still open however to find algorithms that work
for smaller values of K. Even the problem of finding a
clique of size (1+¢€)logyn in G, 1 k., for K = o(y/n), as
suggested by Jerrum[13], remains a challenge. The sig-



nificance of studying the G, 1 ; model arises from the
fact that the two models induce the same probability
distribution on random graphs when K = 2log, n[16].
This way, by knowing the hidden clique size, we can
evaluate the performance of any algorithm in discover-
ing large cliques. It is thus verified that approximating
the largest clique in a graph remains a challenging prob-
lem and further results will provide significant break-
throughs. Moreover, the difficulty of the problem seems
to be confirmed by a number of experimental results, see
for example [15].

In this work we make a first attempt to explain the
hardness of the problem by discovering the combinato-
rial characteristics of the space of all possible cliques for
graphs generated according to the above distributions.
We do this by considering how this search graph decom-
poses into smaller regions of related solutions by impos-
ing a quality threshold to them. Our main tool will be
the “Go with the winners” (GWW) strategy, introduced
in [1] as a method of searching trees for good nodes and
modified in [8] as an optimization heuristic.

The algorithm uses many particles that independently
search the search graph for a solution of large value.
Dimitriou and Impagliazzo[9] were able to relate the per-
formance of GWW with the existence of a combinatorial
property of the search graph, the so called “local expan-
sion”. Intuitevely, local expansion means that a random
walk on the space of solutions quickly converges to the
stationary distribution and never restricts itself into a
small portion of the search space.

The main result of [9] was that if the subgraphs of high
value solutions have this property, then these subgraphs
can be effectively sampled by using enough particles and
thus locate the optimal solutions. Furthermore, if local
expansion holds, particles remain uniformly distributed
and sampling can be used to deduce properties of the
search space. These properties can then help optimize
heuristic performance and design heuristics that take ad-
vantage of this information.

The goal of this work is then not just to compare the
performance of various heuristics in finding cliques but
provide information about the combinatorial character-
istics of the search space, verify this information experi-
mentally and use it to design effective algorithms.

The rest of this abtract is organized as follows: In
Sections 2 and 3 we review the basic algorithm and the
type of random graphs we’ 1l be working with. Sections 4
and 5 are implementation oriented. The former describes
the search space by defining the neighbors of a potential
solution, while the latter describes the particular imple-
mentation of the algorithm. Finally, Section 6 contains
the various experiments that we use to characterize the
search space.

2 Go with the winners Strategy
(GWW)

Most optimization heuristics (Simulated Annealing[14],
Greedy, WalkSat[20], etc.) can be viewed as strategies,
possibly probabilistic, of moving a particle in a search
graph, where the goal is to find a solution of optimal
value. The placement of the particle in a node of a search
graph, corresponds to an examined solution.

The GWW algorithm was first introduced by Aldous
and Vazirani[l] as a method for searching trees for deep
nodes. A population of particles was initialized at the
root and at every stage of the algorithm these particles
advanced to deeper levels of the tree. If, however, a par-
ticle ended its search at a leaf, this particle was moved to
the position of a particle that continued its exploration
of the tree. Aldous and Vazirani determined the popu-
lation size, in terms of a measure of the tree’s imbalance
so that the deepest node can be found with high proba-
bility.

Dimitriou and Impagliazzo[8] modified this algorithm
so that it can be used directly for combinatorial optimiza-
tion. The algorithm has the same flavor as the algorithm
for trees and is shown below for the concrete setting of
searching for large cliques.

GWW for Cliques

Denote by N; the part of the solutions space during
stage i of the algorithm, i.e. the space of K-node sets
with number of edges greater than or equal to i, where
K is the size of the hidden clique.

e Stage 0 (Initialization): Generate B random so-
lutions and place particles on each one of them.

e Stage i (Main loop): Proceed in two phases.

1. In the redistribution phase, replace each par-
ticle of value 7 — 1 with a duplicate of a ran-
dom particle of value > 4. If all particles
have value ¢ — 1, stop.

