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Statistical Learning

The objects of study are vectorsv =

2

4x

y

3

5 2 Rp+1

x 2 X � Rp (inputs , attributes ) observable, readily measurable.
y 2 Y � R (output , class) more di�cult to measure.
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The objects of study are vectorsv =
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4x

y

3

5 2 Rp+1

x 2 X � Rp (inputs , attributes ) observable, readily measurable.
y 2 Y � R (output , class) more di�cult to measure.

Problem : Predict (or estimate) y given x.
Data : N given observations (data set )

D = f (x i ; yi ) : i = 1 ; : : : ; N g

Procedure :
1. Select subsetT � D (training set )
2. UseT to determine a rule f : x ! y

y = f (x)

3. Test the performance off on D n T
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A linear discriminant rule

� x � N (3; 1:5) + x � N (0; 1:5)
� y � N (3; 0:5) + y � N (0; 0:5)
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Medical applications

Typically: x = ( x1; : : : ; xp) results of diagnostic tests ,
y 2 f 0; 1g denoting respectively the absence or presence ofdisease.

6



Medical applications

Typically: x = ( x1; : : : ; xp) results of diagnostic tests ,
y 2 f 0; 1g denoting respectively the absence or presence ofdisease.

y dictates the course of treatment.

The two possible errors:

� type 1: false positive , and

� type 2: false negative , di�er in their consequences.

6-a



Medical applications
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y 2 f 0; 1g denoting respectively the absence or presence ofdisease.

y dictates the course of treatment.

The two possible errors:

� type 1: false positive , and

� type 2: false negative , di�er in their consequences.

C. Merz and P. Murphy, UCI Repository of machine learning databases.

Dept. of Info. and Comp. Sci., Univ. of California, Irvine, C A, 1996.

www.ics.uci.edu/~mlearn/MLRepository.html
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Medical applications

Typically: x = ( x1; : : : ; xp) results of diagnostic tests ,
y 2 f 0; 1g denoting respectively the absence or presence ofdisease.

y dictates the course of treatment.

The two possible errors:

� type 1: false positive , and

� type 2: false negative , di�er in their consequences.

C. Merz and P. Murphy, UCI Repository of machine learning databases.

Dept. of Info. and Comp. Sci., Univ. of California, Irvine, C A, 1996.

www.ics.uci.edu/~mlearn/MLRepository.html

T. Lim, W. Loh, and Y. Shih, A comparison of prediction accuracy,
complexity, and training time of thirty three old and new
classi�cation algorithms, Machine Learning 40(2000), 203{228

6-c



A Naive Proposal

1. De�ne a distance function d : X � Y ! R, e.g.,

d
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Y (y1; y2)
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2. Used for classi�cation of D in clusters f 
 1; : : : ; 
 m g.

3. For each cluster 
 i compute:
a center yi of y,

 X

i the X {projection of 
 i

4. Given x 2 X , determine the nearest projected cluster, say 
Xi .

5. Useyi as estimate fory.

Yuri Levin and A. B{I, Opsearch, 2000
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Name of % Correct Predictions % Errors Lim et al

Data Set Mean Max Min Type 1 Type 2 Max Min

Breast Cancer 96.5 100 93.1 2.5 1.0 97 91

Liver 63.2 79.3 49.7 19.7 17.1 72 57

Diabetes 74.7 79.9 65.7 10.2 15.1 78 69

Voting 92.0 98.78 82.3 3.8 4.2 96 94

Wine 93.7 100 82.35 2.6 3.7 100 NA

Hepatitis 86.03 96.42 71.43 8.12 5.85 83 NA
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Fisher's Discriminant: Separation of Populations with
equal Covariances

Observationsx 2 Rp from two populations with equal covariance �.
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Fisher's Discriminant: Separation of Populations with
equal Covariances

Observationsx 2 Rp from two populations with equal covariance �.
Sample meansx i and (pooled) sample varianceS are computed.

