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X
The objects of study are vectorsv = 4~ 9 2 RP*1
y

x 2 X RP (inputs , attributes ) observable, readily measurable.
y2Y R (output , class) more di cult to measure.

Problem : Predict (or estimate) y given Xx.
Data : N given observations (ata set )

Procedure
1. Select subsefl D (training set )
2. UseT to determine arule f :x! vy

y = f(x)

3. Test the performance off onD nT



X N(3;1.5) + X N(O; 1.5)
y N(3;0:5) + vy N(O;05)
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y dictates the course of treatment.
The two possible errors:

type 1: false positive , and

type 2: false negative , di er in their consequences.
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T. Lim, W. Loh, and Y. Shih, A comparison of prediction accuracy,
complexity, and training time of thirty three old and new
classi cation algorithms, Machine Learning 40(2000), 203{228
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1. De ne a distance functiond: X Y ! R, e.qg,

2 32 3
q
X X
d 47'5:47%5 = @ (x1;x2)+ d2(yLYya)
Y1 Y2
2. Used for classi cation of D in clusters f 1;:::; m0.

3. For each cluster ; compute:
a center yj ofy,
X the X {projection of |
4. Given x 2 X, determine the nearest projected cluster, say .
5. Usey; as estimate fory.

Yuri Levin and A. B{l, Opsearch 2000



Name of % Correct Predictions % Errors Lim et al

Data Set Mean | Max Min | Type 1 | Type 2 || Max | Min
Breast Cancer 96.5 100 93.1 2.5 1.0 97 91
Liver 63.2 | 79.3 | 49.7 19.7 17.1 72 57
Diabetes 4.7 79.9 65.7 10.2 15.1 /8 69
\Yelilgle 92.0 | 98.78 | 82.3 3.8 4.2 96 94
Wine 03.7 100 | 82.35 2.6 3.7 100 | NA
Hepatitis 86.03 | 96.42 | 71.43 8.12 5.85 83 | NA
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Observationsx 2 RP from two populations with equal covariance .
Sample meansX; and (pooled) sample varianceS are computed.

It is required to nd a 2 RP maximizing

(aT X, a' 72)2
a' Sa

Rationale: Let y = a"x. Then

(Vi ¥2)* _ (@'%x1 a'xp)*
5 al Sa '



Let d := X; X». The problem:

maxf(a'd)?: a'Sa=1g (P)



Let d := X; X». The problem:
maxf(a'd)?: a’Sa=1g (P)
has the optimal solution

1
S

° pdTS d




Let d := X; X». The problem:
maxf(a'd)?: a'Sa=1g (P)

has the optimal solution

a=p 1 S 1d
d's 1d
and optimal value
T 2
max (2 d)” _ d's d

a'l Sa






The samples represented by ellipses have mears; | =1;2 and
variance S









(a'd)?

max

G

a' Sa
maxf(a'd)?: a'Sa=1g












Let X1; X»: d; S be as above.
Assign an observationx to population 1 if

1
d's x> EdTS 1(71 + X>)

to population 2 otherwise.




Let X1; Xo: d; S be as above.
Assign an observationx to population 1 if

1
d's x> édTS L(x1 + X))

to population 2 otherwise.
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d2R", S2R" " PSD.

The problem:
max f(d"x)%: x"Sx = 1g

Lagrangian:
L(x; )=(d"™x)?2 (x"Sx 1)

An optimal solution must satisfy

ZrL(x; )=(d'x)d Sx=0

(P)

(1)



Case 1: d 2 R(S)

) x= S7d;

) X'Sx =

)

)

2

X

d

N

24T 9YS9Vd =

1

TSyd
1

" dTSvd

S’d

2dTs¥d =1

(2)
©)

(4)
(5)



(cont'd)

max f(d"x)?: x'Sx =1g

The story so far: If d 2 R(S) then

X= p 1 SVd
dT sSvd
TQy 2
(de)2: pd ks = d' SVd
dT sSvd

Case 2: d 2 R(S) (so S is singular)
Let z = PN(S)d ) z6 0
Let X satisfy xT Sxo = 1

X(t) ;== Xg + tz

) x(t)TSx(t)=1:; 8t

G

(5)

©)



(cont'd)
But
d'x(t)= d"xg+ td'z
= dTxo+ tdT Py (s)d
= d" X + tkPy (sydk®
= d"xg + tkzk?
) jdTx()j?= O(t?) 11 witht

No optimal solution (values unbounded).



