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Abstract. Given an m X n binary matrix A, a subset C' of the columns is called
t-frequent if there are at least ¢t rows in A in which all entries belonging to C' are
nonzero. Let us denote by a the number of maximal t-frequent sets of A, and let 8
denote the number of those minimal column subsets of A which are not t-frequent
(so called t-infrequent sets). We prove that the inequality o < (m — ¢+ 1) holds for
any binary matrix A in which not all column subsets are ¢t-frequent. This inequality
is sharp, and allows for an incremental quasi-polynomial algorithm for generating all
minimal ¢-infrequent sets. We also prove that the analogous generation problem for
maximal t-frequent sets is NP-hard. Finally, we discuss the complexity of generating
closed frequent sets and some other related problems.
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1. Introduction

Let us consider an m x n binary matrix A : R x C — {0,1}, and
an integral threshold value ¢t € {1,...,m}. To each subset C' C C of
the columns, let us associate the subset R(C') C R of all those rows
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2 Boros et al

r € R, for which A(r,c¢) = 1 in every column ¢ € C. The cardinality
|R(C)] is called the support of the set C. Let us call a subset C' C C
of the columns frequent (or more precisely, t-frequent) if its support is
at least the given integral threshold ¢, i.e. if |R(C)| > ¢, and let us
denote by F; the family of all t-frequent subsets of the columns of the
given binary matrix A. Let us further call a subset C' C C infrequent
(or t-infrequent) if its support does not exceed the given threshold ¢,
ie. if |[R(C)| < t. Clearly, subsets of frequent sets are also frequent,
and supersets of infrequent sets are also infrequent. Let us denote by
M, C F; the family of all maximal ¢-frequent sets (i.e. those which are
t-frequent, but no superset of them is t-frequent), and by Z; the family
of all minimal ¢-infrequent sets (i.e. those which are infrequent but all
proper subsets of them are ¢-frequent.)

The generation of frequent sets of a given binary matrix A is an im-
portant task of knowledge discovery and data mining, e.g. it is used for
mining association rules [1, 2, 6, 18, 26, 27|, correlations [9], sequential
patterns [3], episodes [28], emerging patterns [12], and appears in many
other applications. Most practical procedures to generate JF; are based
on the anti-monotone Apriori heuristic (see [2]) and build frequent sets
in a bottom-up way, in time proportional to the number of frequent
sets. It was also demonstrated recently in [10] that these methods are
inadequate in practice when there are (many) frequent sets of large
size (see also [4, 20, 24]), due to the fact that |F;| can be exponentially
larger than |My].

These results show that it is perhaps more important to find the
boundary of the frequent sets, i.e. the families of maximal frequent and
minimal infrequent sets M;UZ; (proposed e.g. in [31]), and use those as
a condensed representation of the data set, as suggested in [26]. There
are several other examples presented in [26] to show the usefulness
of maximal frequent sets and minimal infrequent sets, e.g. providing
error bounds for the confidence of an arbitrary Boolean rule, in terms
of minimal infrequent sets. Furthermore, it can easily be seen (see e.g.
[18]) that no algorithm using membership queries “X € F;?” (i.e. using
the matrix A only to compute the support for column subsets X C C)
can generate all maximal frequent sets by asking fewer than |M; U Z;|
such queries.

In this short paper we prove the following inequality.
THEOREM 1. IfZ; # 0 then
(M| < (m —t+1)[Z4]. (1)

Note that the requirement that Z; be non-empty is necessary because
for |Z;| = 0 we would have M; = {C} and hence |[M;| = 1 in contradic-
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On maximal frequent and minimal infrequent sets 3

tion with (1). The condition Z; # () thus excludes the degenerate case
when the entire columns set of A is t-frequent.

Before proceeding further, let us mention some algorithmic implica-
tions of (1).