2. In the randomization phase, for each parti-
cle, perform an S steps random walk in N
as follows: Select a neighbor of the current
solution. If its value is > i, move the particle
to this neighbor, otherwise leave the particle
in the current solution.

3. Go to the next stage, by raising the threshold
i.

e Output the best solution found.

The algorithm uses B particles that independently



search the space of all solutions. The particles how-
ever interact with each other in the following way: each
“dead” particle (a particle that ended its search at a local
optimum) is moved to the position of a randomly chosen
particle that is still “alive”. The goal is to discover a K-
set (a set of K nodes) with maximum number of edges in
it (see also Section 4 for the definition of the neighbor-
hood structure of solutions). Thus the algorithm tries to
maximize the number of edges in sets of predefined size.

The algorithm uses two parameters: the number of
particles B and the length S of the random walk each
particle performs. The intuition of the algorithm is that
in the ¢-th stage and beyond we are implicitly deleting
all K-sets of size (number of edges) smaller than i from
the space of all possible solutions. This divides the so-
lutions space into components of potential cliques with
number of edges bounded below by i. The redistribution
phase will make sure that particles in locally optimal
solutions will be distributed among non-local solutions,
while the randomization phase will ensure that particles
remain uniformly distributed as they advance to deeper
and deeper levels of the search space. The invariant the
algorithm maintains is that at the end of stage ¢, all par-
ticles are uniformly distributed inside N;, the set of all
solutions with value > 1.
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N

Figure 1: Decomposing the search graph by increasing
the threshold.

This is shown abstractly in Figure 1 for a part of a
search space and two thresholds T4 and Ts. When the
algorithm is in stage T4, all solutions of value larger
than T4 form a connected component and particles are
uniformly distributed inside this large component. How-
ever, when the threshold is increased to Tg, the search
graph decomposes into smaller components and the goal
is to have particles in each one of these in proportion to
their sizes.

In [9], Dimitriou and Impagliazzo were able to char-
acterize the search spaces where GWW works well in
terms of a combinatorial parameter, the local expansion
of the search space. Intuitevely, this property suggests
that if a particle starts a random walk in A, then the
resulting solution will be uncorelated to its start. If the
search space has the local expansion property, particles
will remain uniformly distributed inside the space and

it will be unlikely that they will get trapped into small
regions of it. This property was proved to be true for the
problem of bisections of a graph and in the subsequent
work of [7], it was also verified experimentally, giving rise
to heuristics that take advantage of the good expansion
properties of the space of bisections.

Preliminary work[10] has shown that the space of all
cliques has local expansion, although in not such a strong
form as the space of bisections. In this work we would
like to test these findings by revealing the characteristics
of the space of all possible cliques.

Studying the behavior of the algorithm with respect to
its two important parameters, population B and random
walk length S, will indicate if the search graph has good
expansion properties. In particular, performance of the
algorithm as a function of the population size will pro-
vide information about the connectedness of N;, while
performance as a function of the walk length will indicate
if V; locally expands. Studying the relative importance
of the two parameters will offer a tradeoff between using
larger populations or longer walks, which may give rise
to implementations of the algorithm which produce high
quality solutions, even when some of these parameters
are kept small.

3 Choice of Distribution

Since we want to evaluate the performance of an algo-
rithm, the choice of a distribution to generate the ran-
dom instances is of uttermost importance.

The G, , model consists of all graphs G' with n ver-
tices in which each edge appears with probability p.
When p = %, the size of the largest clique in a graph
generated according to this distribution is almost surely
2logyn — O(loglogn). A similar model to the previous
one is G, 1 jc which assumes the existence of a clique of
size K in the graph. The graph is generated according
to G,, 1 and a random subset of K nodes is forced to be
a clique. The two models can be shown to be equivalent
when K = 2log,n. In particular, in [16] it was shown
that if there exists an algorithm that finds a clique of size
(I+¢€)logynin G, 1 g, then the same algorithm can find
one of size (1 + €)logy n, in G, 1, with high probability.

