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1 Introduction

Let M be a matroid on ground set S of cardinality |S| = n. We assume through-
out the paper that M is defined by an independence oracle, i.e. an algorithm I
which, given a subset X of S, can determine in unit time whether or not X is
independent in M . This assumption implies that the rank of any set X ⊆ S,

r(X) = max{|I| | I independent subset of X},
and in particular, the rank of the matroid

r(M) def= r(S)

can be determined in O(n) time by the well-known greedy algorithm. Hence,
the rank of X in the dual matroid M∗

r∗(X) = r(S \X) + |X| − r(M),

can also be computed in O(n) time. In particular, I can be used as an inde-
pendence oracle for the dual matroid.

Let C(M) be the family of all circuits of M , i.e., the family of all minimal
dependent subsets of S, and let B(M) be the family of all bases of M , i.e., the
collection of all maximal independent sets. By definition, C(M) and the family
B(M∗) = {X : S \X ∈ B(M)} of bases of the dual matroid M∗ are mutually
transversal hypergraphs.

It is a folklore result that all bases of a matroid M can be enumerated with
polynomial delay, i.e., in poly(n) time per each generated base. This can be
done, for instance, by traversing the connected ”metagraph” G = (B(M), E) in
which two ”vertices” B, B′ ∈ B(M) are connected by an edge in E if and only
if B and B′ can be obtained from each other by exchanging a pair of elements,
i.e. when |B \ B′| = |B′ \ B| = 1. The connectivity of G then follows from the
well-known base axiom:

If B, B′ ∈ B(M) and x ∈ B′ \B then (B ∪ y) \x ∈ B(M) for some y ∈ B \B′.

When M is the cycle matroid of a given graph G = (V,E) and consequently
C(M) is the family of all simple cycles of G, all elements of C(M) can also be
enumerated with polynomial delay (see e.g. [14]). This is also true for M∗, the
cocycle matroid of G, when each element of C(M∗) is a minimal set of edges
whose removal increases the number of connected components of G (see e.g.
[13]). In general, however, we are not aware of any polynomial-delay algorithm
for enumerating all circuits of an arbitrary matroid M . Intuitively, the circuit
enumeration problem seems to be harder than the base enumeration due to the
fact that |C(M)| ≤ (n − r(M))|B(M)|, whereas in general, |B(M)| cannot be
bounded by a polynomial in n and |C(M)|. In addition, there is a combinatorial
construction which reduces the enumeration of all bases of a matroid to the
enumeration of all circuits of another matroid (see Section 5).

2



In this paper we present a simple algorithm for enumerating all circuits of
an arbitrary matroid M in incremental polynomial time, i.e. show that for each
k ≤ |C(M)|, one can compute k circuits of M in poly(n, k) time. This is done
in Section 2. By duality, this results also gives an incremental polynomial time
algorithm for enumerating all hyperplanes or, more generally, all flats of a given
rank in M or M∗. Thus, any level of the lattice of flats of M can be produced
in incremental polynomial time.

In Section 3 we consider the enumeration of all circuits of M which contain
a given element of a ∈ S. Again, we show that all circuits through a can be
enumerated in incremental polynomial time, and discuss some dual formulations
of this result. We are not aware of an efficient algorithm for enumerating all
circuits containing t ≥ 2 elements of a given matroid M . In Section 4 we argue
that this problem can be solved with polynomial delay for each fixed t when M
is the cycle or cocycle matroid of a graph, but becomes NP-hard when t is part
of the input.

Section 5 deals with the enumeration of all minimal subsets X of a given
set D ⊆ S such that X spans a given flat A of M . Examples of such spanning
sets include generalized Steiner trees and multiway cuts in graphs. We reduce
the enumeration problem for minimal A-spanning sets to the generation of all
circuits through a given element in some extended matroid, and hence obtain
an incremental polynomial-time algorithm. All maximal subsets of a given set
D which do not span A can also be enumerated in incremental polynomial time.

Section 6 discusses some variants of the circuit enumeration problem for two
matroids on S. We also discuss generalized circuits whose definition is obtained
by replacing some singletons of S by subsets, i.e., by performing the parallel
extension of the rank function r(X) for some sets A1, ..., An ⊆ S. We show that
the enumeration problems corresponding to these variants and generalizations
of circuits are all NP-hard already for graphic and cographic matroids. By
duality, this is also true for analogous problems stated in terms of generalized
hyperplanes.

Finally, in Section 7 we discuss similar variants and generalizations of bases
(or feedback sets) of an arbitrary matroid and show that all of them can be ex-
pressed in a natural way as minimal solutions to some systems of polymatroid
inequalities. This implies that the corresponding enumeration problems for gen-
eralized bases, including spanning, packing, and the maximal independent set
problems for several matroids, can all be solved in incremental quasi-polynomial
time due to results obtained in [1] for general polymatroid inequalities.

2 Enumeration all circuits of a matroid.

Let M be a matroid defined by an independence oracle on ground set S of size
n, and let C(M) ⊆ 2S be the family of all circuits of M .
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Theorem 1 For each k ≤ |C(M)|, computing k circuits of M can be carried
out in poly(n, k) time.

Proof. If B is a base of M and x ∈ S \B then there exists a unique circuit C =
C(B, x) such that x ∈ C ⊆ B ∪ x. This circuit C(B, x), called the fundamental
circuit of x in the base B, can be computed by querying the independence oracle
on at most |B| subsets of B ∪ x.

We start by constructing a base Bo of M and the system F(Bo) = {C(Bo, x) |
x ∈ S\Bo} of n−r(M) fundamental circuits for Bo. This can be done in poly(n)
time. Next, the family C(M) of circuits of any matroid satisfies the circuit axiom:

If C1 and C2 are distinct circuits of M and e ∈ C1 ∩ C2, then there exists a
circuit C3 such that C3 ⊆ (C1 ∪ C2) \ e.