Given a hypergraph H on a finite base set V', a subset S C V is called
a transversal of it if SNH # () for all H € H. Let H? denote the family of
all minimal transversals of H. It was observed independently by several
authors (see [5, 18, 19]) that the completeness of given subfamilies
X CHand Y C HY (ie., the equalities ¥ = H and Y = HY) is equiv-
alent with X% = ). Here the problem of checking if X4 = ) is called
hypergraph transversal problem (for definitions and related results see
e.g. [13]). Though the exact complexity of the hypergraph transversal
problem is still open, it is known to be solvable in quasi-polynomial
time [15], implying thus an incremental quasi-polynomial generation
of H U H? (assuming H is represented by an efficiently computable
membership oracle). (For more on joint generation of hypergraphs and
their transversals and the other related results, see [8].)

To apply the above ideas to frequent set generation, let us observe
first that minimal ¢-infrequent sets are exactly the minimal transver-
sals of the complements of maximal ¢t-frequent sets. Introducing H¢ =
{V\H | H € H} to denote the family of complementary edges of a hy-
pergraph H, we can thus see that 7, = (./\/lf)d. Since the given matrix A
provides us with an efficient membership oracle for both families Z; and
M, (and equivalently for M¥), the above results imply an incremental
quasi-polynomial joint generation of the families Z; and M;. Specifi-
cally, it follows from [15] that for each k < |[M;UZ;|, we can generate k
sets in My UZ; in poly(n, m) + k°01°8%) time. The above inequality (1)
clearly implies that if we can generate M; UZ; in time T'(]JM; U Zy)),
then the entire set Z; can be generated in time T'((m — t + 2)|Zy]).
We thus conclude that the family of minimal infrequent sets Z; can be
generated in output quasi-polynomial time, i.e. in time bounded by a
quasi-polynomial in |Z;|. This can be further improved to show that the
incremental complexity of generating Z; is also equivalent with that of
the transversal hypergraph problem (see [7, 8] for more detail). Hence

COROLLARY 1. For each k < |Z|, we can compute k minimal t-
infrequent sets of A in poly(n,m) + K°1eK) time where K = max{k,

Let us note next that the matrix A can also be interpreted as the
adjacency matrix of a bipartite graph G = (R UC, E), i.e., in which
(r,c) € E if and only if A(r,¢) = 1. Then, maximal frequent sets of
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A correspond to maximal complete bipartite subgraphs Krc < G,
where R C R, and C C C. Such complete bipartite subgraphs are
also considered in the context of concept lattices, and are called formal
concepts, see e.g. [11, 16].

It is known (see e.g., [22]) that computing the number of maximal
complete bipartite subgraphs of a bipartite graph is a #P-complete
problem, and hence by the above equivalence, computing | U;>1 M| is
also #P-complete. (In [14] an O(132%(m +n)) algorithm was presented
to generate all maximal complete bipartite subgraphs of a bipartite
graph on m + n vertices, or equivalently, to generate all maximal fre-
quent sets of A, where | denotes the maximum of |C||R(C)|/(|C] +
|R(C)| — 1), with the maximum taken over all maximal frequent sets
C'.) Strengthening these (negative) results and the NP-hardness result
of [25, Lemma 4.2], we can show the following:

THEOREM 2. Given an mxn matrix A, a threshold t, and a subfamily
S C My, it is NP-complete to decide if S # My, even if |S| = O(n®)
and | M| is exponentially large in n whenever S # M;, where ¢ > 0
can be arbitrarily small.

Note that deciding whether or not S # My for polylogarithmically
large |S| can be done in quasi-polynomial time. This is because S = M,
exactly when (S¢)¢ = T;, which is equivalent with (S¢)? C Z;, since
S C M;. Thus, we need to generate (S€)¢ and then check if each of
those transversals are minimal ¢-infrequent sets, or not. To generate

(8)4, let us observe that (S¢)¢ C ®ges(C\ S), and all the sets on the
right hand side can easily be generated in O(n!!) time.

Let us next remark that the inequality (1) is best possible, as the
following examples show. Let A be an m x (m — ¢t + 1) matrix, in
which every entry is 1, except the diagonal entries in the first m —t+41
rows, which are 0. Then any m — ¢ element subset of the columns
is a maximal t-frequent set, while the set C of all columns is the only
minimal ¢-infrequent set. Thus we have equality in (1) for such matrices.

