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Abstract

This short paper surveys recent results on the gen-
eration of implicitly given hypergraphs, as well as their
applications in data mining, reliability theory, integer
programming and combinatorics.

More precisely, we consider a monotone property
w over the subsets of a finite set V', the correspond-
ing family Sy of subsets satisfying property w, and the
problem of generating (sequentially) the family Fr of
all minimal subsets in Sy, when only V is given explic-
itly, and 7 is represented by an oracle O,. We show
that for a number of interesting monotone properties,
the family F, is uniformly dual-bounded allowing for
the incrementally efficient generation of the members
of Fr.

Important applications include the efficient gener-
ation of minimal infrequent sets of a database (data
mining), minimal connectivity ensuring collections of
subgraphs from a given list (reliability theory), mini-
mal feasible solutions to a system of monotone inequal-
ities in integer variables (integer programming), mini-
mal spanning collections of subspaces from a given list
(linear algebra) and maximal independent sets in the
intersection of matroids (combinatorial optimization).

In contrast to these results, the analogous problem
of generating the family of mazimal subsets not hav-
ing property w is NP-hard for most of the monotone
properties ™ considered in this paper.
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1 Introduction

Let V be a finite set of cardinality |V| = n. For a
hypergraph H C 2V, let us denote by Z(H) the fam-
ily of its maximal independent subsets, i.e. maximal
subsets of V' not containing any hyperedges of H. The
complement of a maximal independent subset is called
a minimal transversal of H (i.e. minimal subset of V
intersecting all elements of 7). The collection H¢ of
minimal transversals is also called the dual of H.

Let us consider a monotone property m over the
subsets of V', and let S, denote the corresponding col-
lection of all subsets having property m. We shall as-
sume that 7 is represented by a (polynomial time)
satisfiability oracle O, i.e. an algorithm which, given
an input description of O of size ||O,| and a subset
X CV, can decide whether or not X has property ,
in time polynomial in n and ||O||. Since 7 is mono-
tone, Y O X € S; implies Y € §;. Thus, we may as
well represent 7 by the hypergraph F, C S, consisting
of all minimal subsets having property 7. Let us note
that the oracle O, could equivalently be called a mem-
bership oracle for the family S, or a superset oracle
for the family F,, since a subset X C V has property
m if and only if X € S;, which is further equivalent
to the existence of a subset Y C X, Y € F,. Let us
also note that the complementary family Z, = 2¥'\ S,
is an independence system (i.e. Y C X € Z, implies
Y € I, see e.g. [33]), the maximal elements of which
are the maximal independent sets of F.

Let us finally remark that any Sperner hypergraph
H (i.e. one which has no two hyperedges X,Y € H for
which X CY or Y C X) defines uniquely a monotone
property 7 such that H = F, holds.

Given a monotone property 7, described by a sat-
isfiability oracle O, an interesting problem is to list
incrementally all elements of F:

GEN(F,,X): Given a subfamily X C F, either find
a new minimal satisfying set X € Fr\X, or prove
that the given partial list is complete X = F.

Clearly, the entire family F, can be generated by ini-
tializing X = () and iteratively solving the above prob-



lem ||+ 1 times. Note also that the size of F, may
be exponentially large both in n and the size of the
oracle ||O,||. For this reason, we shall consider algo-
rithms that are incrementally efficient, i.e. which solve
the above problem GEN(F,, X) efficiently in terms of
n, ||Ox| and the size of the partial list |X|.

Although, in general, problem GEN(F,, X), given
a monotone property 7, is NP-hard (see e.g. [27, 33,
37]), the following joint generation problem is most
likely not (as we shall see in the next section):

GEN(F,,Z(Fr), X, Y): Given two explicitly listed set
families X C Fp and Y C I(F.), either
find a new set in (Fr \ X) U (Z(Fz) \ V), or
prove that these families are complete: (X,)) =
(Fr, Z(Fx))-

It is clear that for a given monotone property ,
represented by a satisfiability oracle O, we can gen-
erate both F, and Z(F,) simultaneously by starting
with X = Y = () and solving GEN(Fy,Z(F,),X,Y)
|Frl + |Z(Fx)| + 1 times, incrementing in each it-
eration either X or ) by the newly found subset
S e (Fr\X)U(Z(Fr)\Y), according to the answer
of the oracle O, until we have (X,Y) = (Fr, Z(F,)).

