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Abstract

We study three new techniques which will speed up the branch-and-bound algorithm
for the MAX-2-SAT problem: The first technique is a new lower bound function for the
algorithm and we show that the new lower bound function is consistently better than other
lower bound functions. The other two techniques are based on the strongly connected
components of the implication graph of a 2CNF formula: One uses the graph to simplify
the formula and the other uses the graph to design a new variable ordering. The exper-
iments show that the simplification can reduce the size of the input substantially when
used in preprocessing and that the new variable ordering performs much better when the
clause-to-variable ratio is less than 2. The result of this research is a high-performance im-
plementation of an exact algorithm for MAX-2-SAT which outperforms any implementation
we know about in the same category. It also shows that our MAX-2-SAT implementation
is a feasible and effective tool to solve large instances of the Max-Cut problem in graph
theory.

1 Introduction

In recent years, there has been considerable interest in the maximum satisfiability problem
(MAX-SAT) of propositional logic, which, given a set of propositional clauses, asks to find
a truth assignment that satisfies the maximum number of clauses. The decision version of
MAX-SAT is NP-complete, even if the clauses have at most two literals (so called the MAX-2-
SAT problem). Because the MAX-SAT problem is fundamental to many practical problems in
computer science [12] and computer engineering [19], efficient methods that can solve a large
set of instances of MAX-SAT are eagerly sought. One important application of MAX-2-SAT
is that NP-complete graph problems such as maximum cut, independent set, can be reduced
to special instances of MAX-2-SAT [7, 15]. Many of the proposed methods for MAX-SAT are
based on approximation algorithms [8]; some of them are based on branch-and-bound methods
[12, 6, 4, 14, 13, 11, 16]; and some of them are based on transforming MAX-SAT into SAT
[19].

To the best of our knowledge, there are only four implementations of exact algorithms for
MAX-SAT that are variants of the well-known Davis-Putnam-Logemann-Loveland (DPLL)
procedure [9]. One is due to Wallace and Freuder (implemented in Lisp) [18]; one is due to
Borchers and Furman [6] (implemented in C and publicly available); the last two are made
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available in 2003 by Alsinet, Manya and Planes [1] (a substantial improvement over Borchers
and Furman’s implementation) and Zhang, Shen, and Manya [20], respectively.

In this paper we will discuss three novel techniques intended to improve the performance of
the branch-and-bound algorithm proposed in [20]. It is well-known that the tighter the bound
the smaller the search tree in a typical branch-and-bound algorithm. We introduce a new lower
bound function which can reduce the search tree substantially. The other techniques are based
on the use of the strongly connected components (SCC) in the implication graph of a 2CNF
instance. It is well-known that the satisfiability of 2CNF formula can be decided in linear time
by computing SCC [3]. For MAX-2-SAT, we found that computing SCC can help us to (a)
simplify the input greatly, and (b) design a new variable ordering for the branch-and-bound
algorithm in [20].

In order to evaluate the new techniques, we present experimental results on thousands of
MAX-2-SAT instances. We showed that the improved algorithm is consistently and substan-
tially better than all the known algorithms [6, 1, 20]. We also show the performance of the
algorithm on a large set of random MAX-CUT problems.

2 Preliminary

Let F be a formula in 2CNF with n variables V' = {z1,...,z,} and m clauses. An assignment
is a mapping from V to {0, 1} and may be represented by a vector X e {0,1}", where 0 means
false and 1 means true. Let S(X, F) be the number of clauses satisfied by X and K (F) be the
number of minimal false clauses under any assignment.

For every literal x, we use variable(z) to denote the variable appearing in z. That is,
variable(z) = x for positive literal x and variable(Z) = x for negative literal T. If y is a literal,
we use ¥ to denote x if y = 7.

A partial (complete) assignment can be represented by a set of literals (or unit clauses) in
which each variable appears at most (exactly) once and each literal is meant to be true in the
assignment. If a variable x does not appear in a partial assignment A, then we say literals x
and T are unassigned in A. Let u(x) record the number of unit clauses = generated during the
search. If there are no unit clauses in the input, u(z) is initialized to zero.