It is also worth mentioning that (1) stays accurate, up to a factor
of logm, even if m > n and |Zy| is arbitrarily large. To see this, let
us consider a binary matrix A with m = 2¥ rows and n = 2k columns
(k > 1, integer), having all the rows that contain exactly one 0 and one
1 in each pair of the adjacent columns {1,2},{3,4},...,{2k — 1,2k}.
It is not difficult to see that for ¢t = 1 there are 2* maximal 1-frequent
sets (every row of the matrix is the characteristic vector of a maximal
1-frequent set), and that there are only k& minimal 1-infrequent sets,
namely {2i — 1,2} for ¢ = 1,...,k. Thus, for such examples we have
M| = (m/ logm)|Zi|.
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The same example shows also that |M;| cannot be bounded by a
polynomial function of only |Z;| and n, the number of columns of A.

Needless to say that in general, |Z;| cannot be bounded by any
polynomial in |[M;|, n and m.

Let us add finally that Corollary 1 and Theorem 2 answer ques-
tions raised in [31] regarding the incremental complexity of generating
maximal frequent and minimal infrequent sets.

2. Closed Frequent Sets

Following [32], let us call a subset C' C C of the columns closed if
R(C") & R(C) for all C" 2 C, that is, if ¢ € C' exactly when A(r,¢) =1
for all r € R(C) (see also [29, 30]). Let us further denote by D; the
family of all closed t-frequent column sets. Clearly, we have

M CD CF

forallt=1,...,m.

It is clear that the family of closed sets may not be Sperner, and
hence it may not correspond directly to a monotone system, in general.
However, the sets C' U R(C) for closed sets C C C do correspond
naturally to a monotone system. Namely, it is easy to see that the
sets CUR(C) C CUR for closed subsets C' C C together with C and R
form the family of maximal independent sets of the bipartite graph the
vertex set of which is C UR, and in which a pair (r,¢) for r € R and
¢ € Cis an edge if and only if A(r,¢) = 0. Thus, according to the results
of [21], closed frequent sets can be generated with polynomial delay (in
terms of the number of rows and columns of A). The generation of
all closed sets of course has the disadvantage that there may be too
many with |R(C)| small. In what follows, we show that those closed
sets for which |R(C)| exceeds a given threshold can also be generated
efficiently.

It can be seen by the definitions that every closed t-frequent set is
also a maximal #'-frequent set for some t' > ¢, implying the following
claim.

PROPOSITION 1. D; = Ut’ZtMt’- O
Let us note next that for C' € D; \ D41 we either have a nonempty

subset ¢’ & C with C" € Dyyq, or A(r,c) = 0 for all ¢ € C and
r & R(C). For sets of the latter type we must have R(C) = R({i}) for
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some ¢ € C, and thus the number of such subsets is limited by n, and
it is easy to identify those in O(mn?) time. The sets in D; \ Dyy1 of
the first type can be obtained by trying to increment all sets of Dy in
all possible ways. For every C' € D,;11 let us consider the hypergraph
on R(C) defined by the columns C” € C \ C (as characteristic vectors),
and let Hy, Ho, ... be the maximal subsets in this hypergraph. Let C;
denotes the set of columns C’ € C \ C corresponding to H;. Then it
is enough to consider C' U C1,C U (o, ... for each C' € D41, as the
candidates for subsets in D; \ D¢41. These maximal hyperedges can be
determined in O(|C\ C|?|R(C)|) time, and thus all sets of the first type
can be generated in O(n?m|D;;1|) time. Therefore, all sets of D; \ Dy41
can be generated in O(n?m|D;1]) time.

Finally, denoting by 7 the maximum number of 1’s in a column of
A, we can claim that D; = () for all ¢ > 7, and that D, can easily be
generated in O(nm) time.

Putting all these together, we can conclude that, in contrast to
maximal frequent sets, closed frequent sets can be generated efficiently
in incremental polynomial time.

PROPOSITION 2. The family Dy can be generated in incremental
polynomial time for any t € {1,...,m}. O

Let us finally remark that we can have |D;| be exponentially larger
than |M;| and at the same time |F;| be exponentially larger than |D;|.
To see such an infinite family of examples, let us choose positive integers
k, (> k) and t, set m = kt, n = kl, and define the matrix A as follows.
Let Uy ={(i—)l+j|j=1,..,1} fori=1,....k, let C = U U;, and
let a; € {0,1}" (1 < i < k) be the binary vector in which a;; = 0 if
J € Ui, and a;; = 1 otherwise. Finally, let A € {0,1}"*" be the matrix
formed by t copies, as rows, of each vectors a;, i =1, ..., k.

