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Abstract

This paper extendsthe framework of partially observable M arkov decision processes (POMDPs)
to multi-agent settings by incorporating the notion of agent models, or types defined in games of
incomplete information, and by using Bayesian update over models during repeated interactions.
We allow agents to have beliefs over physical states of the environment and over models of other
agents which could include their belief states. Our approach complements a more traditional ap-
proach in stochastic games that uses equilibria as a solution paradigm. Our work seeks to avoid
some of the drawbacks of game-theoretic equilibria which may be non-unique and unable to cap-
ture off-equilibrium behaviors. Our approach does so at the cost of having to represent, process
and continually revise models of other agents. Agents' beliefs are, in general, arbitrarily nested,
and optimal solutionsto decision making problems are only asymptotically computable. However,
approximate belief updates and approximately optimal plans are computable.

1 Introduction

We develop a framework for sequentia rationality of autonomous agents interacting with other agents
within a common, and possibly uncertain, environment. We use the normative paradigm of decision-
theoretic planning under uncertainty as represented by partially observable Markov decision processes
(POMDPs) [6, 16, 27]. We make this framework applicable to agents interacting with other agents by
allowing them to have beliefs not only about the physical environment, but also about the other agents;
i.e., their ahilities, sensing capabilities, beliefs, preferences, and intentions.

The formalism of Markov decision processes has been extended to multiple agents before, giving
rise to stochastic games or Markov games[10, 25]. Traditionally, the solution concept used for stochas-
tic gamesisthat of Nash equilibria. Some recent work in Al follows that tradition [5, 14, 17, 18]. How-
ever, while Nash equilibria are useful for describing a multi-agent system when, and if, it has reached a
stable state, this solution concept is not sufficient as a genera control paradigm. The main reasons are
that there may be multiple equilibria with no clear way to choose among them (non-uniqueness), and
the fact that equilibria do not specify actions in cases in which agents believe that other agents may act
not according to their equilibrium strategies (incompleteness) [4, 15].

Other extensions of POMDPs to multiple agents appeared in [3, 30]. They have been called de-
centralized POMDPs (DEC-POMDPs), and are related to decentralized control problems [24]. DEC-
POMDP framework assumes that the agents are fully cooperative, i.e., they have common reward func-
tion and form ateam. Furthermore, it is assumed that the optimal joint policy is computed centrally
and then distributed among the agents, which makes it a variant of multibody planning [27].
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Our formalism, called interactive POMDPs (I-POMDPs) is applicable to autonomous agents with
possibly conflicting objectives, operating in partially observable environments, who locally compute
what actions they should execute to optimize their preferences given what they believe. We are mo-
tivated by a subjective approach to probability in games [15], and we combine POMDPs, Bayesian
games, work on interactive belief systems [1, 12, 19], and related work [4, 8]. The unique aspect of
I-POMDPs is that they prescribe action based on an agent’s beliefs about other agents and about their
expected behaviors. This generalizes and complements the traditional equilibrium approach [15] — if
the agent believes that others will act according to an equilibrium then it also chooses to act out its own
part of this equilibrium. However, if the agent believes that others will diverge from an equilibrium
behavior then the agent can till optimize. This approach, also called decision-theoretic approach to
game theory [21], is capable of avoiding the difficulties of non-uniqueness and incompleteness of tra-
ditional equilibrium approach, but at the cost of processing and maintaining possibly infinitely nested
interactive belief systems|[1, 2] (also called knowledge structures [28].) Asaresult, only approximate
belief updates and approximately optimal solutions to optimal planning problems are computable in
general.

Our approach follows atradition of knowledge-based paradigm of agent design, according to which
itisuseful for agentsto represent and reason with the important elements of their environment to allow
them to function efficiently. We extend this paradigm to other agents by relying on models of other
agentsto predict their actions, and on optimal choices of agent’s own behaviors given these predictions.
The two main elements, first of predicting actions of others, and second of choosing own action, are
both handled from the standpoint of Bayesian decision theory. The descriptive power of decision-
theoretic rationality, which describes actions of rational individuals, is used to predict actions of other
agents. The prescriptive aspect of decision-theoretic rationality, which dictates that optimal actions
chosen are the ones that maximize expected utility, is used for agent to select its own action.