Our graphs will be generated according to the G,, 1 x
model. This way, we will be able to evaluate the quality
of the solutions found by the algorithm by conparing
them to the hidden clique. However, the choice of K is
crucial. The expected number of cliques of value K in
the Gn,% model, is simply

Br = (R) x 27,

since 27(2) is the probability that a random set of K
nodes forms a clique. In our experiments, we will set
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Figure 2: a) Computed and estimated clique sizes. b)
Expected number of cliques.

K equal to the largest value such that Ex > 1. The
computed K is shown in Figure 2(a) for various graph
sizes. A good estimate for K is given by the quantity
2log(ne) — 2loglog(n) — 1, which is plotted against the
computed value of K in the same figure. The reason for
choosing K such that Fx > 1 is simply because we want
the two distributions Gn_’% and Gn_’%_’K to be comparable.
If the size K of the hidden clique 1s such that Fx < 1,
then the graphs generated according to G, LK will differ
substantially from those generated according to G, 1, at
least with respect to the size of the largest clique.

The expected number of cliques, for this choice of K, is
shown in Figure 2(b). As it can be seen from the figure,
this number can be much greater than 1 for certain graph
sizes. So in order to force the algorithm work hard to find
the (possibly unique) largest clique, we will work with
graphs in which these cliques are rare. So, for example,
a graph with 553 nodes will have on the average 208
cliques of size 14, while a graph with 554 nodes will have
only one.

This distribution will help us evaluate the performance
of the algorithm by knowing what to expect for the opti-
mal solution. The parameters of the distribution where

chosen this way based on preliminary experiments, which
showed that GWW easily locates the hidden clique when
its size is different than the one selected above.

4 Search Graphs

“Go with the Winners” is an optimization heuristic that
tries to locate optimal solutions in a search graph, whose
nodes represent all feasible solutions for the given prob-
lem. Two nodes in the search graph are connected by an
edge, if one solution results from the other by making a
small local change. Such a search graph should not be
confused with the input graph, which is usually expo-
nentially smaller than the former. The search graph is
implicitly defined by the problem at hand and doesn’t
have to be computed explicitly. The only operations re-
quired by the algorithm are i) generating a random node
(solution) in the search graph ii) compute the value of a
given node and iii) list all the neighboring solutions.

In the case of cliques, we will study the search graph
whose nodes correspond to all sets of K nodes (we will
call such potential solutions, K-sets or potential cliques).
Two such sets are connected by an edge in the search
graph, if one can result from the other by swapping a
vertex in the K-set with one of the n — K vertices not in
the set. Thus the number of neighbors of any K-set is
at most K(n — K). The value of the solution is simply
the number of edges in the K-set. Thus the goal of the
algorithm is to maximize the number of edges in any set,
finding one with (%) edges.

The choice of the search graph is crucial to the per-
formance of the algorithm. Here, we choose to study the
search graph defined above. Another search graph for
the same problem is one in which neighboring solutions
are not defined by swaps of vertices, but by simple ad-
ditions or deletions of a single vertex. Thus if X is a
potential clique and u € X,v ¢ X, then X — {u} and
X + {v} are neighbors of X. Thus any set X can have
at most n neighbors. The value of solutions has to be
changed however. Since our goal is to find a clique on K
vertices, one has to penalize solutions of different sizes.
This can be done by adding a penalty function that takes
into account the number of extra vertices.

This approach can be equally effective because the ex-
tra solutions (total 2™ instead of just (j)) provide more
ways out of local optima. Another benefit is that the
smaller neighborhoods allow for faster implementations
of the algorithm. This search graph however, will be the
subject of subsequent research.



5 Implementation Details

The most time consuming part of the algorithm is the
randomization phase in which each particle has to per-
form an S steps random walk inside the space of solu-
tions, as is determined by the particular stage of the
algorithm.