Though it may sound terribly redundant to use the
above joint generation to generate F, alone (and sim-
ply discard at the end all members of Z(F,)), it was in
fact shown (see [26]) that no satisfiability oracle based
algorithm can generate F in fewer than | Fr|+|Z(Fr)|
steps, in general.

Unfortunately, the above joint generation still may
not be an efficient algorithm for solving either of
GEN(F,,X) or GEN(Z(F,),Y) separately for the
simple reason that we do not control which of the fam-
ilies Fr \X and Z(F,)\ )Y contains each new hyperedge
produced by the algorithm. Suppose we want to gen-
erate F, and the family Z(F;) is exponentially larger
than F;. Then, if we are unlucky, we may get hyper-
edges of F,; with exponential delay, while getting large
subfamilies of Z(F;) (which are not needed at all) in
between.

For the above reasons, we shall study in this pa-
per Sperner hypergraphs (or equivalently, monotone
properties) for which joint generation in fact pro-
vides an incrementally efficient framework for gener-
ating all hyperedges. Let us call a Sperner hyper-
graph H = F, (corresponding to a monotone prop-
erty m) dual-bounded if the size of Z(Fy) is (quasi-
)polynomially limited in the size of F, the size of V'
and the size of the oracle ||Or|| representing 7. Let us
further call H = F; uniformly dual-bounded, if

1Z(X) NZ(Fx)| < (quasi-)poly(|X], [V, [[Ox[]) (1)

holds for any non-empty subfamily X C F.

In the next section we shall recall first from [6, 27]
that GEN(F,,Z(F),X,Y) can be reduced in poly-
nomial time to dualization (or the generation of hy-
pergraph transversals), which can be solved in quasi-
polynomial time (see [25]). As a consequence, prob-
lem GEN(F, X) can be solved in quasi-polynomial
time for every subfamily X C F,, whenever F, is
uniformly dual-bounded (see [11]). In Section 3 we
survey several inequalities proving uniformly dual-
boundedness for a number of families of hypergraphs
(see [9, 10, 11, 13]). Finally, in Section 4 we recall
several applications of the cited results and some gen-
eralizations (see [9, 10, 12, 23, 24]).

2 Dualization and Joint Generation

Let H C 2V be a Sperner hypergraph given by an
explicit list of its hyperedges. For X C V, let 7(X)
be the property that X is a transversal of H, that is,
X intersects all hyperedges of H. Then F, = H¢
is the transversal hypergraph of H, the above de-
scription provides a satisfiability oracle for 7 of size
at most n|H|, and problem GEN(F,, X) reduces to
the well-known hypergraph transversal, or dualization
problem:

DUAL(H,X): Given two explicitly listed Sperner
families H C 2V and X C H?, either find a
new minimal transversal X € H\ X or show
that X = H<.

The dualization problem can be efficiently solved for
many classes of hypergraphs. For example, if the
sizes of all the hyperedges of H are limited by a con-
stant k, then dualization can be executed in incre-
mental polynomial time (see e.g. [7, 21]), and even
stronger, it can be solved efficiently in parallel [8]. In
the quadratic case, i.e. when k = 2, there are even
more efficient algorithms that run with polynomial de-
lay, i.e. in poly(|V],|H|) time (see e.g. [32, 33, 52]).
Efficient algorithms also exist for the dualization
of 2-monotonic, threshold, matroid, read-bounded,
acyclic and some other classes of hypergraphs (see e.g.
[5, 15, 18, 19, 21, 22, 36, 39, 40, 47, 48]).

Even though no incremental polynomial time algo-
rithm for the dualization of arbitrary hypergraphs is
known, an incremental quasi-polynomial time one ex-
ists (see [25], or [27] for more detail):

Proposition 1 ([25]) Problem DUAL(H,X) can be
solved in O(nm) + m°1°8™) time, where n = |V| and
m = |H| + |X].



Remark that this quasi-polynomial time algorithm
also indicates that monotone duality can be disproved
with limited nondeterminism [22].

It was observed independently in [6, 27] that for
any polynomial-time satisfiability oracle O, problem
GEN(F,,Z(F),X,)Y) can be reduced in polynomial
time to dualization:

Proposition 2 ([6, 27]) GEN(F,Z(F:),X,Y) can
be solved in time n(poly(|X|,|V|) + T(|Ox|)) + Tauai,
where T'(|Or|) is the worst-case running time of the
oracle on any X C V, and Tyua denotes the time
required to solve the dualization problem with X and

V.