Given an arbitrary collection C′ of k circuits of M we can check in poly(n, k)
time whether or not C′ is closed with respect to the circuit axiom, i.e., for any
two distinct circuits C1, C2 ∈ C′ with a common element e ∈ C1 ∩ C2 the given
collection C′ also contains a circuit C3 ⊆ (C1 ∪ C2) \ e. To enumerate all cir-
cuits in M we start with the fundamental system of circuits C′ = F(Bo) and
repeatedly check whether C′ is closed with respect to the circuit axiom. Since
each violation of the circuit axiom produces a new circuit, it remains to show
that if some system C′ of circuits is closed with respect to the circuit axiom and
F(Bo) ⊆ C′ then C′ = C(M). This follows from the fact that any set system
C′ ⊆ 2S satisfying the circuit axiom and the Sperner condition

C1, C2 ∈ C =⇒ C1 6⊆ C2

defines a matroid M ′ on S, see [11, 17]. By definition, the bases of M ′ are
all maximal independent sets for C′, i.e. all those maximal subsets of S which
contain no set in C′. In our case C′ ⊆ C(M) and hence C′ is Sperner by definition.
Furthermore, since C′ contains the fundamental system of circuits for Bo ∈
B(M), it follows that Bo is also a base of M ′, implying that the ranks of M
and M ′ are equal. Let C ∈ C(M) be an arbitrary circuit of M , then C is the
fundamental circuit for some base B ∈ B(M) and some element x ∈ S \ B,
i.e. C = C(B, x). Since B is independent in M ′ and |B| = r(M) = r(M ′), we
conclude that B ∈ B(M ′). Now M ′ must also contain a unique fundamental
circuit C ′ = C ′(B, x). Since any circuit of M ′ is also a circuit of M , we conclude
that C = C(B, x) = C ′(B, x), which shows that C ∈ C′ = C(M ′). ¤

For an integer threshold t, let

Ht(M) = {X | X maximal subset of S such that r(X) ≤ t}
be the family of all flats of rank t in M . In particular, when t = rank(M) − 1
the family Ht(M) consists of all hyperplanes of M . Let also

Ct(M) = {X | X minimal subset of S such that r(X) ≤ |X| − t},
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so that C1(M) = C(M) is exactly the family of all circuits of M .

Corollary 1 Given an integer parameter t, all flats in Ht(M) can be enumer-
ated in incremental polynomial time. Similarly, all elements of Ct(M) can also
be enumerated in incremental polynomial time.

Proof. Since each hyperplane of M is the complement of a cocircuit of M and
vice versa, the enumeration of all hyperplanes of M is equivalent with the circuit
enumeration for the dual matroid M∗. Hence by Theorem 1 all hyperplanes
of M can be enumerated in incremental polynomial time. Furthermore, the
corollary also holds for the family Ht(M) of all flats of rank t, because Ht(M)
consists of all hyperplanes of the truncated matroid Mt+1 whose rank function
is defined by rt+1(X) = min{r(X), t + 1}. Finally, let τ = |S| − r(M)− t then
enumerating all flats of rank τ for M∗ is equivalent with the enumeration of all
maximal solutions Y ⊆ S to the inequality r∗(Y ) = r(S \ Y ) + |Y | − r(M) ≤ τ .
The letter problem is in turn equivalent with the enumeration of all minimal
solutions X = S \ Y to the inequality r(X) ≤ |X| − t. ¤

By Corollary 1 the lattice L(M) of flats of any matroid M can be computed
in incremental polynomial time. It is known [10] that |L(M)| ≥ 2r(M).

3 Circuits through a given element

An important open question in linear programming is whether there exists an
efficient way to enumerate all vertices of a given polytope

P =

{
x = (x1, . . . , xn) ∈ <n |

n∑

i=1

aixi = a, x1, . . . , xn ≥ 0

}
,

where a, a1, . . . , an are given d-dimensional vectors. Each vertex of P can be
identified with a minimal supporting set I of coordinates {1, . . . , n} for which
the system of linear equations

∑

i∈I

aixi = a (1)

has a non-negative, and hence positive real solution. Dropping the non-negativity
conditions we arrive at the problem of enumerating all minimal sets I ⊆ {1, . . . , n}
for which (1) has a real solution. This is equivalent with the enumeration of all
those circuits of the vectorial matroid M = {a, a1, . . . , an} ⊆ <d that contain a.
When M is the cycle or cocycle matroid of some connected graph G = (V, E)
and a = (uv) ∈ E is an edge with endpoints u, v ∈ V , enumerating all circuits
through a calls for generating all simple uv-paths or all minimal uv-cuts in G,
which can be done with polynomial delay [13]. The following results indicate
that all circuits through a given element a can be efficiently enumerated for any
matroid M .
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Theorem 2 Let M be a matroid with ground set S, let a ∈ S, and let C(M,a)
the set of circuits C of M such that a ∈ C. Assuming that M is defined by an
independence oracle, all elements of C(M, a) can be enumerated in incremental
polynomial time.

Proof. Two elements x, y ∈ S are said to be connected in M if either x = y
or there is a circuit C ∈ C(M) containing both x and y. It is well known that
this definition results in an equivalence relation on S, each equivalence class of
which is called a connected component of M . In particular, M is connected if S
is the only connected component of M . Given an independence oracle for M ,
the connected components of M can be determined as follows:

(i) Compute a base Bo of M and the n− r(M) fundamental circuits for Bo.
Let COMP be the set system consisting of the fundamental circuits and
r(M) singletons of Bo;

(ii) Repeatedly replace any two intersecting sets in COMP by their union
until all sets in COMP become disjoint;

(iii) Return the disjoint sets of COMP as connected components of M .

This procedure can be carried out in poly(n) time due to the fact that there
may be at most n−1 set unions in step (ii). It correctly identifies the connected
components of M because the algorithm described in the proof of Theorem 1
generates all circuits of M . This means that whenever two distinct elements of
S can be connected by a circuit of M they can also be connected by a sequence
of steps (ii). We mention in passing that the above polynomial-time procedure
can easily be extended to compute a connecting circuit for each pair of distinct
connected elements.

Returning to the problem of enumerating all circuits of M through the given
element a we observe that all such circuits must belong to the connected compo-
nent of M which contains a. So we may replace S by this connected components
and assume without loss of generality that M is connected.

Given a set X ⊆ S let

D(X) = X \
⋂
{C ∈ C(M, a) | C ⊆ X},

where as before C(M,a) denotes the set of all circuits containing a.
Lehman’s theorem [11, 17] asserts that for any connected matroid M the circuits
of M not containing a are precisely the minimal sets of the form D(C1 ∪ C2)
where C1 and C2 are distinct members of C(M,a). Hence for any connected
matroid M we have the following bound:

|C(M)| ≤ |C(M, a)|(|C(M, a)|+ 1
)
/2.