To perform a random step one has to compute explic-
itly the neighborhood set, store the solutions that have
values greater than the required threshold and then se-
lect one of them at random and put the particle there.
This requires an explicit enumeration of K (n— K) poten-
tial neighbors, and so the running time is dominated by
this quantity. (We don’t count here the time to evaluate
the edges of each K-set, which depends on the partic-
ular data structure used). Thus, the total time of the
algorithm is given by the quantity

STAGES x Bx S x K(n—K), (1)

(modulo the observation above) where STAGES is the
total number of stages of the algorithm, which in this
case is bounded by (%).

It is obvious that if we have a quick way to pick one
of the K (n — K) neighboring solutions, then the compu-
tation of all the K(n — K) swaps will no longer be nec-
essary. This can be done by a “randomized approach”
to picking the right neighbor. Remember that our goal
is to perform an S step random walk, in the space of all
solutions with size (number of edges) greater than some
threshold T'. To perform one step using the “randomized
approach”, we simply pick one of the K (n— K) potential
neighbors at random and check its value. If it is at least
T we go there, otherwise we repeat the experiment. How
many times do we have to do this in order to perform S
valid steps? This depends on the number of neighbors
at each stage T. If this number is x7, then the probabil-
ity of hitting one of them is /K (n — K) and thus we
need K (n— K)/x; trials on the average just to hit one of
them. So, in order to perform S valid steps, we simply
need to do this SK(n — K)/xr times, on average.

As an approximation to x we computed the expected
number of neighboring solutions at each threshold T" us-
ing the fact that we are working with the Gn,% model.
This number is plotted in Figure 5 together with the
statistics collected by a particular run of the algorithm.
As it can be seen from the figure, the two curves match,
proving the validity of this approach.

The savings are great: At early stages of the algorithm,
where the value of 7 is close to K (n— K), each random
step takes constant time! At the last stages, where this
value drops to 1, we follow a deterministic approach,
computing all K(n — K) neighbors, as the randomized
approach cannot tell us if a solution has zero neighbors,
no matter how much we try.

6 Experiments

The two important parameters of GWW is population
size and random walk length. The algorithm uses many
particles, instead of just one, that independently search
the space of all possible solutions. The effect of using
many particles was studied in [1] in the context of search-
ing for a deep leaf in a tree. It was found there that the
use of many particles acts as a probability amplification
technique. This means that the probability of finding
the deep node in the tree is boosted when having more
than one particle interacting with each other.

The other mechanism used by GWW is the random
walk that is performed by the particles at every stage
of the algorithm. This allows the algorithm to escape
from local optima that are encountered when one is using
only greedy moves. The use of these two ingredients
has the effect of maintaining a uniform distribution of
particles throughout the part of the search graph that
results by increasing the quality threshold at each stage
of the algorithm.

The goal of the experiments is to understand the rel-
ative importance of these parameters and the structure
of the search graph. The first type of experiments will
study the quality of the solutions found by the algorithm
as a function of the population size and random walk
length. This will reveal the importance of each param-
eter. (There is also a third parameter that affects the
performance of the algorithm, the increase of the thresh-
old at each stage. Omne can argue that the algorithm
may benefit if this change happens according to some
schedule and not be fixed as in our case. Due to space
requirements however we stick with the smooth increase
and leave this question for future consideration.) The
purpose of the second type of experiments is to validate
the implementation choices of the algorithm and to re-
veal the expansion characteristics of the search graph.
If the search graph has good expansion properties, this
will be revealed by a series of tests that indicate that
sufficiently long random walks uniformly distribute the
particles. Once we have found the optimal random walk
length that uniformly distributes the particles, we can
study how the seach graph decomposes into smaller com-
ponents at various thresholds. Then, hopefully, these
observations can be used to design heuristics that take
advantage of the structure of the search space.

In the following experiments the random graphs were
first generated according to the Gn,% model and then a
random set of K nodes was forced to be a clique. In
particular, we tested a 554 nodes graph with a hidden
clique of size K = 14. We called this graph Gs54. The
behavior of the algorithm was found to be similar for
many instances of random graphs with 554 nodes, so we
decided to proceed with this particular instance. The



expected number of cliques of size 14 on graphs with 554
nodes is 1, and our implementation of GWW found the
hidden clique several times.