From these results it follows easily that joint gen-
eration is an incrementally efficient way of generat-
ing Fr, whenever this hypergraph is uniformly dual
bounded:

Corollary 3 ([11]) If the hypergraph Fy is uniformly
dual-bounded, then problem GEN(F,X) is solvable in
quasi-polynomial time for every subfamily X C Fi.

3 Uniformly Dual-Bounded Hyper-

graphs

All monotone properties considered in this paper,
can be described in terms a system of of » > 1 mono-

tone inequalities
fz(X)Ztu iil,...,T, (2)
over the subsets X C V (or more generally, over ele-
ments of products of partially ordered sets), where ¢; €
R,i=1,...,r, are given thresholds, and f; : 2V — R
are given functions. We assume that each set-function
fi is monotone, i.e. f(X) < f(Y) whenever X C Y,
and is defined via a (quasi-)polynomial-time evalua-
tion oracle. For a subset X C V, let w(X) be the
property that X satisfies (2), then we have a satisfia-
bility oracle for m(X) (this requires only checking the
feasibility of X for (2)). Below, we consider four differ-
ent (but possibly overlapping) classes of functions for
which the hypergraph F is uniformly dual-bounded.

3.1 Polymatroid functions
A monotone function f : 2V +— Z, is called poly-
matroid if it is submodular, i.e.,

fXUY)+f(XNY) < f(X)+ f(Y)

holds for all subsets X, Y C V, and if f() = 0. Here
we assume that f is integer-valued.

Theorem 4 ([10]) Let F be the set of all minimal
feasible solutions for a system of polymatroid inequal-
ities (2) and let X C F be an arbitrary subset of F of
size |X| > 1. Then

1Z(X) NZ(F)| < max(rn,r|x|tost)/cmIxD)

where t = max{ty,...,t.}, and ¢ = c(n,pB) is the
unique positive oot of the equation 2¢(n®/ 1988 — 1) =
1. In particular, for X = F we get |I(F)| <
max (rn, r|F|(1ogt)/c(nI 7))y,

Let us remark here that the bound of Theorem 4 is
reasonably sharp. As shown in [10], for any positive
integer k there exists a polymatroid function f over
n = k2 elements, and threshold ¢t = 2%, for which
|F| = 2, and |Z(F)| = k(QQk). This gives an infinite
family of polymatroid functions such that

|I(.7:)| > |]_-‘(.551 log t)/c(n,l]—'\)7

as k — oo.

Let us also note that for many classes of polyma-
troid functions, |F| cannot be bounded by a quasi-
polynomial estimate of the form (n|Z(F)[)Pe 18!, Let
us consider for instance, a graph G =l x K5 consist-
ing of I disjoint edges, and let f(X) be the number
of edges X intersects, for X C V(G). Then f is a
polymatroid function with n = 2[. If we let ¢t = [ be
the given threshold, then |Z(F)| = [ and |F| = 2%
Furthermore, there exist examples for polymatroid in-
equalities for which the problem of incrementally gen-
erating the maximal non-feasible sets (even for a single
polymatroid inequality, i.e for r = 1) is NP-hard.

3.2 2-Monotonic functions

A monotone function f : 2¥ +— R is called 2-
monotonic, if there exists a permutation ¢ € Sy of
the ground set V such that f(X U{v}\ {u}) > f(X)
whenever u € X CV, v € X and v precedes u in their
o-order.

Theorem 5 ([9, 18]) Let F be the set of all minimal
feasible solutions for a system of 2-monotonic inequal-
ities (2) and let X C F be an arbitrary subset of F of
size |X| > 1. Then

Z(X)NT(F) <r Y X
Xex
In particular, |Z(X) NZ(F)| < rn|X|, and for X = F
we get |Z(F)| < rn|F|.

Let us remark that the above inequality is reason-
ably tight, as it can be seen by several examples. It



is also interesting to note that if the the number of
inequalities r is bounded by a constant, then the size
of F can also be polynomially bounded by the size
of Z(F), and both F and Z(F) can be incrementally
generated in polynomial time. On the other hand, if
r is not a constant, problem GEN(Z(F),)) is known
to be NP-hard [37].

