Solutions to Review Problems

Problem 1.   

(a) The problem can be formulated as a maximal flow problem as follows. Introduce n nodes  for n boys and  n nodes for n girls. Conect the node corresponding to boy j to the  node corresponding to girl k if and only if boy j knows girl k.

Add a node s (source) and connect it by outgoing arcs to all nodes corresponding to boys. Add a node t (sink) and connect it by incoming arcs to all nodes corresponding to girls. Set the capacities of all arcs in this network equal to 1.

(b) for this friendship matrix, the corresponding network is as follows:


The maximal flow in this network is equal to the maximal number of pairs boy-girl that know each other and can be found using the labelling algorithm.  For the network above the maximal flow equals five (check it!) and the flow on red arks is 1, the flow on the other arcs equals  0.  

To solve this problem as an assignment problem we need to write the cost matrix. For the friendship matrix in part (b) we can use the following cost matrix:

      | 0 0 1 1 1 |

      | 1 1 1 0 0 |

C= | 0 1 0 1 1 |

      | 1 1 0 1 0 |

      | 1 0 1 0 1 |

Notice that in matrix C the entries corresponding to the 1’s in the friendship matrix are qual to 0. This is because we don’t have a “penalty cost” if we assign a boy to a girl he knows. If we assign a boy to a girl he doesn’t know, this is bad, so we have to pay a penalty cost, which is equal to one in the matrix C. Notice that we can use any positive value instead of 1 in the cost matrix C. Then we find a minimum cost assignment with the cost matrix C using the assignment algorithm. 

      | 0 0 1 1 1 |

      | 1 1 1 0 0 |

      | 0 1 0 1 1 |

      | 1 1 0 1 0 |

      | 1 0 1 0 1 |

This is an optimal assignment ( 0’s  are assigned zeroes). The cost of this assignment is 0, so we found five pairs that satisfy the condition in the problem.

Problem 2.       
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3

3

3

5

0

5

0

2

2

0

1

3

2

0

1

0

3

0

0

0

0

5

0

2

2

0

1

3

2

0

1

0

3

0

0

0

0

5

0

1

2

0

1

2

3

1

2

0

4

1

1

0

3

8

5

4

5

3

6

5

6

4

7

3

6

3

5

2

4

,

,

1

,

4

,

,

1

},

1

,

0

{

1

1

1

1

1

1

1

1

3

8

5

4

5

3

6

5

6

4

7

3

6

3

5

2

min

*

*

*

*

*

*

*

*

*

*

44

34

24

14

43

33

23

13

42

32

22

12

41

31

21

11

44

43

42

41

34

33

32

31

24

23

22

21

14

13

12

11

44

43

42

41

34

33

32

31

24

23

22

21

14

13

12

11

=

+

+

+

=

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ë

é

Þ

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ë

é

Þ

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ë

é

Þ

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

=

Î

=

+

+

+

=

+

+

+

=

+

+

+

=

+

+

+

=

+

+

+

=

+

+

+

=

+

+

+

=

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

=

z

j

i

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

to

subjec

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

z

ij

K

K


Problem 3. #1(5.2) Make zeros in every row and every column. The optimal solution is obtained applying step 2 of the assignment algorithm. Minimum cost=9.

Problem 4.
      |   3    5    4  |           |  60  |         | 50 |

C= |   6   11   3  |      s= |  40  |    d= | 40 |

      |   8    6    5  |           |  50  |         | 30 |
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[image: image3.wmf]Initial BFS using Vogel’s method:
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This table represents an optimal solution to the transportation problem.

Min Cost=150+50+90+180=470

Problem 5. Exercise 10 (5.1)

Initial BFS obtained using the Min-cost method:
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This table represents the optimal solution for the transportation problem.

Min-cost: z=200+40+150+120+300+40+140+160=1150

Problem 6. Exercise 4(5.4)
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Augmenting path: 1(2(4(7 of capacity 6
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Augmenting path: 1(2(5(7 of capacity 2
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Augmenting path: 1(3(6(7 of capacity 4
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Augmenting path: 1(3(4(2(5(7 of capacity 1
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Augmenting path: 1(3(4(7 of capacity 1


[image: image9]
No augmenting path can be found. The maximum flow of capacity f=6+2+4+1+1=14 has been found.

The network below represents a flow of maximum capacity 14. The blue arcs give us the cut of minimum capacity 14.
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Problem 7. Exercise 8 (3.4)

	
	
	-1
	-2
	0
	0
	0
	

	cB
	
	X1
	X2
	X3
	X4
	X5
	xB

	0
	X3
	0
	-5/3
	1
	-2/3
	1/3
	2/3

	-1
	X1
	1
	-1/3
	0
	-1/3
	-1/3
	10/3

	
	
	0
	7/3
	0
	1/3
	1/3
	-10/3


This tableau represents an optimal solution to the problem in example 2, section 3.4.

We want to add the constraint  3x1+5x3>=15 to this problem.

We rewrite the constraint in the canonical form: multiply by (-1) both sides of inequality, add a slack variable (x6) to the left side:

-3x1-5x3+x6= -15

Let’s add this constraint to the tableau above:

	
	
	-1
	-2
	0
	0
	0
	0
	

	cB
	
	X1
	X2
	X3
	X4
	X5
	X6
	xB

	0
	X3
	0
	-5/3
	1
	-2/3
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	-1
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	X6
	-3
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	-5
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	0
	1
	-15

	
	
	0
	7/3
	0
	1/3
	1/3
	0
	-10/3


We need to make the entries colored red equal to 0 (why?). For this we multiply the scond row (corresponding to x1) by 3 and the first row (corresponding to x3) by 5 and add the results to the third row (corresponding to x6). 

We obtain the following tableau: 

	
	
	-1
	-2
	0
	0
	0
	0
	

	cB
	
	X1
	X2
	X3
	X4
	X5
	X6
	xB

	0
	X3
	0
	-5/3
	1
	-2/3
	1/3
	0
	2/3

	-1
	X1
	1
	-1/3
	0
	-1/3
	-1/3
	0
	10/3

	0
	X6
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	-28/3
	0
	-13/3
	2/3
	1
	-5/3

	
	
	0
	7/3
	0
	1/3
	1/3
	0
	-10/3


This tableau represents a basic solution that satisfies the optimality criterion but is not feasible. We need th apply the dual simplex algorithm to restore feasiblility. Variable x6 is the departing variable, variable x4 is the entring variable (since max{(1/3)/(-13/3), (7/3)/(-28/3)}=-1/13), so the entry colored red is the pivot. After pivoting we obtain the optimal solution.

Problem 9. Exercise 4 (4.1)

xj = number of bottles of drink j to be served, j=1,2,…,7
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Problem 10. Solve Exercise 7 in section 3.5.
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, so the problem has no finite optimal solution.
Note: If we pick x2 as the entering variable (with the most negative z2-c2), we will obtain the same answer, but we’ll have to perform a few additional iterations of the revized simplex method.

Problem 11. Exercise 6 (5.4)
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Augmenting path: 1(4(6(7 of capacity 6
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Augmenting path: 1(3(5(7 of capacity 4
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Augmenting path: 1(2(6(5(7 of capacity 2
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Augmenting path: 1(4(6(5(7 of capacity 2
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The sink (node 7) cannot be labeled. We’ve obtainedtha maximum flow f=14. The minimum capacity cut: (5,7),(6,7) (with capacity 14).

Optimal solution
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Problem 12. Exercise 2 (5.5)
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Boys                                                Girls





               (all arcs have capacity 1)
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