6.1 Trading Random Steps for Particles

The effect of varying the number of particles B and ran-
dom walk steps S can be seen in Figure 3. In Figure 3(a),
we used different length random walks (S = 200, 50, 10
and 1) and we plotted the average number of edges in
the K -sets found for increasing number of particles (1 to
100). The size of the solutions found corresponds to the
edges of the K-set, with 91 being the maximum num-
ber of edges in any clique of size 14. In Figure 3(b)
is shown the effect of increasing the length of the ran-
dom walk, for various population sizes (B = 100, 50, 10, 5
and 1). Incidentally, the algorithm discovered three
cliques: the hidden one, which always lies, through a
renaming of the graph nodes, in the first K vertices of
the graph and two others, which consist of the vertices
(3,39,59,81,82,118, 158,293, 346, 366, 446, 450, 506, 528)
and (128,139,157,185, 287,291, 330, 352, 378, 379, 427,
437,462, 533), respectively.

91

©
o
L

Number of Edges
© o]
oo ©

| |

87 1

86 T T T
50 100 150 200

0
Particles
(a)
91
’
90 4
3
U%J”SQ* —
k]
2
£ 88 1
5
z
= B=10
- B=5
- B=1
86 L e LA e B s s o e e e LN e e s s

o

50 100 150 200 250 300 350 400
Random Steps
(b)

Figure 3: a) Average solution value vs number of parti-
cles for various walk lengths. b) Average solution value
vs walk steps for various number of particles.

It is evident from these figures that increasing the com-
putational resources (particles or walk steps) has the

effect of improving the quality of the solutions found.
Thus, it is not clear if any of these resources is more
important than the other. So, in the next type of exper-
iments we proceeded to examine the effect on the qual-
ity of solutions found by varying the number of particles
while keeping the product B x S (particles x random
steps) and hence the running time (see equation (1)) con-
stant. The results are shown in Figure 4.
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Figure 4: a) Average solution value vs number of parti-
cles for different values of B x S. b) Deviation vs number
of particles for different values of B x S.

For each value in these figures we performed 50 runs
of the algorithm and computed the average value and
the deviation of the solutions found. In Figure 4(a) we
plotted the sizes of the K-sets found for various values
of B x S. It is clear that as the number of particles in-
creases the average value also increases, but there is a
point where this behavior stops and the value of solu-
tions starts to decline. This is well understood. As the
population becomes large, the number of random steps
decreases and this has the effect of not allowing the par-
ticles to escape from bad regions.

What is counterituitive perhaps is that we expected



the execution of longer walks to be more beneficial to
the algorithm than having large population sizes. We
thought that having a few particles and investing in
longer walks would result in discovering better solutions.
But this is not the case as it can be seen in the left side
of Figure 4(a). Fewer particles and longer walks result
in poorer solutions. Thus, it turns out that you need
the opposite: Large number of particles and only a few
steps. And most surprisingly, the peek value in all the
curves, from one extreme B x S = 1000 to the other
B x S = 40000, happens when the number of steps is
about 40 or 50. This is also true for the deviation in
Figure 4(b). The deviation becomes smaller for the same
number of steps.

To verify that this type of behavior was not an ac-
cidental one and had nothing to do with our choice of
graph G54, we repeated the experiments with a second
random graph, this one having 830 nodes and a hidden
clique of size 15. Again the same pattern of behavior
was observed. We computed the average value of solu-
tions found for values of B x S equal to 50000, 60000 and
90000. The peek value happened again when the number
of steps was about 50.

One may deduce from this that the number of steps is
not related to the size of the graph but the size of the
hidden clique K. So at this point, we would like to risk
an explanation of this pattern of behavior. Suppose you
have a particular solution (a set with K nodes) A and
the goal is to obtain from this, through random swaps of
vertices, another random K-set B. How many swaps do
you need?