max f(d"x)?: x"Sx = 1g

Denote
Q:PN(S):| SYS
8=5s+ Q
1 1
) 81=9+ =Q

and consider the problem

max f(d"x)%: x"8x = 1g

G



with optimal solution

X = P L 9 1d
dT8 1ig

T dT(SY+ 1Q)d

and optimal value

2AB B2
@xp= A
— T E

where A = (d7SVd); B = kzk°
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A [piooliel max f(d"x)%?: x"Sx =1g (P)

whered = X; X, 62R(S). Let 8= S+ Q; Q = Py(s).
Then 8 = SY + 1Q and the problem

max f(d"x)?: x"8x = 1g (P)

has the solution

b= p_t &g

D
dT 9vd
1 1
- g S’d + =Py (s)d
dTSvd + 1kPy (s)dk?
1 .
11 o SYd ; the solution of (P)

dT Svd
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Let X 1; X, be the observations inRP from the two populations,

and imbed in RP*! as follows: 0 1

Points x 2 X, are shifteduptoz=1,1e. x! k= @XA,
1
0O 1

. . _ X
points x 2 X, are shifted downtoz= 1,ie.x! k= @ " A
1

The covariance matrix
0 1
@ °A
O O

IS singular even if Is not.
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The problem
moaxf(ErTx£ TQX =19

X
where 8 = R, R, = @X1 , °A = @ZA, has solution

0 10 1 O 1

y y
b/ 98 = @S Oa @dA — @S d A
O/ 2 2

(P)
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max f (87 x TQX =1
S F A :

X
whereB =%, &, = @t X2 - @ A . has solution
2 2

0 10 1 O 1

y y
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O/ 2 2
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(contd.)

The problem
moaxf(EPTx% TQX =19

X
whereB =%, &, = @t X2 - @ A . has solution
2 2

0 10 1 O 1

y y
b/ 98 = @S Oa @dA — @S d A
O/ 2 2

It is the normal of the hyperplane separating ¥, 0, in RPHL

The angle between this vector and thez{axis is given by
2

cos = §
kSYdk2 + 4

(P)



Z kSYdk
= alrccos 4 — arctan ——

kSYdk2 + 4

Angle of separation as a function of the scaled distanc&SYdk



Name of Data Set | cos % Correct
Breast Cancer 0.74 | 43 96.5
Liver 0.99 63.2
Diabetes 0.99 74.7
Voting 0.18 | 80 92.0
Hepatitis 0.42 | 65 86.0
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The Mahalanobis distance of

2 RY from O is
2_ T 1
q
Partiton T =( [; 1); 12 RX and correspondingly
2 3
_ 4 11 125
21 22
) 2 — T 1 + T 1
q 1 11 1 2;1 22;1 2;1
—_ 2 T 1
= kTt 21 221 21

where P

1 . — 1
2:1 — 2 21 11 1 22:1 — 22 21 11 12

K.V. Mardia, J.T. Kent and J.M. Bibby, Multivariate Analysis,
Academic Press, 1979
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(contd.)

fu N(C;); M Wy ;m)then the sample M.d.

2 — T 1
can be partitioned as Dg=mu'M “u

2 - N2 T 1

Dg = Dkt mz My, 2
here Df = mujMy,"us; Map1= My MaMy"Myp;
whnere K Up My Ua, Moz 22 21Vl 1, V12,

— 1
Z= U»> M21M11 Uq

Theorem . If D¢ and D¢ are as above and ,., = O then

D Df L
m+DZ m q+1 ¢m 9

and is independent ofDZ.  (Mardia et al, Theorem 3.6.2)
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(contd.)

Let X1; X2 be samples inRP, with nq;n, observations resp., from
two populations  Np( ;;) ; 1=1;2, and let
n

niny
Imbed in RP*! by associating pointsx with ® = (z; x) where

N=n{+ Ny, C=

z N(;1) for x2Xq1;z N( 1,1) for x 2 Xy:

Then 8= kb, R, = (Z1 Z2:X1 X2)=(Z1 Z»;d) has covariance
matrix 0 1

b- @ °A

0
If ,= ,then

8  Ng((2;0); H
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If S;;S, are the variances of 2 samples, thg@ooled variance s

_ N1S; + NSy

Spooled = ;
poole n_ 2

(N 2)Spooled Wp( ;n  2);

d T?%p;n 2

(n 2)p
n p 1

197 1
and € “d Sp;geq

Fpn p 1

. —
The Mahalanobis distanceDg,; = ¢ 18 8 18 is decomposed

. _
Dg.y = Di+c 'd 8,510

=cl(z;, z)?+cld s i



(contd.)

Theorem . If ;= , then

D2, D? _ cds i
(n 2)+D2 (n 2)+c Yz1 2,2
p Fp;n 2 p

n 2 p



(contd.)

Theorem . If ;= , then

D2, D? _ cds i
(n 2)+D2 (n 2)+c Yz1 2,2
P
n_2 pr;n 2 p

Corollary . Let ;= , andlet be the angle of separation for
the normalized observations '=2x. Then

2 P
n 2 p