It is now easy to see that the maximal ¢-frequent sets in this matrix
are exactly the column subsets C of the form C' = C \ U; for some 1 <
i < k. Thus, |M;| = k. Furthermore, the column subsets of the form
C = C\ (Ujesl;) for nonempty subsets S C {1,...,k} are exactly the
closed t-frequent sets of A, therefore we have |D;| = 2¥—1. Furthermore,
any subset C' C C of the columns, disjoint from at least one of the sets
Ui, ..., U, is a t-frequent set, implying that |F;| > 20Dk > |D,|I-1,
Finally, any minimal transversal of the subsets U; for ¢ = 1,..,k is a
minimal ¢-infrequent set, thus we have |Z;| = I¥.

In summary, for these examples we have m = kt, n = kl and

M=k < D] =2F-1 < |Tj| =1F < 266D < |F|. (2
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3. Proofs of Theorems 1 and 2

For the proof of Theorem 1 we shall need the following combinatorial
lemma [8]. For completeness, we provide the proof of the lemma below.

LEMMA 1. Given a base set V of size |V| = m and a threshold t €
{1,...,m}, let S ={S1,...,5.} and T = {T1,...,Tg} be two families
of subsets of V' such that

(i) |S| >t for all S € S, while |T| <t for allT € T, and

(i1) for each of the a(a—1)/2 pairs S’,S" € S there exists a T € T,
such that S'NS" CT.

Then a < (m —t+1)3, whenever a > 2.

Let us remark first that if & = 1 then the family 7 might be empty,
which would violate the inequality v < (m—t+1)(. Let us also mention
that by (ii) # > 1 must hold whenever a > 2. In addition, conditions (i)
and (ii) together imply that S is a Sperner family, i.e. S;  S; whenever
i # j (since otherwise S; = S; N S; C T} would follow by (ii) for some
T}, € T, contradicting condition (i).) Without loss of generality we can
assume that 7 is also Sperner, for otherwise we can replace 7 by the
family of all maximal sets of 7.

Proof of Lemma 1. We shall prove the Lemma by induction on ¢. If
t = 1 then 7 = {0} by condition (i). In view of (ii), this implies that
the sets of S are pairwise disjoint, and hence « < m = (m —t + 1)4.

In a general step, let us define subfamilies S, = {S\{v} | S € S, v e
Stand 7, ={T'\{v} | T €T, veT} for each v € V. Let us further
introduce the notations «, = |S,|, and 3, = |7|.

For vertices v € V for which «, > 2 (and thus 3, > 1) the families
S, and 7, satisfy all the assumptions of the Lemma with m’ =m — 1
and t' =t — 1, and hence

ay < (m' —t'+1)8, = (m—t+1)8, (3)
follows by the inductive hypothesis. Let us then consider the partition

V=V1UVy, where Vi ={veV]|a,<1},and Vo ={v eV |a, >2}.
Summing up the inequalities (3) for all v € V5, we obtain

Zavg(m—t—i—l)Zﬂv. (4)

veVs veVy
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On the left hand side, using condition (i) and the definition of a,,
we obtain

oat=[Vi[ < 3 [S|=Vil < X (IS = ISNVA) = > [SNTal = > au,
Ses Ses Ses vEVL
(5)
where the first inequality follows by |S| = « and |S| > t for S € S,
while the second one is implied by V1| > > gc5 ]S N V1|, which follows
from the definition of Vj.
On the right hand side of (4) we can write

