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The objects of study are vectors v = c Rptl

Y
x € X C R? (inputs, attributes) obs_er;/able, readily measurable.

y € Y C R (output, class) more difficult to measure.

Problem: Predict (or estimate) y given x.
Data: N given observations (data set)

D:{(Xi,yi)I ’L:l,,N}

Procedure:
1. Select subset T C D (training set)
2. Use T to determine a rule f : x — y

y=f(x)
3. Test the performance of f on D\ T
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1. Define a distance function d: X x Y — R, e.g.,

X1 X9
d( : ) :\/d%((X1>X2)+@d2y(ylay2)
Y1 Y2

2. Use d for classification of D in clusters {Q4,..., Q. }.

3. For each cluster {); compute:

a center vy, of v,

QF the X-projection of Q;
4. Given x € X, determine the nearest projected cluster, say Q.

5. Use y; as estimate for y.

Yuri Levin and A. B-1, Opsearch, 2000



Name of % Correct Predictions % Errors Lim et al

Data Set Mean | Max Min | Type 1 | Type 2 || Max | Min
Breast Cancer 96.5 100 93.1 2.9 1.0 97 91
Liver 63.2 79.3 49.7 19.7 17.1 72 57
Diabetes 74.7 79.9 65.7 10.2 15.1 78 69
Voting 92.0 | 98.78 82.3 3.8 4.2 96 94
Wine 93.7 100 | 82.35 2.6 3.7 100 | NA
Hepatitis 86.03 | 96.42 | 71.43 8.12 5.85 83 | NA
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Rationale: Let y = a’x. Then

(U —7p)?  (a'x; —a’xy)?

35 al Sa
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Let d := X; — X3. The problem:
max {(a’d)?: a’ Sa =1}

has the optimal solution

_ 1 —1
vdTS-1d
and optimal value
Td 2
max (a d) —d's—id







The samples represented by ellipses have means X;, + = 1,2 and

variance S





















Let X1, X2, d, S be as above.

Assign an observation x to population 1 if
1
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deR"” S eR"™™ PSD.

The problem:

max {(d'x)?: x'Sx =1}

Lagrangian:
L(x,\) = (d'x)? — A\(x!Sx — 1)

An optimal solution must satisfy

IVL(x,A) = (d'x)d—ASx=0

LSx = (i)\x)d



Case 1: d € R(S)

dfx
—(—=)s'd
* ( )\ )
dT
- x = aS'd, =
A
s xTSx = a?2dTS87SSTd = 02dTSTd =1
1
. 2
- % T 4aTsid
X = ! Std

vdTSstd



(cont’d)

max {(d'x)?: x'Sx =1}

The story so far: If d € R(S) then

1
= STd
= (w/dTSTd)
T gt
(d7x)? = ( d' S'd
vdT STd
Case 2: d ¢ R(S) (so S is singular)

)2 — d7std

Letz:PN(S)d Z#O

Let xq satisfy x5 Sxg = 1

x(t) = Xg + tz
x()PSx(t) =1, Vit



(cont’d)
But
d'x(t) =d'xo +td'z
=d"xo +td" Py(s)d
= d'xo + t[|Py(s)d|”
=d"xo +1||z|

oo |ldtx(8)]* = O(t?) — oo with t

No optimal solution (values unbounded).



max {(d'x)?: x'Sx =1}

Denote

Q= Pywy=1-S'S

S=54+kQ
~ 1
L STt =8T+ =@
K
and consider the problem

max {(d'x)?: x'Sx =1}



with optimal solution

1
- V/dT5-1d
1

) Jar(st+1Q)d

S—1d

X

(SHL%Q)d

and optimal value

2AB B?
(dTX)2 e A2 + K + K2
- A4 E

where A = (d¥'STd), B = |z




The problem max {( dTX)Q T gy — 1}

where d = X; — X &€ R(S).