It is required to �nd a 2 Rp maximizing

(aT x1 � aT x2)2

aT Sa

Rationale: Let y = aT x. Then

(y1 � y2)2

s2
y

=
(aT x1 � aT x2)2

aT Sa
:
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Fisher's Discriminant: Separation of Populations with
equal Covariances

Let d := x1 � x2. The problem:

max f (aT d)2 : aT Sa = 1g (P)
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Fisher's Discriminant: Separation of Populations with
equal Covariances

Let d := x1 � x2. The problem:

max f (aT d)2 : aT Sa = 1g (P)

has the optimal solution

a =
1

p
dT S� 1d

S� 1d

and optimal value

max
(aT d)2

aT Sa
= dT S� 1d
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Two populations � N (� i ; � ); i = 1; 2
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Two populations � N (� i ; � ); i = 1; 2

2

1

-1

1.5

0.5

1.510.50

-0.5

0
-0.5

The samples represented by ellipses have meansx i ; i = 1 ; 2 and
variance S
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d = x1 � x2
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d = x1 � x2
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d = x1 � x2

2

1
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0

max
(aT d)2

aT Sa
(P)

max f (aT d)2 : aT Sa = 1g
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The Fisher discriminant is given by the line d T S� 1x = �
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Classi�cation using Fisher's Discriminant
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Classi�cation using Fisher's Discriminant

Let x1; x2; d; S be as above.
Assign an observationx to population 1 if

dT S� 1x >
1
2

dT S� 1(x1 + x2)

to population 2 otherwise.
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An Optimization Problem

d 2 Rn , S 2 Rn � n PSD.

The problem:

max f (dT x)2 : xT Sx = 1g (P)
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An Optimization Problem

d 2 Rn , S 2 Rn � n PSD.

The problem:

max f (dT x)2 : xT Sx = 1g (P)

Lagrangian:

L (x; � ) = ( dT x)2 � � (xT Sx � 1)

An optimal solution must satisfy

1
2 r L (x; � ) = ( dT x)d � � S x = 0

) Sx =
� dT x

�

�
d (1)
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Case 1: d 2 R(S)

x =
� dT x

�

�
Syd (2)

) x = �S yd; � =
dT x

�
(3)

) xT Sx = � 2dT SySSyd = � 2 dT Syd = 1

) � 2 =
1

dT Syd
(4)

) x =
1

p
dT Syd

Syd (5)
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An Optimization Problem (cont'd)

max f (dT x)2 : xT Sx = 1g (P)

The story so far: If d 2 R(S) then

x =
� 1

p
dT Syd

�
Syd (5)

(dT x)2 =
� dT Syd

p
dT Syd

� 2
= dT Syd (6)

Case 2: d =2 R(S) (so S is singular)

Let z = PN (S) d ) z 6= 0

Let x0 satisfy xT
0 Sx0 = 1

x(t) := x0 + tz

) x(t)T Sx(t) = 1 ; 8 t
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An Optimization Problem (cont'd)

But

dT x(t) = dT x0 + t dT z

= dT x0 + t dT PN (S) d

= dT x0 + t kPN (S) dk2

= dT x0 + t kzk2

) jdT x(t)j2 = O(t2) ! 1 with t

No optimal solution (values unbounded).
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Regularization in case d =2 R (S)

max f (dT x)2 : xT Sx = 1g (P)

Denote

Q = PN (S) = I � SyS

bS = S + � Q

) bS� 1 = Sy +
1
�

Q

and consider the problem

max f (dT x)2 : xT bSx = 1g (bP)
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with optimal solution

x =
1

p
dT bS� 1d

bS� 1d

=
1

q
dT (Sy + 1

� Q)d

�
Sy +

1
�

Q
�

d

and optimal value

(dT x)2 =
A2 + 2AB

� + B 2

� 2

A + B
�

where A = ( dT Syd); B = kzk2
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Two populations, equal covariance

The problem max f (dT x)2 : xT Sx = 1g (P)

where d = x1 � x2 62R(S). Let bS = S + �Q; Q = PN (S) .
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Two populations, equal covariance

The problem max f (dT x)2 : xT Sx = 1g (P)

where d = x1 � x2 62R(S). Let bS = S + �Q; Q = PN (S) .

Then bSy = Sy + 1
� Q and the problem

max f (dT x)2 : xT bSx = 1g (bP)
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Two populations, equal covariance

The problem max f (dT x)2 : xT Sx = 1g (P)

where d = x1 � x2 62R(S). Let bS = S + �Q; Q = PN (S) .

Then bSy = Sy + 1
� Q and the problem

max f (dT x)2 : xT bSx = 1g (bP)

has the solution

bx =
1

p
dT bSyd

bSyd

=
1

q
dT Syd + 1

� kPN (S) dk2

�
Syd +

1
�

PN (S) d
�

����!� ! 1
1

p
dT Syd

Syd ; the solution of (P)
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Two populations, equal covariance �

Let X 1; X 2 be the observations inRp from the two populations,
and imbed in Rp+1 as follows:
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Two populations, equal covariance �

Let X 1; X 2 be the observations inRp from the two populations,
and imbed in Rp+1 as follows:

Points x 2 X 1 are shifted up to z = 1, i.e. x ! bx =

0

@x

1

1

A ,

points x 2 X 2 are shifted down to z = � 1, i.e. x ! bx =

0

@ x

� 1

1

A .