This bound and Theorem 1 readily imply that all circuits in C(M, a) can be
enumerated in output polynomial time poly(|C(M,a)|) by simply generating all
circuits in C(M) and discarding those of them that do not pass through a.
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In fact, since our enumeration problem is self-reducible, the above bound also
implies an incremental polynomial-time algorithm. To see this, assume that we
wish to enumerate a given number k of circuits in C(M, a), or list all of them
if k ≥ |C(M, a)|. Since for each integer k′ ≤ |C(M)| we can obtain k′ circuits
in C(M) in poly(n, k′) time, we can decide whether or not k ≥ |C(M,a)| by
attempting to generate k′ = k(k + 1)/2 circuits in C(M), in time bounded by a
polynomial in n and k. If we discover that |C(M)| ≤ k(k + 1)/2 by producing
all circuits in C(M) then we also have the entire set C(M, a). Suppose now
that we have computed k(k + 1)/2 circuits in C(M) but fewer than k of them
pass through a. Let b 6= a be another element of S. Delete b and compute the
connected component S′ which contain a in the matroid M restricted to S \ b.
Note that any circuit of C(M, a) which do not contain b must belong to S′. So
we may apply the same procedure to the connected matroid M ′ obtained by
restricting M on S′, and either obtain all circuits of C(M,a) which avoid b, or
conclude that the number of such circuits exceeds k. Since in the latter case we
can reduce the size of S by removing b for good (as long as we are not required
to produce more than k circuits of C(M, a)), we may now assume without loss
of generality that for each element b 6= a we have obtained all the circuits in
C(M, a) which avoid b. This means that in time polynomial in n and k we can
produce all circuits in C(M,a) which skip some element of S. Unless S itself is
the only element of C(M, a), this gives the entire set C(M, a). ¤

As an application of Theorem 2, consider a system of equations

Ax = b, x ∈ <d, (2)

where A ∈ <n×d is a given n×d-matrix and b ∈ <n is an n-vector. Suppose that
the system is infeasible. If A′x = b′ is an infeasible subsystem of (2), then the
rows of the augmented matrix [A′| b′] must contain the vector a

def= (0, . . . , 0, 1) ∈
<d+1 in their linear hull. In particular, the minimal infeasible subsystems of (2)
correspond to the circuits containing a in the vectorial matroid defined by the
rows of the matrix [A| b]. Thus, all minimal infeasible subsystems of (2) can be
enumerated in incremental polynomial time.

By duality, Theorem 1 gives an incremental polynomial-time algorithm for
enumerating all hyperplanes (or, more generally, all flats of a given rank t)
which do not contain a. In particular, all maximal feasible subsystems of (2)
(which correspond to flats avoiding (0, . . . , 0, 1) in the vectorial matroid defined
by the rows of the matrix [A| b]) can be generated in incremental polynomial-
time. Needless to say that all hyperplanes (or flats of rank t) which contain an
arbitrary set of elements A ⊆ S can be enumerated in incremental polynomial
time because this is equivalent with enumerating all circuits of the (truncated)
matroid M restricted to S \A.

It is also worth mentioning that {C \ {a} | C ∈ C(M, a)} and {C ′ \ {a} |
C ′ ∈ C(M∗, a)} form a pair of mutually transversal Sperner hypergraphs. For
instance, these hypergraphs consist of all uv-paths and all uv-cuts respectively,
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when M is a cycle matroid of a connected graph G = (V, E) in which edge
a = (uv) connects vertices u, v ∈ V .

4 Circuits through t elements

It is natural to ask what is the complexity of enumerating all circuits of M
which contain a given set A = {a1, . . . , at} of t ≥ 2 elements of S. As we argue
below, this problem is NP-hard when t is part of the input but can be solved
with polynomial delay if t = |A| is fixed and M is the cycle or cocycle matroid of
a given graph G = (V, E). However, we are not aware of an efficient algorithm
for listing all circuits through t = const ≥ 2 elements of arbitrary matroids.

Let M be the cycle matroid of G so that the circuits of M are the simple
cycles of G. An edge set A may be contained in a simple cycle only if A itself is a
simple cycle or A is a union of k pairwise vertex disjoint simple paths P1, . . . , Pk

for some integer positive k ≤ t. All simple cycles containing P1, . . . , Pk can be
enumerated with polynomial delay via lexicographic backtracking [14] by grow-
ing and merging these partial paths (so that their number continually decreases).
Hence backtracking listing algorithms reduce the enumeration of simple cycles
containing a1, . . . , at to the following decision problem:

Does there exist a simple cycle in G which contain k given disjoint paths
P1, . . . , Pk ?

When k is fixed, by considering all possible permutations and reversals of
P1, ..., Pk the latter problem can in turn be polynomially reduced to the well-
known disjoint-path problem:

Given k pairs of vertices {ui, vi}, i = 1, . . . , k of a graph, can these pairs
be connected by k pairwise vertex disjoint paths?

Even though the disjoint path problem is NP-complete when k is part of the
input (see [8]), it is known [15] to be solvable in polynomial time for each fixed
k. Hence all simple cycles through t = const edges can be enumerated with
delay bounded by a polynomial in the size of the input graph.

As we mentioned earlier, if t = |A| is part of the input then the problem of
enumerating all simple cycles through t edges of a graph becomes NP-complete.
In fact, given a graph G = (V, E) and a (large) matching A ⊂ E it is NP-hard
to decide whether G has any simple cycle containing A. This can be seen from
the following argument. Given a graph H = (U,E), substitute an edge eu for
each vertex u ∈ U . Then, unless G consists of a single edge, the resulting graph
G = P2 ×H has a simple cycle through the matching A = {eu : u ∈ U} if and
only if the original graph H is Hamiltonian, a condition which is NP-complete
to verify.

Now, let M be the cocycle matroid of a connected graph G = (V, E) and
accordingly, let the circuits of M be the minimal cuts of G. It is well-known and
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easy to see that an edge set C ⊆ E forms a minimal cut in G if and only if there
is a partition V = U ∪W such that C is the set of all edges between U and W
and the induced subgraphs G[U ] and G[W ] are both connected. In particular,
this means that C (and each subset of C) must form a bipartite graph.

Given an edge set A = {a1, . . . , at} ⊆ E which forms a bipartite graph GA =
(VA, A), let us split GA into connected components GAi = (VAi , Ai), i = 1, . . . , k
for some k ≤ t. Then the problem of enumerating all minimal cuts containing
A can be solved with polynomial delay via lexicographic backtracking [14] by
growing and merging these connected components in all possible ways (so that
their number can only decrease). Specifically, backtracking listing algorithms
reduce the enumeration of minimal cuts containing a1, . . . , at to the following
decision problem:

Given two disjoint vertex sets U ′,W ′ ⊆ V can they be extended to a
partition U,W which defines a minimal cut, that is U ′ ⊆ U , W ′ ⊆ W ,
U ∩W = ∅, U ∪W = V , and the induced subgraphs G[U ] and G[W ] are
both connected ?