3.3 k-Smooth polymatroid functions

Let f : 2V +— Z, be an integer-valued monotone
function. For an integer k € Z, let us say that the
function f is k-smooth if for any v € V and any X C
V', we have

FXU{v}) = f(X) <k

Theorem 6 Let F be the set of all minimal feasi-
ble solutions for a system of k-smooth polymatroid in-
equalities (2) and let X C F be an arbitrary subset of
F of size |X| > 1. Then

)DEVANIETS DI (APl

YEI(X)NI(F) Xex

In particular, we have |Z(X)NI(F)| < rn*|X|, which
for X = F gives |I(F)| < rn*|F|.

It should be mentioned that the above bound is sharp
for 7 = 1. On the other hand, there exist examples
of 1-smooth polymatroid functions for which the size
of F is exponentially large in the size of Z(F). De-
spite this, for a single 1-smooth polymatroid inequal-
ity, both the sets F and Z(F) can be generated in
polynomial time, and also for constant k, the set F can
be generated in polynomial time. In contrast, it can
be shown that generating Z(F) is already NP-hard,
for a single 2-smooth polymatroid inequality, and for
a system of two 1-smooth polymatroid inequalities.

3.4 Transversal functions

Given a (not necessarily) Sperner hypergraph H C
2V and a non-negative real weight w(H) € R asso-
ciated with each hyperedge H € H, let us call the
function f : 2V +— R, defined by

FOO =S {w(H) | XN H #0, HeH)

a (weighted) transversal function. Note that such a
function is submodular, but not generally polyma-
troid since the weights are not necessarily integral.
In contrast to the bound of Theorem 4, the following
stronger bound is known for transversal functions.

Theorem 7 ([13]) Let fi,....fr = 2V — Ry be
r transversal functions defined by v hypergraphs
Hi,...,H,.. Let F be the set of all minimal feasi-
ble solutions for the system of inequalities (2) and let
X C F be an arbitrary subset of F of size |X| > 1.
Then

Z)NZF) <SS HH eHy | HNX # 0},

i=1 XeX

In particular, it follows that |Z(X) N Z(F)| <
7| Hmaz||X], which for X = F gives |Z(F) <
T\ Humaz||F|, where Hoag is the hypergraph with largest
size.

As it was shown in [13], the bound of Theorem 7 is
sharp within a polylogarithmic factor. A similar re-
verse inequality does not hold, in general, and the in-
cremental generation of Z(F) is NP-hard [12].

4 Applications

In this section we give some specific examples of
the four classes of functions described in the previous
section. We then conclude by an application in data
mining, and a generalization of it over products of
partially ordered sets.

4.1 Matroids

Several examples of polymatroid functions can be
found, for instance, in [35] and [53]. The most general
example considered in this paper is the following. Let
M be a matroid with rank function p : 2M — |M],

and let My,..., M, be some subsets of M. For each

X V{1, n} et f(X) = p(Usex Mi). Then

f is a polymatroid function. In fact, every polyma-
troid function arises by this construction from some
matroid, see [31, 44], and also [35]. Thus Theorem 4
and corollary 3 imply that, for a given integer thresh-
old ¢, the family of minimal subsets of {My,..., M,},
the rank of whose union is at least ¢, can be listed
incrementally in quasi-polynomial time. Since this re-
sult holds for systems of polymatroid inequalities, we
can also combine any number of matroid examples.

4.2 Matroid intersections

Let My,..., M, be r matroids on the ground set
V of cardinality |[V| = n. In [33] the question of
generating the family F of all maximal sets indepen-
dent in all the matroids My,..., M, was asked, and
an O(n"2|F|>°1_, T;) algorithm was given, where T;
is the time required for independence testing in ma-
troid M;. In contrast to this, Theorem 6 together with
corollary 3 implies that this problem can be solved



in O(n%r|F|) + (rn|F|)°Utee7D) oracle time. In-
deed, let p; : 2¥ + {0,1,...,n} be the rank function
of matroid M;, for ¢+ = 1,...,r. Then the function
fi:2V +—{0,1,...,n}, defined by

filX) = pi(V\ X) + [ X],

for i = 1,...,r, is 1-smooth polymatroid, and a set
X C V is independent in M; if and only if f;(V \
X) > |V|. Thus letting 7 < {V\ X | X € F}, we
conclude that F is the family of minimal solutions for
the system of 1-smooth polymatroid inequalities

LX) >V, i=1,...,r

and therefore we get by Theorem 6,

Yo IVAY[<r Y x|

YEI(F) XeF

This implies the quasi-polynomial time generation of

F.