Let :9\: S+ kQ, Q= PN(S)-



The problem max {( dTX)Q T gy — 1}

where d = X; — X3 € R(S). Let S=25+ kQ, Q@ = Pn(s)-
Then ST = ST + %Q and the problem

max {(d”x)?: x7Sx =1}



The problem max {( dTX)Q T gy — 1}

where d = X; — X3 € R(S). Let S=25+ kQ, Q@ = Pn(s)-

Then ST = ST + %Q and the problem
max {(d”x)?: x7Sx =1}

has the solution

1 ~
S STd

v/ dT Std
1 1

_ (St +— Py(syd)
\/dTSTd—I—%HPN(S)dHQ R

> 1
K — 00 STd , the solution of (P)

vdTStd
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Let X7, X5 be the observations in R? from the two populations,

and imbed in RPT! as follows:

X
Points x € X are shifted up to 2 =1, i.e. x - X = :

1

X

—1

points x € Xy are shifted down to z = —1, i.e. x - X =

The covariance matrix

)
|

is singular even if > is not.







































(contd.)

The problem

where d =X — X9 = = :

o)



The problem

where d

AN

&=

(contd.)

, has solution

Std

2
K



(contd.)

The problem
max {(&Tx)2 . xSx =1}

~ o~ ~ X1 — X9
where d = X1 — X9 = = , has solution
2 2
P ST 0 d Std
0 1 2 2

It is the normal of the hyperplane separating X 1, )?2 in RPT1,

@>



(contd.)

The problem
max {(&Tx)2 . xSx =1}

~ ~ A X1 — X2 .
where d = X1 — X9 = = , has solution
2 2
P ST 0 d Std
0 1 2 2

It is the normal of the hyperplane separating X 1, )?2 in RPT1,
The angle 6 between this vector and the z—axis is given by

2

JIstd|2 + 4

cos b =

@>



- k[|STd]|

— arctan

JIstdl? + % ’

0 = arccos

Angle of separation as a function of the scaled distance ||STd)||



Name of Data Set | cos® 0 % Correct

Breast Cancer 0.74 | 43° 96.5
Liver 0.99 | 4° 63.2
Diabetes 0.99 | 3° 4.7
Voting 0.18 | 80° 92.0

Hepatitis 0.42 | 65° 86.0
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A?] = ul'>

Partition pu? = (u?, ul’), p,; € R¥ and correspondingly

211 219
291 E22

LAL = B+ e D5 M

Y, =

= A +H2 1222 1M21

where o = py — Yor1X T My, Do = Yoo — Y0171 Dio

K.V. Mardia, J.T. Kent and J.M. Bibby, Multivariate Analysis,
Academic Press, 1979
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(contd.)
Ifu~N(p,X), M ~W,(X,m) then the sample M.d.

" D? =mu’ M1
can be partitioned as ¢ — MY .

2 _ 2 T 3r—1
Dy = Dy +mz” My, 7

2 Tar—1 —1
where Dk = muq Mll ui, M22,1 = M22 — M21M11 Mlg,

—1
Z — Ug — M21M11 [ §]

Theorem. If Dg and D3 are as above and Mo 1 = 0 then

DS—D,% qg—k
2 Foq—km—q+1
m + Dy m—q-+1 ’

and is independent of DZ.  (Mardia et al, Theorem 3.6.2)
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matrix

If p; = py then
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(contd.)

If 57,55 are the variances of 2 samples, the pooled variance is
nq Sl + TLQSQ
n—2 '

(n — Z)Spooled ~/ Wp(E, n — 2),

Spooled —

and ¢! HTS_l

pooled

a ™~ TQ(p,’n,—2)

XT/\ —~
The Mahalanobis distance Dg 1 =c'd S7'd is decomposed

D2, =D?+c'd S;,d

— - + A S



(contd.)

Theorem. If p; = p, then

p2,,-D}  c'd s'd
(ﬂ,—-2)-+-l)% N (n,—-2)-+-0_1(§j —-22)2
p

Y

M—2—
n_2_p p p



(contd.)

Theorem. If p; = p, then

D2,-D} c'd' s-'d
(n — 2) -+ D% N (n — 2) + C_l(El — 52)2
p
N n—2—p pn—2-p

Corollary. Let u; = p, and let 6 be the angle of separation for
the normalized observations ¥.~/2x. Then

p

tan® 6 ~
n—2—p

Fp,n—2—p
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