2 Background: Partially Observable Markov Decision Processes
A partially observable Markov decision processes (POMDP) [6, 13, 16, 20] of an agent ¢ is defined as

where: S isaset of possible states of the environment (defined as the reality external to the agent 1),
A; isaset of actions agent ¢ can execute, 7; is atransition function —7; : S x A; x S — [0, 1] which
describes results of agent i's actions, €); is the set of observations that the agent 7 can make, O, isthe
agent’s observation function — O, : ©; x S x A; — [0, 1] which specifies probabilities of observations
if agent executes various actions that result in different states, R, is the reward function representing
the agent i's preferences— R; : S x A; — R.

The belief update and the optimal solutions (depending on an optimality criterion) to POMDPs are
described in the literature [6, 13, 16, 20].

2.1 Optimality Criteria

The agent’s optimality criterion, OC;, isneeded to specify how rewards acquired over time are handled.
Commonly used criteriainclude:

¢ A finite horizon criterion, in which the agent maximizes the expected value of the sum of first T’
rewards. E(Y./_,7+), where r, isareward obtained at time t and T is the length of the horizon.
We will denote this criterion as fh! .



e Aninfinite horizon criterion with discounting, according to which the agent maximizes E ;2 ) v'r¢),

where 0 < v < 1 isadiscount factor. We will denote this criterion asih.

e Aninfinite horizon criterion with averaging, according to which the agent maximizes the average
reward per time step. We will denote thisasih” .

In what follows, we concentrate on infinite horizon criterion with discounting, but our approach
can be easily adapted to other criteria.

2.2 Agent Typesand Frames

The POMDP definition above includes parameters that permit us to compute an agent’s optimal behav-
ior, conditioned on its beliefs. Let us collect these implementation independent factors into a construct
we call an agent i's type.

Definition 1. (Type) A type of an agent i is 6; = (b;, A;,Q;,T;,0;, R;, OC;), where b; is agent i's
state of belief (an element of A(SS)), OC; isits optimality criterion, and the rest of the elements are as
defined before. Let ©, be the set of agent i's types.

Given type, 6;, and under the assumption that the agent is Bayesian-rational, the set of agent’s
optimal actions will be denoted as OPT'(6;). In the next section, we generalize the notion of type to
situations which include interactions with other agents; it then coincides with the notion of type used
in Bayesian games[12, 10]. R

It is convenient to define the notion of aframe, §;, of agent i:

Definition 2. (Frame) A frame of an agent 7 is@- = (A;,Q,T;,0;, R;,OC;). Let (:)Z- be the set of
agent i's frames.

For brevity one can write a type as consisting of an agent’s belief together with its frame: § =
(bi, 0s).

3 Interactive POMDPs

As we mentioned, our intention is to generalize POMDPs to handle presence of other agents. We do
this by including descriptions of other agents (their types, for example), as well as physical aspects of
agent’s own description (i.e., their own frames) in the state space. For simplicity of presentation we
consider an agent 4 that isinteracting with one other agent ;.

Definition 3. (I-POMDP) An interactive POMDP of agent i, I-POMDP;, is:
I-POMDP; = (I5;, A, T;,Q;, 05, R;) )

where;

e IS; isaset of interactive states defined as 1.5, = S x M; where S is the set of states of the
physical environment, and M is the set of possible models of agent j. Models of other agents are
included in the state space to allow an agent to have beliefs over them.

Models of agents include factors relevant to the agents' behavior. Analogously to states of the
world, models of agents are intended to be rich enough to allow informed prediction about behavior.
Agent ¢+ maintains its belief about the interactive state as a probability distribution over 7.5. Let us



note that the states are subjective; the reality external to each agent, say 4, is different in that it includes
agents other than ¢ — in this case agent ;.

A general model of an agent, j, isafunction m; : H; — A(A;), i.e, amapping from j’s observ-
able histories to probabilistic predictions of j's behavior. Let M; be the set of all models of j that are
computable. One example of amodel is obtained during the fictitious play considered in game theory
[9, 22]. In fictitious play model probabilities of agent’s future actions are estimated as frequencies
of actions observed in the past. Another simple version is a no-information model [11], according to
which actions are independent of history and are assumed to occur with uniform probabilities, 1/| 4],
each.