The algorithm we use is presented in Figure 1. In the algorithm, B(z) = {y | (x Vy) €
F,variable(z) < variable(y)} for each literal x.

The following result is provided in [20].

Theorem 2.1 Suppose F is a set of binary clauses on n variables. Then max_-2_sat2(F,n, go)
returns true if and only if there exists an assignment under which at most gg clauses in F
are false. The time complexity of dec_max_sat(F,n,gg) is O(n2"™) and the space complezity is
L/2+ O(n), where L is the size of the input.

3 Lower Bounds

In line 2 of dec_max_2_sat in Figure 1, popular lower bound functions can be used to improve
its performance. The following two lower bound functions are used in [1, 2, 20]:

e LB1 = the number of conflicting (i.e., empty) clauses by the current partial assignment.

o LB2 = LB1 + X}_; min(u(j), u(y)).



Figure 1: A decision algorithm for MAX-2-SAT.

function max_2_sat2 ( F: clause set, n: variable, go: int) return boolean
// initiation
for i :=1ton do
compute B(i) and B(i) from F;
u(i) := u(i) := 0; // assuming no unit clauses in F'
end for
return dec_max_2_sat(1, go);

end function

function dec_max_2_sat( i: variable, g: integer ) return boolean

1 if (i > n) return true; // end of the search tree
2 if (lower_bound(i) > ¢) return false

3 // decide if we want to set variable i to true
4 if (u(7) < g) A (u(i) < u(i) + |B(i)|) then

5 record _unit_clauses(3);

6 if (dec_max_2_sat(i + 1,9 — u(7))) return true;
7 undo_record_unit_clauses(7);

8 end if

9 // decide if we want to set variable i to false
10 if (u(i) < g) A (u(i) < u(i)+ |B(i)|) then

11 record_unit_clauses(7);

12 if (dec_max_2sat(i + 1,9 — u(i))) return true;
13 undo_record_unit_clauses();

14 end if

15 return false;

end function

procedure record_unit_clauses ( x: literal )
for y € B(x) do u(y) := u(y) + 1 end for;
end procedure

procedure undo_record_unit_clauses ( x: literal )
for y € B(x) do u(y) := u(y) — 1 end for;
end procedure



where u(x) is the number of unit clauses = under the current partial assignment. Using LB2
instead LB1 contributes greatly to the improved performance of Alsinet, Manya and Planes’
implementation over Borchers and Furman’s. It is easy to see that LB1 < LB2 < K(F') when
g0 < K(F)

Lemma 3.1 If there is a clause x Vy in F' such that u(z) < w(T) and u(y) < u(y), then LB2
+ 1 < K(F).

The above lemma allows us to design an enhanced lower bound function as follows. For
any literal z, let ¢(z) = u(T) — u(x) and S be the set of clauses of which both literals are
unassigned under the current assignment. Then the new lower bound can be computed by the
following procedure:

LB3 := LB2;
for every clause (z Vy) € S do
if (¢(x) > 0) A (c(y) > 0) then
LB3 :=LB3 + 1; ¢(z) :==c(z) — 1; c(y) :==c(y) — 1;
end if
end for

Because ¢(z) > 0 and ¢(y) > 0 imply w(Z) > u(x) and u(y) > u(y), for a clause z Vv y, if we
assign 0 to z, u(y) will be increased by 1. So min(u(y), u(y)) will be increased by 1. The same
reason applies to y. We can see that it is safe to increase the lower bound by 1 in this case.

Theorem 3.2 If g9 < K(F), then LB2 < LB3 < K(F).

Note that the function lower_bound() in dec_max_2_sat (line 2) of Figure 1 returns LB2
— LB1 for our old implementation and returns LB3 — LB1 for NB (New Bound) in our
experiments.

4 Using SCC

Given a 2CNF formula F', the implication graph, Gg, of F' is a directed graph where the
vertices are the set of the literals whose variables appear in F' and there is an edge from x to y
iff TV y. It is proved in [3] that F' is unsatisfiable iff Gr has a strongly connected component
(SCC) which contains both = and T for some literal z. For MAX-2-SAT, we may use SCC to
simplify the original problem:

e [f a SCC does not contain any conflicting literals, delete the literals in this SCC from the
original 2CNF formula.

e [f there are more than one SCC, divide the original 2CNF formula according the SCCs
and run MAX-2-SAT program against each component separately.