First, let’s find what would be the properties of such B.
We know by standard probabilistic arguments that this
set would have an expected K2/n nodes in common with
A, where n is the number of nodes in the graph. Thus,
our goal is to perform the walk so that r = K — K?/n
random vertices get removed from A and be replaced
with random vertices from the rest of graph nodes.

This walk is reminiscent of sampling with replacement
from a population of M distinct elements until r differ-
ent elements are obtained. In our case, M = K and
r = K — K?/n, the vertices that have to be removed.
The expected length of random walk in a situation like
this is about M In % (see also [11, Chapter IX.3]).
Replacing the values of M and r, we find that the length
of the walk has to be
K+—1/2 < Kln E
K2/n+1/2 K
Substituting the values (K,n) = (14,554) and (15, 830)
for the two random graphs we have considered, we obtain
respectively 40 and 45 random steps. A very close match
to be an accidental one! So we conclude that when the
resourses are limited, the best behavior occurs when the
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Figure 5: Comparison of number of neighbors using the
randomized and deterministic approaches.

number of steps is about K In(n/K), where K is the size
of the hidden clique.

Incidentally, the algorithm discovered three cliques
in Ggzp but this time the two cliques (0,1,3,4,6,
7,8,9,10, 13, 14,290, 564, 663,680) and (0,1,2,3,4,5,6,
7,8,9,10,11,13,14,663) relied heavily on the existence
of the hidden clique on the first 15 nodes. While it is
not at all certain that these are the only cliques of size
15 in the graph, this is an indication of the validity of
our approach to work with graphs where cliques are rare
(the expected number of size-15 cliques in Gggp is one).

6.2 Characterising the Search Graph

In this part we would like first to validate the choice
we made about our “randomized approach” to finding
neighbors and second, to test if the space of cliques has
good expansion properties. In all experiments that follow
we used the Gggg random graph.

The results of the first experiment are shown in Figure
5. We computed the average number of neighbors (de-
gree) of a small population of particles (B is set to 100
particles) as a function of the threshold and compared
this with the number of neighbors when the algorithm
deterministically computes neighborhood sets. In both
runs, S was set to 100. As it can be seen from the figure
the two curves match, proving the validity of the ran-
domized implementation. Also in the figure is shown the
ezpected number of neighbors a K-set has in the G 1
model. Even with this small population, the algorithm
is staying close to random.

While the above discussion is an indication that the
“randomized approach” works fine, perhaps more impor-
tant are the tests that examine the uniform distribution
of particles inside the search graph. If the graph has
good expansion properties, the population will remain
uniformly distributed and this can be shown by a series
of experiments that measure the right walk length that
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Figure 6: Choosing the right walk length that achieves
uniformity: Average intersection between start and end
of the random walk.

achieves uniformity.

A good test towards this direction is a one that deter-
mines the appropriate walk length inside the space N;
so that the average number of common nodes between
the original solution and the one obtained from that so-
lution after performing this random walk matches the
one expected in the Gn,% model. We have argued in
the previous section that when the resources are limited,
Kln(n/K) steps are sufficient to achieve good perfor-
mance. Are they also sufficient to achieve uniformity?
The answer is yes, but only in the earlier stages of the
algorithm as it is implied by Figure 6 and the curve when
S = 50. At later stages, when the neighbors become
scarce, more steps are required to achieve uniformity. As
it can be seen by direct comparison with the expected
curve in Figure 6, the results are very close to being uni-
form when S = 1000.

We performed another test to examine the hypothesis
that 1000 steps are sufficient to uniformly distribute the
particles. In this test (not presented due to space restric-
tions) we examined the average size (number of edges)
of the GWW population at various thresholds and com-
pared with the expected size of K-sets in the Gm% model.
Again the two curves matched showing that particles re-
main well distributed.