Yo Be=D TNV < > |T| < B(t—1), (6)
vEVa TeT TeT
where the first equality follows by the definition of 8, and 7, and the
last inequality follows by the conditions |T'| < ¢ for T' € 7.
Putting together (4),(5) and (6) we obtain at —|Vi| < (m—t+1)(t—
1)3, or equivalently that

i t—1
ag‘tﬂ—i-t(m—t—i-l)ﬂ. (7)
If V1] <m —t+1, then
i t—1
|;|+t(m—t—|—1)ﬁ§(m—t+1)ﬂ,

and hence a < (m—t+1)8 by (7). On the other hand, if |[V;| > m—t+1,
then for each set S € S we have [SNVi| > |S| — Vo] >t — V2| > 1.
Now by the definition of the set Vi we obtain o < |V4]/(t — |V2]) =
(m—|Va])/(t—|Va]) <m—t+1<(m—t+1)5. O
Proof of Theorem 1. Assume without loss of generality that |M;| >
2, for otherwise (1) readily follows from the assumption of the theorem
that |Z;| > 1. Let us recall that to any subset C' C C of the columns
we have associated the subset R(C) of those rows r € R for which
A(r,c) = 1 for every column ¢ € C. Thus, by definition we have R(C) =

ﬂyGC R({y})7 implying
R(C'UC") = R(C")NR(C") for all C’,C" CC. (8)

In its turn, (8) implies that the mapping C' — R(C) is anti-monotone,
i.e. R(C") 2 R(C") whenever C! C C". Furthermore, |R(F)| > t for
every maximal t-frequent set F' € My, while |[R(U)| < t for every
minimal t-infrequent set U € ;. It is also easy to see that the restriction
of the above mapping on M, is injective, i.e. R(F') # R(F") for any two
distinct maximal ¢t-frequents sets of columns F', F" € M. If I/, F" ¢
M; then their union F’' U F” is not t-frequent, and hence there exists
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a minimal ¢-infrequent set U € Z;, for which R(F’) N R(F") = R(F' U
F") C R(U). Thus, the families S = {R(F) | F € M;} and T =
{R(U) | U € Z;} satisfy the conditions of Lemma 1 with V' = R,
which implies the inequality |S| < (m — ¢ + 1)|7|. Since the mapping
C — R(C) is a one-to one correspondence between M; and S, we have
|S| = |M¢|. Now (1) follows from the trivial inequality |7] < |Z;|. O

Proof of Theorem 2. We reduce our problem from the following
well-known NP-complete problem: Given a graph G = (V, E) and an
integer threshold ¢, determine if G' contains an independent vertex set
of size at least t. Let us first substitute every vertex v € V of G by
two new vertices v’ and v” connected by an edge, i.e., consider the
graph G’ = (V', E’), where V' = {v/,v" | v € V} and E' = {{(v',v") |
v e VIU{, ), u"), "), u") ]| (u,v) € E}. Clearly, G' =
(V') E’) has an independent set of size t if and only if G has one,
moreover, if G’ has one, then it has at least 2¢.

Let us now associate a matrix A = Agr; to G as follows. Let C =V’
be the set of columns of the matrix A. To every edge (v,w) € E' we
assign t — 2 identical rows in A containing 0 in the columns v and w,
and 1 in all other columns. Furthermore, to every vertex v € V' we
assign one row containing 0 in the column v and 1 in all other columns.
Thus, A has m = (¢t — 2)|E'| + |V'| = t|V| + 4(t — 2)|E| rows, and
n = |V'| = 2|V| columns.

Clearly, for every edge e = (v,w) € E’ the set C. = C\ {v,w} is
a maximal t-frequent set of A. Let S = {C. | e € E'}. We claim that
S # M, for this matrix if and only if there exists an independent set [
of size |I| >t in the graph G'.

To see this claim, let assume first that I C V’ is an independent set
of G’ such that |I| > t. Then R(V'\ I) contains all rows corresponding
to vertices v € I, and hence |R(V'\ I)| > |I| > t. Since I does not
contain an edge of the graph, the set C' = V' \ I is not a subset of the
member of S, and thus it is contained by a maximal t-frequent set of
the matrix A, which does not belong to S.

For the other direction, let us assume now that C C C = V' is a
maximal t-frequent set of A, not contained by any member of S. This
latter implies that I = V' \ C does not contain an edge of G’, i.e.
that I is an independent set of G’. This also implies that R(C) cannot
contain any of the rows corresponding to an edge of G’, and hence
|R(C)| = |V'\ C| = |I]. Thus, |[I| > t follows by our assumption that
C is a t-frequent set, i.e. I is an independent set of size at least t.