The idea of “divide-and-conquer” is not new in SAT. For instance, Bayardo and Pehoushek
[5] have used this idea for counting models of SAT. However, it is a new approach to use this
idea based on SCC for SAT. While this idea is appealing, in the study of random MAX-2-
SAT, we tested thousands of instances but found that very few of them contain more than
one SCC with conflict (i.e., with conflicting literals). This should not be a surprise because



in the study of random graphs, Erdés and Rnyi [10] showed that for a simply graph with n
nodes, when the number m of edges grows from 0 to n(n — 1)/2, the first cycle appears when
en < m < (1/2 — e)n and then the graph consists of trees and a few unicyclic components
until m ~ n/2. When m = (1 + €¢)n/2 there is a unique giant component and all other
components are trees or unicyclic; after that, all other components will merge into the giant
component. The application of this result to MAX-2-SAT implication graphs is that only the
giant component can contain conflicting literals. That is, it is not likely there is more than
one SCC with conflict.

Despite of the fact that we have only one SCC with conflict in most cases, we can combine
, the above idea with some known pre-processing methods [12, 6, 4, 14, 13, 11, 16] to simplify
a 2CNF formula before running the decision algorithm. We found that the following sequence
of operations is very effective for most 2CNF formulas:

e Complementary Unit Rule: If FF = {z Vy} A{zVy} A{ZV 2z} A{ZT VZ} A F, then
K(F)=K(F')+1.

e Convert F' to the implication graph G and locate SCCs in Gp. If a SCC does not
contains conflicting literals, we delete this component.

e Resolution Rule: If FF = {&x Vy} A{ZT V 2z} A F’ and F’' does not contain z and 7,
K(F)=K(F' A(yV z)).

e Export each SCC as a new 2CNF formula: For each edge (x — y) in the component,
add T V y in the formula.

e Solve each new 2CNF formula by the MAX-2-SAT algorithm.

As shown later in the paper, this preprocessing procedure reduces the size of random
instance greatly and improves considerably the performance of our algorithm for random MAX-
2-SAT instances.

Another new usage of SCCs is to design a variable ordering for the algorithm in Figure 1.
This algorithm uses a fixed ordering, i.e, from 1 to n, to assign truth value to variables. It
is found useful in [20] to sort the variables according their occurrences in the input in non-
increasing order and then assign variables in that order. Using SCC, we design a new weight
function for variables and we then sort the variables by this weight in non-increasing order.

The weight function is computed using the following procedure: At first each variable has
a weight equal to 0. Then we update the weight by finding the shortest path between every
pair of (z,Z) in the SCC. For any node y in the path, we increase the weight of y by 1.

The intuition behind this ordering is that we want to derive conflicting clauses as early as
possible so that the lower bound checking at line 2 of the algorithm in Figure 1 can be more
effective. If a clause appears in the shortest path connecting two conflicting literals in a SCC,
we give the literals in this clause higher weights so that the truth value of this clause can be
decided early. The experimental results in the next section show that the ordering by the new
weight function performs better than the occurrence ordering when either ¢ = m/n or K(F)
is small.

5 Experimental Results

We have implemented all the three techniques presented in this paper to support the algorithm
presented in Figure 1. The implementation is written in C++ and preliminary experiment re-
sults seem promising. We ran our program with four different configurations: sorting variables



Table 1: Experimental results on Borchers and Furman’s examples. (in seconds)