In Section 6.1, when we studied the tradeoff between
particles and random steps, we found that the optimal
number of steps is about 50. And we’ve already seen that
the algorithm benefits from using more particles than
random steps. So one may ask why this discrepancy
with the number of random steps required to achieve
uniformity? The answer must lie in the structure of the
search graph. We believe that as the space decomposes
into components by imposing the quality threshold to
solutions, good solutions must reside in pits with high
barriers that render long random walks useless. Thus by
using more particles the algorithm is able, first, to hit
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Figure 7: Number of neighbors of greedy search starting
from particles at various thresholds.

these pits and then search the neighborhood for good
solutions.

We tried to test this hypothesis by performing sim-
ple greedy optimization starting from particles at various
thresholds and counting the number of neighbors of each
greedily obtained solution. If this number is smaller than
the expected number of neighbors found by GWW, this
is an indication that solutions lie inside deep pits. The
results are shown in Figure 7, where the average num-
ber of neighbors of greedily obtained solutions is plot-
ted against the expected number of neighbors each solu-
tion has in the G, 1+ model. It is clear from the figure
that while GWW stays close to random (see also Figure
5), greedily obtained solutions deviate substantially from
the expected curve.

We also tried to examined in more detail the neigh-
borhoods of local optima to see if they have the form of
a plateau, i.e. if they consist of neighbors with the same
size. Out findings support the previous claim that solu-
tions lie in deep pits; these optima seldom had more than
a few neighbors with the same value. Walking sideways
(visiting solutions with the same value) never uncovered
any better optima.

To summarise these findings we have constructed the
following picture of the search space: In the early stages
of the algorithm solutions form one big component, and
therefore a few steps are sufficient to distribute the par-
ticles. As the threshold increases, solutions decompose
into smaller components in which optima are hidden into
deep pits. At these stages more steps are required to
achieve good mixing of the population but this process
never finds better optima. Furthermore, particles remain
trapped in these regions even if we allow random walks
that stay at the threshold. Hence, if time permits, it’s
better to increase the number of particles at the expense
of random steps.



6.3 Heuristics Comparison

Based on these observations we believe that heuristics
that utilize some form of a threshold to make progress
towards better solutions will have better chances to un-
cover good solutions than heuristics that mix greedy with
random steps. Greedy moves tend to trap the particles
into deep regions of the search graph from which the al-
gorithm cannot escape, even with the help of random
moves, while thresholded moves allow for a more pro-
gressive exploration of the search space.

The heuristics we propose to examine are described
below:

Greedy with sideways moves: This is a simplified
(no restarts) version of the GSAT algorithm of [20]. A
particle is maintained which starting from a random so-
lution either moves to a neighbor of better cost or, if
none exists, to a neighbor of equal cost. The length of
this second type of moves is determined by a parameter
which is set to 1000.

Simulated annealing: One particle is maintained
which starting from a random solution either moves to a
random neighbor of better cost, or if none exists, to a bad
neighbor with probability e®/T. T is a parameter called
temperature which controls the annealing process and A
is the negative difference of costs. The implementation
is based on the description of [14] with parameters set
as follows: TEMPFACTOR = 0.95, SIZEFACTOR = 5,
MINPERCENT = 1, INITPROB = 0.5.

Go with the Winners: The population is set to 1800
particles and the random walk length to 50 steps.

T-algorithm (7 for threshold): This is based on a simpli-
fied variant of GWW]7]. Three particles are maintained
starting from a random solution and a threshold initial-
ized to the particle with minimum size. In each step,
the particles are moved to a random neighbor provided
it is below the threshold. Progress is made by increasing
the threshold at each step with a probability that may
depend on the average size so that the expected increase
is +0.01.

We performed an initial run of these algorithms on
the Ggzo random graph and computed the average de-
grees of solutions discovered at various thresholds. The
results are shown in Figure 8. We can see that GWW
and 7 stay close to random while simulated annealing
and greedy deviate, with the latter being the worst of
all. Based on this comparison we expect the algorithms’
performance to be inversely proportional to their devia-
tion from random.

The most time consuming algorithm was GWW. One
run of GWW with the parameters defined previously
took approximately 900 seconds. Annealing took 130

— GWwW
--- T-algorithm
—— greedy
annealing

Number of Neighbors

Threshold

Figure 8: Comparison of number of neighbors for various
algorithms. Algorithms that stayed closer to random
behaved better.