4.3 Spanning a linear space by linear sub-
spaces

The transversal hypergraph problem is equivalent
to the following set covering problem: Given an s-
element ground set R and a family V of n subsets of
R, enumerate all minimal subfamilies of V which cover
the entire set R. Replacing R by the vector space F*
over some field F, and replacing each given subset of V
by a linear subspace of F?, we arrive at the following
space covering problem:

Given a collection V = {V1,...,V,} of n linear sub-
spaces of F° enumerate all minimal subsets X of
V ={1,...,n} such that Span({J,;c x Vi) = F*.

Generalizing further, consider the polymatroid in-
equality

f(X) =dim([ Vi) > ¢, (3)

ieX

where ¢ € {1,...,s} is a given threshold. Then the
set F of minimal solutions to (3) is the collection of
all minimal subsets of V the dimension of whose union
is at least t. Theorem 4 then states that for all ¢ €
{1,..., s}, the size of Z(F) can be bounded by a log ¢-
degree polynomial in n and |F|, and thus all sets in
F can be enumerated in incremental quasi-polynomial
time.

We mention here two special cases of the above ex-
ample. First, when each subspace V; is spanned by a
subset R; of vectors from some fixed basis of F?, the
value of f(X) is just the size of | J,c y R;, which is a

transversal function. Hence, by Theorem 7, we get the
stronger inequality |Z(F)| < s|F|.

Second, when the dimension of each input subspace
Vi, ©t =1,...,n, is bounded by some constant d, the
function f(X) is d-smooth. We can thus enumerate
all sets in F in incremental polynomial time and the
size of Z(F) can be bounded by a d-degree polynomial
in n and |F|. In particular, when ¢ = s and the given
subspaces V; are all lines, i.e.,

V; = Span(b;) for given vectorsb; € F*, i =1,...,n,

then the set F of all column bases of the s x n matrix
[b1,...,bn] can be enumerated in polynomial time.

4.4 Spanning collections of graphs

Let R be a finite set of s vertices and let
Ey,....,E, C R X R be a collection of n graphs on
R. Given a set X C {1,...,n} define k(X) to be
the number of connected components in the graph
(R,U;cx Ei). Then k(X) is an anti-monotone super-
modular function and hence for any integral threshold
t, the inequality

FOX) = s = k(X) > ¢

is polymatroid. In particular, F is the family of all
minimal collections of the input graphs Ei,..., E,
which interconnect all vertices in R. (If the n in-
put graphs are just n disjoint edges, then F is the
set of all spanning trees in the graph F1 U...U E,.)
Since k(X) can be evaluated at any set X in polyno-
mial time, Theorem 4 and Corollary 3 imply that for
each t € {1,...,s}, all elements of F can be enumer-
ated in incremental quasi-polynomial time. In partic-
ular, given a collection of n equivalence relations (par-
titions) on R, we can enumerate in incremental quasi-
polynomial time all minimal subsets of the given rela-
tions whose transitive closure puts all elements of R in
one equivalence class (or produces at most s—t equiva-
lence classes). Note that this example is a special case
of the space covering problem, where F = GF(2) and
each subspace V; is the span of the incidence vectors
of the edges of the set F;, fori=1,...,n.

As Dbefore, generating all maximal collections of
FEy, ..., E, for which the number of connected com-
ponents of (R, J,c x Es) exceeds a given threshold re-
mains NP-hard.

4.5 Monotone systems of Boolean and in-
teger inequalities
Consider a system of r linear inequalities in n bi-
nary variables

alz>b;, xe€{0,1}", i=1,...,r (4)



where a; is a given n-vector and b; is a given scalar, for
i=1,...,r. We assume that the system (4) is mono-
tone: if z € {0,1}"™ is feasible for (4) then any vector
y € {0,1}™, y > x is also feasible. (For instance, (4)
is monotone if the vectors a; are non-negative.) Let V
be the set {1,...,n}, and for X C V, let z € {0,1}"
be the incidence vector of X, and define f;(X) = al z.
Then f; is 2-monotonic with respect to the permuta-
tion that puts the components of a; in non-increasing
order. Accordingly, from Theorem 5 we conclude that
for any non-empty set X C F of minimal feasible so-
lutions to (4) we have the inequalities