If t, and hence |U ′|+ |W ′|, is bounded this problem can be solved in polynomial
time. In fact, this is true for the following more general problem:

Given a graph G = (V,E) and r pairwise disjoint vertex sets U ′
1, . . . U

′
r ⊆

V , are there vertex sets U1 . . . Ur ⊆ V which are still pairwise disjoint,
U ′

i ⊆ Ui and the induced subgraph G[Ui] is connected (i.e. spans Ui) for
each i = 1, . . . , r ?

Robertson and Seymour [15] proved that for bounded |U ′
1|+ . . .+ |U ′

r| the above
problem can be solved in polynomial time. Obviously, without loss of generality
one can assume that the extended sets U1 . . . Ur form a partition of V and hence
for r = 2 the above problem includes the previous one.

Finally, similarly to minimal cycles, the enumeration of all minimal cuts
through t edges becomes NP-hard when t is part of the input. Indeed, given a
graph G = (V, E) and a matching A = {a1 = (u1, w1), . . . , at = (ut, wt)} ⊆ E,
it may be NP-hard to tell whether G has a minimal cut containing A. The lat-
ter claim can be shown as follows. Let U ′ = {u1, . . . , ut}, W ′ = {w1, . . . , wt},
and V ′ = V \(U ′∪W ′). Consider the family G of all graphs G = (V, E) such that

(i) the induced subgraph G[V ′] is complete,

(ii) G[U ′] and G[W ′] are edge-free,

(iii) there are no edges between U ′ and W ′ except A, and

(iv) the edges between V ′ and U ′ and between V ′ and W ′ are symmetric in the
sense that (v, ui) ∈ E ⇔ (v, wi) ∈ E for all v ∈ V ′ and all i = 1, . . . , t.
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Note that condition (iv) makes irrelevant any reversals in A, and that the deci-
sion problem:

Given a graph G ∈ G, is it possible to split V ′ between U ′ and W ′ to
obtain two connected induced subgraphs ?

is polynomially equivalent with the special case of the CNF satisfiability prob-
lem in which all clauses are either strictly positive or strictly negative, and the
clauses in the positive and negative halves are symmetric. It remains to no-
tice that this special case of the satisfiability problem is NP-complete since it
is equivalent to the identification of self-compliment saturated hypergraphs, a
problem whose NP-completeness was shown in [4].

We mention in closing that the results of this section also indicate that it
may be NP-complete to decide whether a cycle or cocycle matroid M has a
hyperplane avoiding a given set A of elements.

5 Minimal spanning sets for a flat

Let as before M be a matroid on S. For each circuit C containing a given element
a ∈ S the set C \ {a} is a minimal independent set I such that a ∈ Span(I),
where

Span(I) = {x ∈ S | r(I ∪ x) = r(I)}
is the closure operator. In this section we consider the problem of enumerat-
ing all minimal sets I spanning a given collection of elements A ⊆ S. In fact,
we will consider a slightly more general problem of generating all minimal sub-
sets I ⊆ D which span A, where D and A are two given nonempty (and not
necessarily disjoint) sets of elements of M . We denote the family of all such min-
imal spanning sets I by SPAN (D,A). Note that since A ⊆ Span(I) implies
Span(A) ⊆ Span(I), we could assume that A is a flat, i.e. A = Span(A).

Example 1 (Generalized Steiner trees and point-to-point connections) Let G =
(V,E) be a graph with k given disjoint vertex sets V1, . . . , Vk ⊆ V . A generalized
Steiner tree is a minimal set of edges I ⊆ E connecting all vertices within each
set Vi, i.e., for each i = 1, . . . , k, all vertices of Vi must belong to a single
connected component of (V, I). In particular, for k = 1 we obtain the usual
definition of Steiner trees. When each set Vi consists of two vertices {ui, vi},
generalized Steiner trees are called point-to-point connections. Let T1, . . . , Tk

be arbitrary spanning trees on V1, . . . , Vk composed of ”new” edges, and let
M the cycle matroid of the multigraph (V, E ∪ T1 ∪ . . . ∪ Tk) with a total of
|E|+ |V1|+ . . . + |Vk| − k edges. Then SPAN (E, T1 ∪ . . . ∪ Tk) is the family of
all generalized Steiner trees for V1, . . . , Vk.

Example 2 (Multiway cuts) For a connected graph G = (V, E) with k pairs of
vertices {ui, vi}, i = 1, . . . , k, a multiway cut is a minimal collection of edges
whose removal disconnects each ui from vi. Letting A = {(uivi) | i = 1, . . . , t}
and assuming without loss of generality that A ∩ E = ∅, the family of all
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multicuts of G can be identified with the family SPAN (E, A) for the cocycle
matroid of (V, E ∪A).

Theorem 3 Given a matroid M with ground set S and two non-empty sets
D, A ⊆ V , all elements of SPAN (D, A) can be enumerated in incremental
polynomial time. All maximal subsets of D which do not span A can also be
enumerated in incremental polynomial time.

Proof. Let α be a new element representing A, and let Mα be the matroid on
D ∪ α with the following rank function:

ρ(X) =
{

r(X), if α 6∈ X
max{r((X \ α) ∪ a) | a ∈ A}, otherwise. (3)

It is easy to check that Mα is indeed a matroid. When M is a vectorial matroid
over a large field, α can be interpreted as the ”general linear combination” of
all elements of A; in general, ρ(X) is the so-called principal extension of r(X)
on A with value 1 (see e.g. [12]).

When I ∈ SPAN (D, A) then I ∪ α is a circuit in Mα and conversely, for any
circuit C in Mα containing α, the set C \ α belongs to SPAN (D, A). Hence
the enumeration problem for SPAN (D, A) is equivalent with that for the set
of all circuits through α in Mα. Given an independence oracle for M , the
rank function (3) of the extended matroid can be trivially evaluated in oracle-
polynomial time. Therefore the first claim of Theorem 3 directly follows from
Theorem 2. To see the second claim note that the maximal subsets of D which
do not span A are in one-to-one correspondence with the hyperplanes of Mα

which avoid α. ¤

We close this section with the observation that since SPAN (S, S) is the set
of bases of M , the proofs of Theorems 2 and 3 show that the enumeration of all
bases of a matroid can be reduced to the enumeration of all circuits of another
matroid.