Let us recall finally that the maximum independent set problem
remains NP-complete, even if the input is restricted to cubic planar
graphs (see e.g. [17]), i.e. we can assume |E| = O(|V|). Therefore, we
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10 Boros et al

have |S| = |E'| = |V| 4+ 4]|E| = O(]V|), and either we have S = My, or
|IM¢| > |S| + 2! Since we can assume without loss of generality that
t = O(]V]), we obtain the the statement of the theorem for |S| = O(n),
that is for £ = 1. For smaller values of ¢ it suffices to add n'/¢ isolated
vertices to G'. O

4. Conclusions

In this paper we considered various types of frequent sets, their gener-
ation, and connections between them.

It is well-known that the family F; of t-frequent sets of a given m xn
matrix A can efficiently be generated incrementally. Unfortunately, this
family may be exponentially larger than the families of maximal ¢-
frequent sets, or closed t-frequent sets, the knowledge of which would
be sufficient for most practical purposes (e.g. finding ”interesting” as-
sociation rules). As alternative approaches, we considered in this paper
the generation of maximal frequent sets, boundary sets, and closed
frequent sets.

We established that the family M, of maximal ¢-frequent sets cannot
be generated efficiently, unless P=NP. On the other hand, our results
imply that the family Z; of minimal ¢-frequent sets, as well as the bound-
ary set My UZ; can both be generated in incremental quasi-polynomial
time. More precisely, the incremental complexity of generation for these
families is polynomially equivalent with the complexity of the hyper-
graph transversal problem, which is still an open problem, and for which
a quasi-polynomial algorithm was presented in [15].

An alternative approach is the generation of Dy, the family of closed
t-frequent sets. Since most publications about closed frequent sets do
not discuss the complexity of their generation, for completeness we
included an easy argument showing that D; can be generated in incre-
mental polynomial time.

For the purpose of determining the family M,, generating the bound-
ary M;UZ; and closed t-frequent sets D; are the two most competitive,
and not fully comparable approaches. Our examples show that there
are infinitely many examples when M;UZ; is exponentially larger than
D, (see the examples in Section 2, as in (2)), and vice versa. For the
latter case let us consider the examples Ag; as defined in the previous
section in the proof of Theorem 2. In these examples any subset of
the columns avoiding both endpoints of an edge of G is t-frequent and
also closed (due to the first n rows). Maximal ¢-frequent sets are the
complements of edges of G as well as stable sets of size ¢, while minimal
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t-infrequent sets correspond to complements of stable sets of size ¢t — 1
as well as maximal stable sets of size at most ¢ — 1. Thus for graphs
G with polynomially many maximal stable sets and with ¢ = a(G)
(e.g. threshold graphs, chordal graphs, etc.) or for graphs having small
stable sets only we have

max{|My|, |T|} < 2"7% < |F|=Dy. (9)

Thus, in these cases the incremental quasi-polynomial generation of the
boundary is still much faster for obtaining all maximal ¢-frequent sets,
than the incrementally polynomial generation of Dy.

Let us also remark that the incremental polynomial generation of
D; in examples when |D;| < |Z;| is seemingly in contradiction with
the claim we cited earlier, namely that a membership-oracle based
generation of M; needs at least |M; U Z;| steps, since from D; we
could easily generate My, much faster in such a case than the |M;UZ;|
bound. The potential contradiction is resolved however if we note that
the efficient generation of Dy is possible only by utilizing the matrix A
in a much more substantial way than a membership-oracle would do
(see Section 2).

Let us finally remark that t-frequent sets can also be viewed as m’xn’
submatrices of A with m’ > ¢ in which every entry is nonzero. It is in-
teresting to note that finding such a submatrix of maximum perimeter,
i.e. maximizing m’+n’ is a polynomially solvable optimization problem,
due to the Konig-Egervary theorem, since it corresponds to a maximum
independent set in the bipartite graph defined by the zeros in A. On the
other hand, finding a completely 1 submatrix of A having the largest
area, i.e. maximizing m’ x n’ is an NP-hard optimization problem [23].
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