IZ(X)NT(F)| <Y plx) < nrlX], ()
reEX

where p(z) is number of positive components of x. In
particular, for any feasible system (4) we have

Z(F)| < nr|F]. (6)

The above bounds are sharp when r = 1, for instance,
for the inequality =1 + ...+ x, > n. For large r, these
bounds are accurate up to a factor polylogarithmic in
r. For instance, for any positive integer k, the system
of r = 2F inequalities in n = 2k binary variables

Tiy + o Fai, > 1,0 € {1,2},. .. iy € {2k — 1,2k}

has 2F maximal infeasible binary vectors and only k
minimal feasible binary vectors, i.e.,
| F].-

Z(F)| = —2(1:;’ o

As it was shown in [9], inequalities (5) and (6) also
hold for any monotone system of r linear inequalities
in n integer variables
déf{er”H)SxSe}, i=1,...,7

(7)
where ¢ is a given n vector some or all components
of which may be infinite. Furthermore, all minimal
feasible integer solutions to a given monotone system
of integer inequalities (7) can be generated in incre-
mental quasi-polynomial time [9, 13], which should be
contrasted with the conjecture of [33] that for non-
negative a;'s and ¢ = (1,..., 1) this problem cannot be
solved in incremental polynomial time unless P=NP.
On the other hand, the problem of generating all max-
imal infeasible binary vectors for (4) is NP-hard al-
ready for binary vectors a; and b; =2 fori=1,...,7r,
see [37] and also [11] for more detail.

aiszbi, rel

4.6 Maximal frequent and minimal infre-
quent sets for binary matrices

The notion of frequent sets in data-mining [49] can
be related naturally to the transversal functions con-
sidered in Section 3.4. Let V be a finite set of binary
attributes of a database. Let D : R x V +— {0,1}
be a given s x n binary matrix representing a set R
of transactions over V. To each subset of columns
X C V, we associate the subset S(X) = Sp(X) C R
of all those rows i € R for which D(i,j) = 1 in every
column j € X. The cardinality of S(X) is called the
support of X and it is easy to see that the function

f(X) =s—|S(X)]

is a transversal function with respect to the hyper-
graph H defined by the anti-incidence matrix D.

A column set X C V is called ¢-frequent if |S(X)| >
t and otherwise, is said to be t-infrequent. Thus the
families F and Z(F) of minimal feasible and maximal
infeasible sets for the inequality f(X) > s—t+1 cor-
respond, respectively, to the minimal infrequent and
maximal frequent sets for D.

The generation of (maximal) frequent sets of a
given binary matrix is an important task of knowledge
discovery and data mining, e.g. it is used for mining
association rules [1, 26, 41, 42, 45, 46, 54], correlations
[16], sequential patterns [3], episodes [43], emerging
patterns [20], and appears in many other applications.
Most practical procedures to generate frequent sets are
based on the anti-monotone Apriori heuristic (see [2])
and build frequent sets in a bottom-up way, running
in time proportional to the number of frequent sets.
It was demonstrated recently in [17] that these meth-
ods are inadequate in practice when there are (many)
frequent sets of large size (see also [4, 30, 34]), due to
the fact that the number of frequent sets can be expo-
nentially larger than |Z(F)|. Thus these results show
that it is perhaps more efficient to find the boundary
of the frequent sets, i.e. the union FUZ(F) (proposed
e.g. in [49]), and use it as a condensed representation
of the data set, as suggested in [41]. Furthermore, no
algorithm using membership queries "Is X frequent?”
can generate all (maximal) frequent sets in fewer than
|F UZ(F)| steps (see e.g. [26]). There were several
other examples presented in [41] to show the useful-
ness of maximal frequent sets and minimal infrequent
sets, e.g. providing error bounds for the confidence of
an arbitrary Boolean rule, in terms of minimal infre-
quent sets.