Problem false clauses BF | AMP | OLD | SONB
#vars | #clauses

50 100 41 0.02| 0.03| 0.01 0.02

150 81 0.06 | 0.03| 0.01 0.03

200 16 | 4.18 | 0.38 | 0.06 0.04

250 22 24 | 0.26 | 0.03 0.08

300 32| 350 | 4.88 | 0.71 0.4

350 41 | 2556 10| 1.26 0.49

400 45 | 2308 | 4.65 | 0.23 0.24

450 63 — 44 | 4.42 2.98

500 66 - 17 | 1.04 0.48

100 200 5| 0.14 | 0.16 | 0.05 0.07

300 15 | 501 29 4.0 0.64

400 29 — | 1204 124 8.3

150 350 41 0.18 022 | 1.71 0.24

450 22 — - — 235

by occurrence (SO), sorting variables by occurrence with new lower bound (SONB), sorting
variables by weight (SW) and sorting variables by weight with new lower bound (SWNB). All
data are collected on a cluster of Pentium 4 2.4GHz linux machines each with 1GB memory.

Table 1 shows some results of Borchers and Furman’s program (BF) [6], Alsinet et al.’s
(AMP, the option LB2-I+JW is used), our old implementation (OLD) and our new implemen-
tation (SONB) on the random problems distributed by Borchers and Furman. In the table,
“~ indicates an incomplete run after running for two hours. Note that the upbound of K (F)
in our algorithm is at first set to the number found by the first phase of Borchers and Furman’s
local search procedure and then decreased by one until the optimal value is decided. It is
clear that our algorithm runs consistently faster than both Borchers and Furman’s program
and Alsinet et al.’s modification. For simple and small size problems, the old implementation
sometimes is faster than the new implementation, because our new program uses a more com-
plex preprocessing procedure. For hard problems, our new implementation is definitely faster
than the old one.

Figure 2 compares Alsinet et al.’s program and our implementation on the random prob-
lems of 40 variables and 200 variables. We considered the following cases: n = 40 variables
with m = 60, 80, 100, 120, 160, 200, 300, ..., 3000, 3040, 3080 clauses and n = 200 variables with
m = 300, 320, 340, 360, 380,400 clauses. For each case, we generated 100 random problems
(excluding satisfiable ones). It is clear that all four configurations of our algorithm run consis-
tently faster than Alsinet et al.’s program. From the figure, we can see that SO is better than
SW on the instances of n = 40 variables, but SW is better than SO in many instances of the
n = 200 variables. The new lower bound (LB3) is consistently better than LB2. Note that in
the figure of n = 40 variables, the running time of our program is decreasing while ¢ = m/n
is increasing when ¢ = m/n is large enough. The reason for this is that the preprocessing can
reduce a lot of clauses when ¢ = m/n is very large. For n = 200, Alsinet et al.’s program could
not finish one job when m = 340, 4 jobs when m = 360, 14 jobs when m = 380 and 35 jobs
when m = 400. When m = 400, both SO and SW have one job unfinished (in two hours).

More detailed results comparing the four configurations, i.e., SO, SONB, SW, and SWNB,
can be found in the full version of this paper (see also the appendix). In the following, we turn



Figure 2: Running time for SO, SONB, SW, SWNB and Alsinet et al.’s algorithm.
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our attention to the Max-Cut problem.

Given an undirected simple graph G = (V, E), where V = {x1, ..., x, } is the set of vertices
and E is the set of edges, let weight w,, ., be associated with each edge (z;,7;) € E. The
Max-Cut problem is to find a subset S of V' such that

W(Sv F) = Z We;,x;

af,’iES,J}]’€§

is maximized, where S = V — S. In this paper, we let weight Wy, ; = 1 for all edges. The
following theorem shows how to reduce the Max-Cut problem to the MAX-2-SAT problem.

Theorem 5.1 [7, 15| Given G = (V,E), where |V| = n, |E| = m, we assume weight
w(xi, xj) = 1 for each (x;,x;) € E. We construct an instance of MAX-2-SAT as follows:
Let V' be the set of propositional variables and for each edge (v;,x;) € E, we create exactly two
binary clauses: (x;V x;) and (T; VT;). Let F' be the collection of such binary clauses, then the
Mazx-Cut problem has a cut of weight k iff the MAX-2-SAT problem has an assignment under
which m + k clauses are true.