6 Circuits in two matroids. Generalized cir-
cuits.

Let M1 and M2 be two matroids on S, with rank functions r1(X) and r2(X).
It is known that the minimum of the submodular function r1(X) + r2(S \ X)
for all X ⊆ S gives the maximum cardinality of a set I independent in both
M1 and M2, and that this minimum can be computed in polynomial time [3].
In particular, when the ranks of M1 and M2 are equal one can determine in
polynomial time whether M1 and M2 share a common base, i.e. B(M1) ∩
B(M2) 6= ∅. In fact, using this as a subroutine for backtracking on matroids
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obtained by deleting and contracting elements of S, all bases in B(M1)∩B(M2)
can be enumerated with polynomial delay.

In contrast to this result, deciding whether M1 and M2 contain a common
circuit is NP-hard already when M1 is the cycle matroid of some graph G =
(V,E) and M2 is the uniform matroid on E whose bases are all subsets of size
r = |V | − 1. In this case, C(M1)∩C(M2) 6= ∅ if and only if G is Hamiltonian. A
similar argument for the NP-complete maximum cut problem shows that testing
if C(M1) ∩ C(M2) 6= ∅ remains NP-hard when M1 is the cocycle matroid of a
graph G = (V, E) and M2 is again a uniform matroid on E.

Of course, given two matroids M1 and M2 on S one can always enumerate all
elements of C(M1) ∪ C(M2) in incremental polynomial time due to Theorem 1.
Note, however, that deciding whether a given set C ∈ C(M1)∪C(M2) is maximal
in C(M1) ∪ C(M2) may be NP-hard. This is because for any set A ⊆ S we may
choose M2 to be the matroid for which A is the only circuit, and then deciding
whether A is maximal becomes equivalent with determining if M1 has a circuit
containing A (see Section 4). Perhaps more surprisingly, for two matroids M1

and M2 on S enumerating all minimal elements of C(M1) ∪ C(M2) may also be
hard.

Proposition 1 Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs on n edges
both, and assume that both E1 and E2 are labeled in a one-to-one way by the
elements of E, |E| = n. Let furthermore M1 and M2 be two matroids on the
same base set E, corresponding to the cycle matroids of the two graphs by the
above labeling, and let MIN{C(M1) ∪ C(M2)} be the collection of all minimal
sets C ⊆ E the corresponding edge sets of which form a cycle in at least one of
the graphs G1 or G2. Then, given a set family M⊆MIN{C(M1)∪C(M2)}, it
is NP-complete to tell whether M can be extended, i.e. M 6= MIN{C(M1) ∪
C(M2)}.
Proof. We reduce our problem from the CNF satisfiability problem: Is there
a truth assignment of N binary variables satisfying a given conjunctive normal
form φ(x1, . . . , xN ) = D1 ∧ . . . ∧ Dm, where each Dj is a disjunction of some
literals in {x1, x̄1, . . . , xN , x̄N}. We denote by n = |D1| + . . . + |Dm| the total
number of literals in φ, and assume that (i) m ≥ 3 and (ii) each variable xi and
its negation x̄i occur in φ, i.e., φ is not monotone or anti-monotone with respect
to some variable.

We start by replacing each variable xi in disjunction Dj by a new variable
Yij , and we also replace each negation x̄k in Dj by another new variable Zkj .
Let E be the set of n variables Yij and Zij obtained after these substitutions.
Now we construct two graphs G1 = (V1, E1) and G2 = (V2, E2), both with edge
sets in a one-to-one correspondence with E. To simplify notations, we identify
subsets of E with subsets of E1 and E2, respectively. The first of these graphs
G1 is a collection of m disjoint cycles C1, ..., Cm where |Cj | = |Dj |, and the
edges of Cj are labeled by the variables Yij , Zkj coming from Dj , j = 1, . . . , m.
The second graph is

G2 = v0 P1 v1 P2 v2 . . . vN−1 PN v0,
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where v0, v1, . . . , vN−1, v0 are vertices the first and last of which are identified to
form a ring, and each Pi consists of two parallel chains Yi = E ∩ {Yi1, . . . , Yim}
and Zi = E ∩ {Zi1, . . . , Zim} between vi−1 and vi. Due to our assumptions
(i) and (ii), G2 is connected and has two types of cycles: 1) N trivial cycles
of the form {Yi, Zi}, i = 1, . . . , N , and 2) 2N additional cycles in one-to-one
correspondence with the truth assignments of x1, . . . , xN . Now let M be the
collection of all those cycles among C1, . . . , Cm and all those cycles of type 1
which belong to MIN{C(M1) ∪ C(M2)}. Then |M| ≤ m + N and all other
cycles in MIN{C(M1) ∪ C(M2)} \ M must be of type 2. However, it is easy
to see that the existence of any cycle of type 2 in MIN{C(M1) ∪ C(M2)} is
equivalent with the satisfiability of φ. ¤

We close this section with yet another generalization of the notion of a circuit
in a matroid. Let M be a matroid defined by an independence oracle on some
ground set U , and let A1, . . . , An be given (not necessarily disjoint) subsets of
U . We define a generalized circuit as a minimal subset X of S = {1, . . . , n} such
that

⋃
i∈X Ai is a dependent set in M .

Proposition 2 Enumerating all generalized circuits for the cycle matroid of a
graph is NP-hard even when A1, . . . , An are disjoint sets of edges of size 2 each.

Proof. Let G = G1 ∪ G2 be the disjoint union of the graphs G1 and G2

constructed in the proof of Proposition 1. Each of these graphs has n edges
labeled by n elements of E. Let A1, ..., An be the n pairs of edges labeled by
identical elements of E in G1 and G2. Then A1, . . . , An are disjoint and the set
of generalized circuits of G1∪G2 can be identified with MIN{C(M1)∪C(M2)}.
¤

It is easy to see that in Propositions 1 and 2 the cycle matroids of G1 and G2

can be replaced by the cocycle matroids of some graphs (e.g., the planar duals
of G1 and G2). Also, by matroid duality, Proposition 1 shows that it may be
NP-hard to enumerate all generalized hyperplanes of M , i.e., all those maximal
subsets X of S = {1, . . . , n} for which Span(∪i∈XAi) 6= S.

In the next section we consider generalized bases and argue that their enu-
meration is an easier task even when they are defined for two or more matroids.