The covariance matrix

b� =

0

@� 0

0 0

1

A

is singular even if � is not.
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Two populations in R2

� x � N (3; 1:5) + x � N (0; 1:5)
� y � N (3; 0:5) + y � N (0; 0:5)
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From R2 to R3

� �! z = 1

+ �! z = � 1
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In R3
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Separation in R3
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Two populations in R2

� x � N (3; 1:5) + x � N (1; 1:5)
� y � N (3; 0:5) + y � N (2; 0:5)
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From R2 to R3

� �! z = 1

+ �! z = � 1
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In R3
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Separation in R3
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Two populations in R2

� x � N (3; 1:5) + x � N (3; 1:5)
� y � N (3; 0:5) + y � N (3; 0:5)
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From R2 to R3
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In R3
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Separation in R3
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Two populations, equal covariance � (contd.)

The problem
max f (bdT x)2 : xT bSx = 1g (bP)

where bd = bx1 � bx2 =

0

@x1 � x2

2

1

A =

0

@d

2

1

A ,
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Two populations, equal covariance � (contd.)

The problem
max f (bdT x)2 : xT bSx = 1g (bP)

where bd = bx1 � bx2 =

0

@x1 � x2

2

1

A =

0
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2

1

A , has solution
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Two populations, equal covariance � (contd.)

The problem
max f (bdT x)2 : xT bSx = 1g (bP)

where bd = bx1 � bx2 =
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@x1 � x2

2

1
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A , has solution

bx / bSybd =
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It is the normal of the hyperplane separating bX 1; bX 2 in Rp+1 .
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Two populations, equal covariance � (contd.)

The problem
max f (bdT x)2 : xT bSx = 1g (bP)

where bd = bx1 � bx2 =

0

@x1 � x2

2

1

A =

0

@d

2

1

A , has solution

bx / bSybd =

0

@Sy 0

0 1
�

1

A

0

@d

2

1

A =

0

@Syd
2
�

1

A

It is the normal of the hyperplane separating bX 1; bX 2 in Rp+1 .
The angle � between this vector and thez{axis is given by

cos� =
2
�q

kSydk2 + 4
� 2
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Angle of Separation

� = arccos
2
�q

kSydk2 + 4
� 2

= arctan
� kSydk

2
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1

0.8

0.6

0.4

0.2
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Angle of separation as a function of the scaled distancekSydk
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Angle of separation � for 5 datasets

Name of Data Set cos� � % Correct

Breast Cancer 0.74 43� 96.5

Liver 0.99 4� 63.2

Diabetes 0.99 3� 74.7

Voting 0.18 80� 92.0

Hepatitis 0.42 65� 86.0
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A Decomoposition of Mahalanobis Distance

The Mahalanobis distance of � 2 Rq from 0 is

� 2
q = � T � � 1�
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A Decomoposition of Mahalanobis Distance

The Mahalanobis distance of � 2 Rq from 0 is

� 2
q = � T � � 1�

Partition � T = ( � T
1 ; � T

2 ); � 1 2 Rk and correspondingly

� =

2

4� 11 � 12

� 21 � 22

3

5

) � 2
q = � T

1 � � 1
11 � 1 + � T

2;1� � 1
22;1� 2;1

= � 2
k + � T

2;1� � 1
22;1� 2;1

where � 2;1 = � 2 � � 21� � 1
11 � 1; � 22;1 = � 22 � � 21� � 1

11 � 12

K.V. Mardia, J.T. Kent and J.M. Bibby, Multivariate Analysis ,
Academic Press, 1979

38-d



Decomoposition of M.d. (contd.)

If u � N (� ; �) ; M � Wq(� ; m) then the sample M.d.

D 2
q = muT M � 1u
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Decomoposition of M.d. (contd.)

If u � N (� ; �) ; M � Wq(� ; m) then the sample M.d.

D 2
q = muT M � 1u

can be partitioned as

D 2
q = D 2

k + mzT M � 1
22;1z
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Decomoposition of M.d. (contd.)

If u � N (� ; �) ; M � Wq(� ; m) then the sample M.d.

D 2
q = muT M � 1u

can be partitioned as

D 2
q = D 2

k + mzT M � 1
22;1z

where D 2
k = muT

1 M � 1
11 u1; M 22;1 = M 22 � M 21M � 1

11 M 12;

z = u2 � M 21M � 1
11 u1
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Decomoposition of M.d. (contd.)