We have run thousands instances of the random Max-Cut problem. The performance of
our MAX-2-SAT solver is much better than a special-purpose program for Max-Cut. Some
results are shown in the full version of the paper (see also the appendix). For the instances
where the number of variables n = 30, 50, and 100, SO is better than SW. Those instances
have a relatively large ¢ = m/n > 2 in most cases. For the instances with n = 1000, SW is
often more than 10 times faster than SO when ¢ = m/n < 2.

6 Conclusion

We have given a new lower bound function for the branch-and-bound algorithm of MAX-2-SAT
and showed that the new lower bound function is consistently better than other lower bound
functions. We have also used SCCs of the implication graph of a 2CNF formula to simplify
the formula and to design a new weight for variables. The experiments showed that sorting
variables by weight performs much better when the clause to variable ratio ¢ = m/n is less
than 2. The proposed preprocessing technique can reduce the size of the input greatly. The
result of this research is a high-performance implementation of an exact algorithm for MAX-2-
SAT, which outperforms any implementation we know about in the same category. We applied
the MAX-2-SAT algorithm to solve large instances of Max-Cut problem, and the experimental
results showed this approach is feasible and effective. All the techniques presented in the paper



can be applied to the weighted MAX-2-SAT problem where each clause has a weight. The Max-
Cut problem with arbitrary weights can be easily converted into an instance of the weighted
MAX-2-SAT. As future work, we will specialize and improve the MAX-2-SAT algorithm for
the Max-Cut problem and will solve some real world Max-Cut problems. We will extend the
techniques presented in the paper to solve general MAX-SAT problems.
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Appendix

Figure 3 and Table 2 show the results of four different configurations: SO, SONB, SW and
SWNB on random MAX-2-SAT problems. Each case has 100 random instances. We can see
that the preprocessing procedure can greatly reduce the problem size. We can also see that
SW is faster than SO and SWNB is faster than SONB when ¢ = m/n is relatively small. Our
new lower bound function can always prune more branches.



Table 2: Experimental results on random MAX-2-SAT instances. (Reduced is the problem

after preprocessing)

Problem Reduced SO SONB SW SWNB
#vars | #clauses | #vars | #clauses | branches | branches | branches | branches
200 300 53.4 80.8 6.88e+03 | 1.26e+03 | 1.46e+03 480
200 320 66 106 6.97e+04 | 5.37e+03 | 1.6e+04 | 2.54e+03
200 340 81 140 1.46e+06 | 9.2e4+04 | 3.27e+05 | 3.04e+04
200 360 95.5 177 1.57e407 | 4.37e+05 | 4.16e+06 | 1.67e+05
200 380 105 204 1.09e+4-08 | 9.38e+05 | 3.81e+07 | 1.38e+06
200 400 116 237 2.39e+08 | 2.28e+06 | 7.81e+07 | 3.06e+06
300 420 56.6 79.6 6.24e+03 | 1.19e+03 | 1.3e+03 326
300 450 77.4 115 4.16e+05 | 1.66e+04 | 3.42e+04 | 3.32e+03
300 480 102 166 1.48e4-07 | 2.01e+05 | 2.51e4+06 | 1.73e+05
300 510 122 210 1.89e+4-08 | 5.87e+06 | 4.71e+07 | 1.99e+06
300 540 139 253 5.93e+08 | 2.01e+07 | 2.63e+08 | 8.66e+06
400 520 49.2 64.1 5.28e+4-03 521 798 176
400 560 73.3 103 2.42e+05 | 1.25e+04 | 1.15e+04 | 2.51e+03
400 600 107 162 2.67e+07 | 2.88e+05 | 3.3e+06 | 1.6e+05
400 640 132 210 1.39e+4-08 | 5.97e+06 | 5.23e+07 | 4.91e+06
500 650 59 76 1.1e+04 | 1.3e4+03 | 3.5e+03 le+03
500 700 89 120 2.5e4+06 | 1.7e+05 4e4+05 | 1.5e+04
500 750 132 197 5e+07 | 5.9e4+06 | 9.5e+06 | 1.2e406
500 800 171 277 —| 3.1e407 | 2.9e+08 | 1.9e+407

Figure 4: Performance of SONB and SWNB for Max-Cut Problems
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