7 Generalized bases. Spanning and packing in
matroids. Systems of polymatroid inequali-
ties

Let M be a matroid on ground set U , and let A1, . . . , An be given subsets of U .
We define a generalized base as a minimal subset X of S = {1, . . . , n} for which
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the sets Ai, i ∈ X span the matroid, i.e.,

r(
⋃

i∈X

Ai) ≥ r(M). (4)

Note that when n = |U | and the sets Ai are the n disjoint singletons of U , this
definition leads to the standard notion of a base of M . On the other hand, if
each set Ai is a subset of elements of some fixed base B then

r(
⋃

i∈X

Ai) =
∣∣ ⋃

i∈X

Ai

∣∣,

and accordingly each generalized base is a minimal set cover of B. Another
interesting special case of generalized bases deals with minimal spanning collec-
tions of subspaces A1, . . . , An in a given linear space M , see Example 3 below.

It will be convenient to further extend the definition of generalized bases.
First, we can replace the right-hand side of inequality (4) by a given integer
threshold t ∈ {1, . . . , r(M)}. This is equivalent with replacing M by the trun-
cated matroid with the rank function rt(·) = min{r(·), t} and leads us to the
notion of a minimal t-spanning set, i.e. a minimal set X ⊆ {1, . . . , n} for which

r(
⋃

i∈X

Ai) ≥ t.

Naturally, for t = r(M) we return to the definition of generalized bases.
Secondly, we may consider a number m of matroids M1, . . . ,Mm defined

by independence oracles on ground sets U1, . . . , Um. Suppose that for each of
the matroids Mj we are given a collection of n sets Aj1, . . . , , Ajn ⊆ Uj along
with an integer threshold tj ∈ {1, . . . , r(Mi)}, and consider the family F of all
minimal solutions X ⊆ S = {1, . . . , n} to the system of m inequalities

rj(
⋃

i∈X

Aji) ≥ tj , j = 1, . . . , m. (5)

Note that the rank function of any matroid is polymatroid, i.e. monotone,
submodular, with minimum 0. It is also easy to see that if A1, . . . , An are
arbitrary subsets of the ground set U of a matroid with rank function r, then
the function f(X) = r(∪i∈XAi) is also polymatroid, i.e.

(i) X ⊆ Y ⊆ S =⇒ f(X) ≤ f(Y ),

(ii) f(X) + f(Y ) ≥ f(X ∪ Y ) + f(X ∩ Y ) for all X,Y ⊆ S, and

(iii) f(∅) = 0.

The polymatroid function f(X) = r(∪i∈XAi) is called the parallel exten-
sion of r with respect to A1, . . . , An , see e.g. [12]. It is known [6] that any
polymatroid function f(X) can be obtained in this way from some matroid.
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Returning to the minimal spanning subfamilies for (4) or, more generally,
to the family F of all minimal feasible solutions for (5), we conclude that F is
the family of all minimal feasible solutions X ⊆ S = {1, . . . , n} to the system
of polymatroid inequalities

fj(X) ≥ tj , j = 1, . . . , m, (6)

where fj(X) = rj(
⋃

i∈X Aji). Since we assume that each of the input matroids
is given by an independence oracle, each of the functions fj can be evaluated
at any set X ⊆ S in polynomial oracle time. As shown in [1], given a system
of polymatroid inequalities (6) defined by a polynomial-time evaluation oracle,
we can compute any given number k ≤ |F| of minimal solutions X ∈ F to
(6) in time No(log N), where N = m(nk)log max{t1,...,tm}. Since tj ≤ |Uj |, j =
1, . . . , m, we thus conclude that all minimal solutions to (5) can be enumerated
in incremental quasi-polynomial time:

Theorem 4 ([1]) Given m matroids M1, . . . ,Mm defined by independence or-
acles on ground sets U1, . . . , Um, and a collection of n sets Aj1, . . . , , Ajn ⊆ Uj

along with an integer threshold tj ∈ {1, . . . , r(Mj)} for each of the matroids,
the set F of minimal solutions X ⊆ {1, . . . , n} to the system of generalized
rank inequalities (5) can be computed in incremental quasi-polynomial time,
i.e. k ≤ |F| elements of F can be produced in 2polylog(K) time, where K =
max{k, n, m, |U1|, . . . , |Um|}.

Theorem 4 clearly indicates that for matroids defined by polynomial-time
independence oracles the enumeration of all generalized bases or, more generally,
the enumeration of all minimal solutions for (5) cannot be NP-hard unless NP
⊆ QUASI-POLYTIME.

A function f : 2S → < is called α-smooth if |f(X ∪ {i}) − f(X)| ≤ α
for all X ⊆ S and i ∈ S \ X. The rank function r of any matroid is 1-
smooth, while the parallel extension of r with respect to given sets A1, . . . , An is
max{|A1|, . . . , |An|}-smooth. When the number of polymatroid inequalities in
(6) is fixed and each of these inequalities is α-smooth for some fixed α, Theorem
4 can be strengthened as follows:

Theorem 5 When max{m, |A11|, ..., |Anm|} = O(1) all minimal solutions to
(6) can be enumerated with polynomial delay and polynomial space.

Proof. Let α
def= max{|A11|, ..., |Anm|} and note that the functions f1, . . . , fm

are α-smooth. Consider the following generalization of an algorithm in [16] for
generating maximal independent sets in graphs (see also [7] and [9]). Let F
be the family of minimal feasible sets for (6). The algorithm performs depth-
first search on a rooted-tree whose leaves are the elements of F . The nodes of
the tree at level i ∈ [n + 1] def= {1, 2, . . . , n, n + 1} (where the nodes at level
n + 1 are the leaves) are the subsets of S containing [i : n] def= {i, i + 1, . . . , n}
that are minimal feasible for (6) (that is, X ⊇ [i : n] is feasible and X \ {u}
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is infeasible for all u ∈ X ∩ [1 : i − 1]). Clearly, any minimal feasible set Y
containing [i + 1 : n], must contain a subset X \ {i}, for some minimal feasible
set X containing [i : n]. In other words, any node Y of the tree at level i + 1
can be obtained (in polynomially many ways as we shall see below) from some
node X at level i, by deleting i from X, and then restoring minimal feasibility
by adding some elements from [1 : i− 1] to X (unless Y = X).