Figure 9: Distribution of solution values found by algo-
rithms on Gggzg normalized for running time.

seconds, the 7-algorithm took 120 seconds and greedy
being the fastest of all, only 3.5 seconds.

In order to be fair in our comparisons we normalized
for running time. We executed 10 runs of GWW that
took approximately 9000 seconds, and we performed the
analogous number of runs for each algorithm so that the
total time matched that of GWW. Specifically, we per-
formed 70 runs of Annealing, 75 runs of 7 and 2600 runs
of Greedy. The results are depicted in Figure 9 under
the same scale so that comparisons are made possible.

As was expected the worst algorithm is Greedy with
solutions ranging from 96 to 104 edges and a mass of 85%
located around 101 edges. The mean of the solutions
found by Greedy was 1.04 and the standard deviation
1.1. Annealing behaved a lot better and surprisingly
matched the behavior of the 7-algorithm. Both algo-
rithms had solutions ranging between 101 and 104 edges
with the exception of 7 that discovered the largest clique
once. (The statistics of these two algorithms are so sim-
ilar that we believe if more experiments were conducted,
annealing would also have discovered the largest clique).
Both algorithms had a mean of 102.64 and Annealing’s
deviation 0.75 was slightly larger that tau’s 0.74. Finally,



GWW discovered the hidden clique two times in 10 runs.
All solutions found by GWW had sizes between 104 and
105 edges. To verify that this concentration was not an
accidental one, we conducted another 30 runs of GWW
and again the same behavior was observed: the largest
clique was discovered 7 times.

7 Conclusions

In general, the algorithms behaved as we predicted. The
performance of Greedy showed that sideways moves are
not helpful because there are no plateaus that lead to
better solutions. Annealing’s behavior was somewhat of
a surprise. We didn’t expect it to perform so well es-
pecially since the average degree of solutions discovered
deviated substantially from random. One explanation is
perhaps the abundance of cliques of size 14 (one less)
than the one we were looking for. Another might be
the use of random moves that helps the particle escape
from bad regions. Or, there might be other features of
the search space that boost the performance of the algo-
rithm. All these observations suggest that more experi-
ments need to be done to reveal more characteristics of
the search graph.

The T-algorithm behaved reasonably well, even though
the number of particles used was so limited and conver-
gence was restricted to a small portion of the space. The
use of small populations like this is another indication
that the likelihood of getting trapped into a local opti-
mum (as is the case for Greedy) becomes smaller as the
population increases. This also suggests that the use of
GWW with small parameters maybe another good alter-
native for combinatorial optimization.

GWW performed as expected. Large populations help
exploring more of the search space, while the number of
steps seems not to be a problem. K In(n/K) steps are
sufficient to uniformly distribute the particles in the early
stages of the algorithm so that they hit the interesting
regions of the space later on. More experiments however
need to be done to reveal the decomposition of the state
space into components at these later stages as well as the
neighborhoods of local optima.

Although a complete map would be possible only for
smaller search graphs where it is computationally feasi-
ble, one can use large populations in bigger graphs to
infer the structure of components according to how the
particles remain connected as a function of the threshold.
We believe that good solutions must lie in components
with high barriers but this remains to be shown.

Another interesting line of research is to understand
how the use of different search graphs may influence the
quality (and the running time) of the solutions found.
As we suggested in Section 4 the use of unbalanced
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solutions may provide more ways out of local optima
and will certainly speedup the algorithm considerably
(this was shown experimentally for the problem of graph
bisections[14]). Are the expansion properties preserved
in this case as well? What about the distribution of
particles? Is the overall performance of the algorithm
better? These are some more important questions that
need to be answered.

Finally, one may use the GWW approach to study
the search spaces of other problems. A good candidate
would be the search space of assignments of random SAT
formulas. Characterization of this space would perhaps
explain the apparent success of WALKSAT[20] in discov-
ering good satisfying assignments.
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