Perhaps the most interesting model is the intentional model, defined to be the agent j’stype, 6 =
(bj, A,Q;,T;5,04, R;, 0C};), together with the assumption that agent j is Bayesian rational. Agent j's
belief is a probability distribution over the states of the world, the models of the agent ¢, and frames of
itself —b; € A(S x M;). The notion of an intentional model, or type, we use here coincides with the
notion of type in game theory, whereit is defined as consisting of al of the agent i’s private information
relevant to its decision making [12, 10]. In particular, if agents beliefs are private information, then
their types involve possibly infinitely nested beliefs over others' types and their beliefs about others.
They have been called knowledge-belief structures and type hierarchies in game theory [1, 2, 7, 19],
and are related to recursive mode! structures in our prior work [11]%.

e A= A; x Ajisthe set of joint moves of all agents.

e T; is atrangition function 7; : IS; x A x IS; — [0,1] which describes results of agents
actions. Actions can change the physical state, as well as the models of other agents and the agent’s
own frame, for example by changing the observation function of one or both agents. One can model
communicative actions as changing the beliefs of the agents directly, but it may be more appropriate
to model communication as action that can be observed by others and thus can change their beliefs
indirectly.

One can make the following assumption about 7;:

Definition 4. (Belief Non-manipulability (BNM)) Agents’ actions do not change the agents' beliefs
directly. Formally, for all s, b;,0;, s', b, 0; we have:

Ti((s, (bj,0)), a, (s', (b;,05))) > 0 only if b; = b} (3)

Belief non-manipulability isjustified in usual cases of interacting autonomous agents. Autonomy
precludes direct “mind control” and implies that agents' belief states can be changed only indirectly,
typically by changing the environment in a way observable to them? As we mentioned the agent’s
actions are still allowed to change, say, their observation capabilities and their preferences’

o 2, isdefined as before in POMDP mode.

e O; isan observation function O; : ; x I.S; x A — [0, 1].
One can make the following assumption about the observation function.

YImplicit in the definition of nested beliefs is the assumption of coherency [7].

2In other words, agents' beliefs do change, just likein POMDPs, but as aresult of belief update after an observation, not
asadirect result of any of the agents’ actions.

30ne can strengthen the notion of autonomous agents by postulating that their preferences are non-manipulable as well,
but we do not go into this here for simplicity.



Definition 5. (Belief Non-observability (BNO)) Agents cannot observe other’s beliefs directly. For-
mally, for all o, s, b;,6;, and b;., we have:

0i(0, (s, (b, 0;)),a) = Oi(o, (s, (b;,8;)), a). (4)

The BNO assumption does not imply that the other elements of the agent’stype arefully observable.
For example, it isunlikely that an agent’s reward function would be directly observable by other agents,
but we do not get into this issue here for simplicity.

e R;isdefinedas R; : 15; x A — R. We allow the agent to have preferences over physical states
and models of all agents, but usually only the physical state will matter.

3.1 Belief Updatein I-POMDPs

We will show that, asin POMDPs, agent’s beliefs over their interactive states are sufficient statistics,
i.e., they fully summarize the agent’s observable histories. Further, we need to show how beliefs are
updated after agent’s action and observation, and how solution is defined. There are two differences
that complicate belief update, when compared to POMDPs. First, since the state of the physical en-
vironment depends on the actions performed by both agents the prediction of how the physical state
changes has to be made based on the predicted actions of the other agent. The probabilities of other's
actions are obtained based on their models. Thus, unlike in Bayesian and stochastic games, we do
not assume that actions are fully observable by other agents. Rather, agents can attempt to infer what
actions other agents have performed by sensing their results on the environment.

Second, changes in the models of the other agents have to be included in the update. Some of
these changes may be directly attributed to the agents' actions? but, more importantly, the update of
the other agent’s beliefs due to its new observation has to be included. In other words, the agent has
to update its beliefs based on what it anticipates that the other agent observes and how it updates. As
could be expected, the update of the possibly infinitely nested belief over other’s types is, in general,
only asymptotically computable.