The algorithm only generates nodes of the tree as needed during the search.
Given a node X ⊆ S of the tree at level i, the children of X are generated as
follows. If X ′ def= X \ {i} is feasible for (6), then Y = X ′ is the only child of
X. Otherwise, X has potentially a polynomial number of children, the first of
which is a copy of X itself, and is always present. The other potential children
of X are those subsets Y ⊆ S \ {j}, containing X ′ ⊇ [j + 1 : n], that are
minimal (with respect to [1 : i − 1]) feasible for (6). Note that, in this case,
Y may be a potential child of several nodes of the tree at level i, and to avoid
repetition, of all these nodes, Y will be made the child of the lexicographically
smallest (finding the lexicographically smallest minimal feasible set X contained
in Y ∪ {i} is easily solvable by the natural greedy algorithm).

Let us now show that the number of children of X is polynomially bounded
if α and m are constants. Assume without less of generality that X ′ = X \{i} is
infeasible. Then X ′ is violated by a subset J ⊆ [m] of the constraints of (6) (i.e.,
fj(X ′) ≤ tj − 1 for j ∈ J). Thus each potential child Y is obtained from X by
first finding, for each j ∈ J , the family Xj of minimal feasible subsets of S \ {i}
for the inequality fj(X) ≥ tj , containing X ′, and then constructing the family
of unions U = {∪j∈JXj | Xj ∈ Xj for j ∈ J}. Each subset Xj ∈ Xj is obtained
by appending elements to X ′ until feasibly is restored and then checking if the
resulting set is minimal (for the jth inequality of (6)). Note that the number of
appended elements, to obtain each set Xj ∈ Xj , does not exceed α. This follows
from the fact that, first, by α-smoothness fj(X ′) ≥ tj − α while Xj is minimal
with fj(Xj) ≥ tj , and that, second, by submodularity if we append an element
u ∈ S to the current set X ′′ ⊆ Xj , then u must increase the value of fj(X ′′) by at
least one, since Xj is minimal and fj(Xj)−fj(Xj\{u}) ≤ fj(X ′′)−fj(X ′′\{u}).
We conclude therefore that the degree of each node in the tree is at most nαm,
and hence for bounded α and m, we obtain a polynomial delay, polynomial
space generation algorithm. ¤

In the remainder of the paper we briefly discuss some applications of Theo-
rems 4 and 5.

Example 3 (Minimal t-spanning sets and connectivity ensuring collections of
graphs) Theorems 4 and 5 imply that given a matroid M on ground set U and
an integer threshold t, the family

F(A, t) = {X | X minimal subset of {1, . . . , n} such that r(∪i∈XAi) ≥ t}
of all minimal t-spanning sets can be enumerated in incremental quasi-polynomial
time for any given collection A of sets A1, . . . , An ⊆ U , and with polynomial
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delay when the sizes of A1, . . . , An are bounded. In particular, this result ap-
plies to generalized bases, i.e. minimal subfamilies of A1, . . . , An that span the
entire matroid:

Span〈
⋃

i∈X

Ai〉 = U.

As an application, let A1, . . . , An ⊆ V ×V be a family of edge sets of undirected
graphs on common vertex set V , and let F be all those minimal subfamilies X
of {1, . . . , n} for which the graph G(X) = (V,

⋃
i∈X Ai) is connected (or has at

most t connected components, where t is a given threshold). Then all elements
of F can be enumerated in incremental polynomial time or with polynomial
delay for max{|A1|, . . . , |An|} = O(1). This result generalizes the well-known
fact that all spanning trees for a graph can be enumerated efficiently. Interest-
ingly, enumerating all minimal collections of A1, . . . , An connecting two given
vertices a, a′ ∈ V turns out to be NP-hard already when the input sets of edges
A1, . . . , An are pairwise disjoint and contain at most 2 edges each, see [5]. In
other words, given n disjoint sets A1, . . . , An ⊆ U of size 2 in a (graphic) ma-
troid M it may be NP-hard to enumerate all minimal subfamilies X ⊆ {1, . . . , n}
which span a given flat A of the matroid

A ⊆ Span〈
⋃

i∈X

Ai〉,

even when A is a line, i.e. r(A) = 1. In addition, Proposition 2 shows that
generating the family of all generalized hyperplanes

H(A) = {X | X maximal subset of {1, . . . , n} such that r(∪i∈XAi) ≤ r(M)−1}

is also NP-hard already for graphic matroids and |A1| = . . . = |An| = 2. In
fact, given a connected graph G = (V,A1 ∪ A2 . . . ∪ An), where A1, . . . , An ⊆
V × V are n disjoint pairs of edges, it is NP-hard to enumerate all generalized
cuts X ⊆ {1, . . . , n}, i.e. all minimal subfamilies of A1, . . . , An whose removal
disconnect some vertices of V , see [5].

Example 4 (Bar-and-joint structures) The following example is taken from [12].
“Let B be a bar-and-joint structure, i.e. a graph G = (V, E) whose nodes are
points of the Euclidean 3-space, and whose edges are rigid bars attached to the
nodes by flexible joints. Let, for each X ⊆ V , f(X) denote the degree of freedom
of the subset X, i.e. the dimension of the infinitesimal motions of all nodes in
X which extend to an infinitesimal motion of all nodes compatible with the
given bars. Then f(∅) = 0, f({x}) = 3 for every x ∈ V (G) and f({x, y}) = 5
or 6 depending on whether or not the whole structure forces x and y to stay
at the same distance, etc. It follows from the elements of the theory of rigid
bar-and-joint structures that f is a submodular set-function on the subsets of
V (G). See [2].”

Moreover, it is easy to see that function f is polymatroid. Hence, it follows
from Theorem 4 that, given a (positive integer) threshold t, we can generate
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all minimal families of nodes whose degree of freedom is at least t in incremen-
tal quasi-polynomial time. Of course, this result can be generalized to parallel
extensions of f and to families of bar-and-joint structures with different thresh-
olds.

Example 5 (Maximal independent sets in m matroids) An important special
case of Theorem 4 is when all matroids are defined on the same ground set
U = U1 = . . . = Un = {1, . . . , n}, and Aji = {i} for all i ∈ {1, . . . , n} and
j ∈ {1, . . . , r}. For this case, defining tj = |U | − rj(U) and writing the system
(5) for the dual matroids M∗

1 , . . . , M∗
m:

r∗j (X) = rj(U \X) + |X| − rj(U) ≥ |U | − rj(U), j = 1, . . . ,m, (7)

we notice that the complement Y = U \X to each minimal feasible solution X
to (7) is a maximal set Y independent in all m matroids

rj(Y ) ≥ |Y |, j = 1, . . . ,m,

and vice versa. Thus, the set of all minimal feasible solutions to (7) can be
identified with the family

I(M1, . . . , Mm) = {Y | Y maximal set independent in M1, . . . , Mm}.