If u � N (� ; �) ; M � Wq(� ; m) then the sample M.d.

D 2
q = muT M � 1u

can be partitioned as

D 2
q = D 2

k + mzT M � 1
22;1z

where D 2
k = muT

1 M � 1
11 u1; M 22;1 = M 22 � M 21M � 1

11 M 12;

z = u2 � M 21M � 1
11 u1

Theorem . If D 2
q and D 2

k are as above and� 2;1 = 0 then

D 2
q � D 2

k

m + D 2
k

�
q � k

m � q + 1
Fq� k;m � q+1

and is independent ofD 2
k . (Mardia et al, Theorem 3.6.2)
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Decomoposition of M.d. (contd.)

Let X 1; X 2 be samples inRp, with n1; n2 observations resp., from
two populations � Np(� i ; �) ; i = 1 ; 2, and let

n = n1 + n2; c =
n

n1n2
:
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Decomoposition of M.d. (contd.)

Let X 1; X 2 be samples inRp, with n1; n2 observations resp., from
two populations � Np(� i ; �) ; i = 1 ; 2, and let

n = n1 + n2; c =
n

n1n2
:

Imbed in Rp+1 by associating pointsx with bx = ( z; x) where

z � N (1; 1) for x 2 X 1; z � N (� 1; 1) for x 2 X 2:
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Decomoposition of M.d. (contd.)

Let X 1; X 2 be samples inRp, with n1; n2 observations resp., from
two populations � Np(� i ; �) ; i = 1 ; 2, and let

n = n1 + n2; c =
n

n1n2
:

Imbed in Rp+1 by associating pointsx with bx = ( z; x) where

z � N (1; 1) for x 2 X 1; z � N (� 1; 1) for x 2 X 2:

Then bd = bx1 � bx2 = ( z1 � z2; x1 � x2) = ( z1 � z2; d) has covariance
matrix

b� = c

0

@1 0

0 �

1

A
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Decomoposition of M.d. (contd.)

Let X 1; X 2 be samples inRp, with n1; n2 observations resp., from
two populations � Np(� i ; �) ; i = 1 ; 2, and let

n = n1 + n2; c =
n

n1n2
:

Imbed in Rp+1 by associating pointsx with bx = ( z; x) where

z � N (1; 1) for x 2 X 1; z � N (� 1; 1) for x 2 X 2:

Then bd = bx1 � bx2 = ( z1 � z2; x1 � x2) = ( z1 � z2; d) has covariance
matrix

b� = c

0

@1 0

0 �

1

A

If � 1 = � 2 then
bd � Nq((2; 0); b�)
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Decomoposition of M.d. (contd.)

If S1; S2 are the variances of 2 samples, thepooled variance is

Spooled =
n1S1 + n2S2

n � 2
;
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Decomoposition of M.d. (contd.)

If S1; S2 are the variances of 2 samples, thepooled variance is

Spooled =
n1S1 + n2S2

n � 2
;

(n � 2)Spooled � Wp(� ; n � 2);

and c� 1 d
T

S� 1
pooled d � T2(p; n � 2)

�
(n � 2)p
n � p � 1

Fp;n � p� 1 :
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Decomoposition of M.d. (contd.)

If S1; S2 are the variances of 2 samples, thepooled variance is

Spooled =
n1S1 + n2S2

n � 2
;

(n � 2)Spooled � Wp(� ; n � 2);

and c� 1 d
T

S� 1
pooled d � T2(p; n � 2)

�
(n � 2)p
n � p � 1

Fp;n � p� 1 :

The Mahalanobis distanceD 2
p+1 = c� 1bd

T
bS� 1bd is decomposed

D 2
p+1 = D 2

1 + c� 1d
T bS� 1

22;1d

= c� 1(z1 � z2)2 + c� 1d
T

S� 1d
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Decomoposition of M.d. (contd.)

Theorem . If � 1 = � 2 then

D 2
p+1 � D 2

1

(n � 2) + D 2
1

=
c� 1d

T
S� 1d

(n � 2) + c� 1(z1 � z2)2

�
p

n � 2 � p
Fp;n � 2� p
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Decomoposition of M.d. (contd.)

Theorem . If � 1 = � 2 then

D 2
p+1 � D 2

1

(n � 2) + D 2
1

=
c� 1d

T
S� 1d

(n � 2) + c� 1(z1 � z2)2

�
p

n � 2 � p
Fp;n � 2� p

Corollary . Let � 1 = � 2 and let � be the angle of separation for
the normalized observations � � 1=2x. Then

tan2 � �
p

n � 2 � p
Fp;n � 2� p
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