Proposition 1. (Sufficiency) In aninteractive POMDP of agent ¢, i’s current belief, i.e., the probability
distribution over the set S x M;, is a sufficient statistic for the past history of i’s observations.

The next proposition defines the agent i's belief update function, § (ist) = Pr(ist|of,al™",bi™1),
where ist € IS; isan interactive state. We will use the belief state estimation function, SEg asan ab-
breviation for belief updates for individual statessothat § = SEy, (bl ", al ™", of). 7, (b1, al ™1, of, b)
will stand for Pr(b|b!~ L al” ! ,0t). Wewill also define the set of type-dependent optlmal 8C'[I ons of an
agent, OPT(6;).

Proposition 2. (Belief Update) Under the BNM and BNO assumptions, the belief update function for
interactive POMDP (I1S;, A, T;,Q;, O;, R;) IS

bi(ist) =B -1 bl L(ist— DI 1Pr( |m HYo;(ist,at=1, of)
XEtTet(bt Lait ol bt) i (ist™ 1,at List) (5)

105> 95
xO; (zs at” 1,03»)

where is = (s,m;), is; = (s,m;), b'~" and b are the belief elements of m’~" and m if these
models are intentional, respectively, 3 isanormalizing constant, O; is the observation function in m§

“For example, actions may change the agents' observation capabilities directly.



(assuming it isintentional model), and Pr( |m 1) isthe probability of other agent’s action given
its model, i.e., the probability thaI lis Bayesan rational for that type of agent. If the model isthe
other agent’s type, 6;, then this probablllty isequal tom if at e OPT(6;), and it isequal to

zero otherwise. We defl ne OPT below. If the model of agent j is not intentional then the probability
of actions are given directly by the model and the summation over g;, 7¢,, and the last line drop out.

Proof of Propositions 1 and 2. We start with Proposition 2, by applying the Bayes Theorem:

bt(ist) . P’I”(Z.St|0 t—1 bt 1) __ Pr(ist,of at ! btil) _ Pr(ist ot|at ! bt 1)Pr(at ! bt by
i ir G - Pr(ot, at T bz 1) - Pr(ot |at B bt l)Pr(at B bt 1)
Pr(ist,oflal =1 ) STy (1
= Pr(of[at T bt 1 ﬁzzst 1 P’I”(ZS o; |a 1 )b (25 )
1

ZﬁZiSHZ - IPT(ZS ol |a ,az List— I)Pr( t— 1|at L jst= )bt L(ist1)

_521375 12 t— 1P7"(’L \a List™ Pr(a? 1‘23t 1)[)2 1( 1)

— 0 S )Y Pr(al ml ) Pr(ofis,a' ! ist =) Pr(istjat ! is' )

=B i b;‘f*l( = I)Z - 1PT(CL§ 1|m§ 1)P (oilist,at=1)Pr(ist|at=1,ist 1)
) (a5 Hmj )0

:ﬁzist_l b;’f—l( t—1 Z t L Prla lm 1 Z(ZSt at= 1,0§)Pr(ist\at’l,ist’l)

m

(6)

1 2
Pr(ist|lat=tist™1) = ZO; Pr(istla’1,is'™ 1, of) Pr(ofla’~!,is'™1) (7)

In order to simplify the term Pr(is'[a’~",is'~", 0}), let us substitute the interactive state is' with
its components, is' = (s*,m}), and if m}, isintentional, with (s", b’ 6Y).

175075
1
Pr(ist|at_1,i5t_1,0§-) = Pr(s t,b§,¢9§|a ,'st_l,og)
= Pr(b§|st,0§, 1 ist, )Pr( t 0t|at 1,i5t_1,0§-)

In the above equation, the first term on the right-hand sideis 1 if Agent j’s belief update,
SEg, (b7,a7", 0%) generates abelief state equal to .. Thisterms drops out if m/, isnot anintentional
model. The action pair a!~! may change the physical state, Agent j’s , and Agent i’'s model. The
second term on the right-hand side captures this transition. We utilize the BNM assumption to replace
the second term with the transition function.