The complexity of enumerating I(M1, . . . ,Mm) was asked in 1980 by Lawler,
Lenstra, and Rinnooy Kan [9] who gave an algorithm running in exponential
time O(nm+2) per each generated element. Theorem 4 indicates that in fact
this enumeration problem (called Matroid Intersections in [9]) can be solved in
incremental quasi-polynomial time.

Theorem 6 ([1]) Given m matroids M1, . . . ,Mm on common ground set U ,
we can enumerate k ≤ |I(M1, . . . ,Mm)| maximal independent sets in No(log N)

time and poly(N) calls to the independence oracles, where N = max{m, k, |U |}.

Example 6 (Packing flats in a matroid) In our final example, given a matroid
M be on ground set U , subsets A1, . . . , An ⊆ U , and an integer threshold t, we
consider the inequality

∑

i∈X

r(Ai)− r(
⋃

i∈X

Ai) ≤ t, (8)

where X ⊆ {1, . . . , n} and r is the rank function of M . It is easy to see that
the left-hand side of (8) monotonically increases with X. We call maximal
solutions to (8) t-packings of A1, . . . , An in M . When t = 0 and r(X) = |X|,
this definition leads to the usual notion of set packings, i.e. maximal pairwise
disjoint subfamilies of A1, . . . , An. When t = 0 and A1, . . . , An are some flats, for
instance, some subspaces of a linear space, each packing is a maximal mutually
transversal subfamily of flats. This is because for t = 0 the packing inequality
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(8) is equivalent to |X| transversality conditions: for each i ∈ X the flat Ai must
be transversal to the flat generated by all other flats: r(Ai∪Li) = r(Ai)+r(Li),
where Li = Span〈Aj∈X\iAj〉. In particular, when M is the cycle matroid of
a graph G and A1, . . . , An are subgraphs of G then for t = 0 each maximal
packing correspond to a maximal pairwise edge-disjoint subfamilies of graphs
the union of which does not contain any new cycle (i.e. a cycle that does not
belong to one of the subgraphs A1, . . . , An).

Rewriting inequality (8) as

∑

i∈X

r(Ai)− r(
⋃

i6∈X

Ai) ≥
n∑

i=1

r(Ai)− t,

we note that the maximal packings in (8) are in one to one correspondence with
the minimal feasible sets of a polymatroid inequality. Thus we arrive at the
following result:

Corollary 2 Given a matroid M on ground set U , and subsets A1, . . . , An ⊆ U ,
all maximal t-packings of A1, . . . , An can be enumerated in incremental quasi-
polynomial time, for any given integer threshold t.

In particular, given a family of acyclic graphs on the same vertex set V , all
maximal edge-disjoint subfamilies, the union of which is still acyclic, can be
enumerated incrementally in quasi-polynomial time. In contrast to this result,
a seemingly very similar problem is NP-hard:

Proposition 3 Given a family of acyclic graphs on the same vertex set V , it is
NP-hard to enumerate all maximal (not necessarily edge-disjoint) subfamilies,
the union of which is still acyclic.

Proof. We use the following reduction from the CNF satisfiability problem.
Given a conjunctive normal form φ(x1, . . . , xN ) = D1∧ . . .∧Dm, where each Dj

is a disjunction of some literals in {x1, x̄1, . . . , xN , x̄N}, our construction is com-
posed of the union G of N + m vertex disjoint cycles C1, . . . , CN , C ′1, . . . , C

′
m,

where |Ci| = N + 2 for i = 1, . . . , N and |C ′j | = |Dj | + N for j = 1, . . . , m.
Each edge of G is labeled by one of the sets {xi}, {x̄i}, or {xi, x̄i} for some
i ∈ {1, . . . , N}. Each cycle Ci, for i = 1, . . . , N , corresponds to a binary vari-
able xi and its N + 2 edges are labeled respectively by {x1, x̄1}, . . . , {xN , x̄N},
{xi}, {x̄i}. Similarly, each cycle C ′j , for j = 1, . . . , m, corresponds to a clause
Dj and its edges are labeled by {x1, x̄1}, . . . , {xN , x̄N}, {l1}, . . . , {lkj}, where
l1, . . . , lkj are the literals appearing in Dj . Finally we define 2N acyclic sub-
graphs X1, X1, . . . , Xn, Xn of G, where Xi = {e ∈ E(G) | xi ∈ label(e)} and
Xi = {e ∈ E(G) | x̄i ∈ label(e)}. Note that, for any j ∈ {1, . . . , N}, the family
{Xi | i 6= j} ∪ {Xi | i 6= j} is maximal with the property that the union graph
is acyclic. Thus any other maximal family whose union is acyclic must contain
either Xi or X̄i, for all i = 1, . . . , N . Furthermore, any such family cannot
contain both Xi and Xi for some i ∈ {1, . . . , N} since otherwise we get the
cycle Ci in the union. We conclude therefore that there exists a new maximal
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union-acyclic subfamily if and only if there is a subfamily containing exactly
one of the sets Xi, Xi, for all i = 1, . . . , N , such all the cycles C ′1, . . . , C

′
m are

broken in the union graph. The latter condition is further equivalent with the
condition that CNF φ is satisfiable. ¤

As a final remark, we note that the family of sets described in Proposition
3 is the family of maximal feasible solutions of the inequality

F (X) def=
∣∣ ⋃

i∈X

Ai

∣∣− r(
⋃

i∈X

Ai) ≤ 0,

over X ⊆ {1, . . . , n}. In the special case, when n = |U | and the sets Ai are
the n disjoint singletons of U , the function F (X) reduces to the co-polymatroid
(that is monotone, supermodular) function f(X) def= |X| − r(X). It follows
by Corollary 1 that, for any integer t, the maximal feasible solutions of the
inequality f(X) ≤ t can be enumerated in incremental polynomial time. It
follows furthermore by Theorem 5 that the minimal feasible solutions of the
inequality f(X) ≥ t can be enumerated with polynomial delay. In contrast,
Propositions 2 and 3 state that the analogous problems for the function F (X)
(which is a parallel extension of f(X)) may be NP-hard. Thus while the parallel
extension of a polymatroid function is polymatroid, the parallel extension of a
co-polymatroid function maybe neither polymatroid nor co-polymatroid, and
the corresponding generation problems may be NP-hard.
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