1

Pr(ist|at71,ist71,0§-) = ng(bzfl,az 1,oj,b§) (isth a1 ist)

In order to evaluate term 2 of equation Eq. 7, we introduce an intermediate state i¢~1/2. The
intermediate state results after the action pair ¢! but before the observations are perceived.

2
Pr(oﬁ-]atfl,istfl) =) it-1/2 P’r(oz-]atfl,istfl,istfl/Q)Pr(istfl/Qlatfl,istfl)
=D ist-1/2 Pr(0§-|at_1, ist= Y2 Pr(ist=1/2|at=1 ist—1)

In the first term of the above equation, the BNO assumption makes it possible to replace i¢—1/2
with ist.
Pr(ofa=1,is"™ 1) = Y1 Pr(ob]at=! ist) Pr(is=1/2|at~ ist )
= PT(Oz"atilvist) Zzst 1/2 P’I”( = 1/2’at717i5t71)
= Pr(o§-|at_1,ist)
= Oj(isz-, at=1, 03»)



We now replace the summand of Eq. 7 with the evaluated expressions.
Pr(ist|a’=!,ist™1) = Zo§ Tyt (b;fl, az-fl of, bE) Ty (ist=1 al =1, ist)

1YYy (8)
ij(isz-,at_l,oz)

Thefinal equation for our belief update (Eg. 5) results by replacing Eg. 8 into Eq. 6.

Since Proposition 2 expresses the belief ¥ (is') in terms of parameters in the previous time step
only, the Proposition 1 holds as well. O

Intuitively, Proposition 1 holds since, asin POMDPs[29], all of the dynamic elements (state tran-
sitions and observations) of the model depend on the previous state, not on prior observations and
actions.

Proposition 1 and Eg. 5 have alot in common with belief update in POM DPs, as should be expected.
Both depend on agent i’s observation and transition functions. However, since agent i’s observations
also depend on agent j's actions, the probabilities of various actions of j have to be included (in the
first line of Eqg. 5.) Further, since the update of agent j's model depends on what j observes, the
probabilities of various observations have to be included (in the last line of Eq. 5.) The update of j's
beliefs isincluded by adding the 7, term.

If none of the models m; are intentional the belief update in I-POMDPs reduces to form similar
to POMDPs. If some models are intentional the belief could be infinitely nested and the belief update
can be calculated only asymptotically. The belief update can easily be generalized to the setting where
more than one other agents co-exist with agent i.

3.2 Value Function and Solutionsin |-POMDPs

Analogously to POMDPs, each belief state in I-POMDP has an associated value reflecting the maxi-
mum payoff the agent can expect in this belief state:

U(6:) = maza,ea, »  bi(is)ER (is,a;) + v Y Pr(oila;, b;)U(SEp, (bi, ai, 0:)) 9)

is 0€Q);

where, ER;” (is, a;) = Zaj R;(is,a;,a;)Pr(ajlm;) (sinceis = (s, m;)).
Agent i’soptimal action, «*, for the case of infinite horizon criterion with discounting, isan element
of the set of optimal actions for the belief state, O PT'(6;), which is defined as:

OPT(0;) = argmazg,ca, Z bi(is)ER;’ (is,a;) + Z Pr(ola;, b;)U(SEp, (bi,ai,0;)) (10)
is 0,€Q;

Since the beliefs could be infinitely nested approximations that involve terminating the nesting
of beliefs, for example with a no-information model, involve solving a finite number of traditional
POMDPs, and their complexity is PSPACE-hard [26]. Including more information residing in deeper
levels of nesting results in better approximations. We investigated error bounds of such approximations
experimentally in [23] in myopic settings; formal proof of the error bounds for longer time horizons
remain subject of future work.

4 Conclusions

This paper proposes a decision-theoretic approach to game theory as a paradigm for designing agents
that are able to intelligently interact and coordinate actions with other agents in multi-agent environ-
ments. We defined a general multi-agent version of partially observable Markov decision processes,
called interactive POMDP's, and illustrated assumptions, some basic properties and solution method.



tial

Thisline of work opens awide area of fertile future research that integrates frameworks for sequen-
planning, like POMDPs, with elements of game theory and inductive learning.
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