It follows by the results of Section 3.4 that the hy-
pergraph of minimal infrequent sets is dual bounded:

IZ(F) < (s —t+1)|F] (8)



for all t € {1,...,s}. Let us note again that these
inequalities are best possible. For instance, they are
sharp when D is an s x (s — t + 1) matrix in which
every entry is 1, except the diagonal entries in the
first s —t 4+ 1 rows, which are 0. In addition, (8)
stays accurate, up to a factor of log s, even when s >
n and |F| and |Z(F)| are arbitrarily large. Let us
consider for instance a binary matrix D with s = 2F
rows and n = 2k columns (k > 1, integer), such that
each row contains exactly one 0 and one 1 in each
pair of the adjacent columns {1,2}, {3,4}, ..., {2k —
1,2k}, and in all 2% possible ways in the s = 2* rows.
It is not difficult to see that for + = 1 there are 2¥
maximal 1-frequent sets (every row of the matrix is
the characteristic vector of a maximal 1-frequent set),
and that there are only k& minimal 1-infrequent sets,
namely {2 — 1,2¢} for ¢ = 1,...,k. Thus for such
examples we have |Z(F)| = (s/logs)|F|. The same
examples also show that |F| cannot be bounded by a
quasi-polynomial in |Z(F)|, n and s. Indeed, it was
shown in [12, 38] that problem GEN(Z(F),)) is NP-
hard even if |V| = O(n) and |Z(F)| is exponentially

large in n.

Remark. Clearly, if the number of non-zero entries in
each row of the matrix D is bounded by some constant
k, then the number of frequent sets is bounded by
n* and therefore, they can be even listed efficinely in
parallel. It is interesting to note that if the number of
non-zero entries in each row of D is at least n — k for
some constant k, then for any constant ¢ both maximal
t-frequnet and minimal ¢-infrequent sets can be also
generated efficiently in parallel, see [8] for more details.

4.7 Maximal frequent and minimal infre-
quent elements in products of par-
tially ordered sets

Let us finally consider a natural generalization of

frequent sets to databases defined over products of

partially ordered sets (posets). Specifically, let P def

Py X ... x P, be the product of n posets. Let us
use =< to denote the precedence relation in P and
also in Py,..., Py, ie, if p = (p1,...,pn) € P and
qg = (q1,--.,qn) € P, then p < ¢ in P if and only
if pp X qinP;, i =1,...,n. For A C P, denote
by AY = {z € P | z = a, forsomea € A} and
A= ={z € P |z =< a, for some a € A}, the filter
and ideal generated by A, respectively. Any element
in P\ AT is called independent of A. Let Z(A) be the
set of all maximal independent elements for A:

def

I(A) = {peP|pg A" and

(geP,g=p.g#p = g€ AN}

Consider a database D C P of transactions, each
of which is an n-dimensional vector of attribute values
over P. For an element p € P, let us denote by

S(p) = Sp(p) € {4 €D | q = p},

the set of transactions in D that support p € P.
Note that, by this definition, the function |S(-)]
P —{0,1,...,|D|} is an anti-monotone function, i.e.,
1S(p)] < IS(q)], whenever p = g.

Given D C P and an integer threshold ¢, let us
say that an element p € P is t-frequent if it is sup-
ported by at least ¢ transactions in the database, i.e.,
if |Sp(p)| > t. Conversely, p € P is said to be t-
infrequent if |Sp(p)| < ¢. Since the function |Sp(-)|
is anti-monotone, we may restrict our attention only
to mazimal frequent and minimal infrequent elements.
Denote by F = Fp the set of all minimal ¢-infrequent
elements of P with respect to the database D. Then
Z(Fp,) is the set of all maximal ¢-frequent elements.

As in the Boolean case, the separate and joint gen-
eration of maximal frequent and minimal infrequent
elements of a database can be used for finding as-
sociation rules in data mining applications. If the
database D contains categorical (e.g., zip code, make
of car), or quantitative (e.g., age, income) attributes,
and the corresponding posets P; are total orders, then
the above generation problems can be used to mine
the so called quantitative association rules [51]. More
generally, each attribute a; in the database can as-
sume values belonging to some partially ordered set
P;. For example, [50] describes applications where
items in the database belong to sets of tazonomies (or
is-a hierarchies), and proposes several algorithms for
mining association rules among these hierarchical data
(see also [28, 29]). Furthermore, many data analysis
applications assume data values ranging over lattices
of small size, see e.g. [14].

Extending the notion of uniformly dual-bounded
hypergraphs to subsets of products of posets in the
obvious way, it can be shown that if each poset P; is a
join semi-lattice (i.e. for every two elements z,y € P;,
there is a unique upper bound zVy), then for any inte-
ger threshold ¢, the set of minimal infrequent elements
Fp, of a database D is uniformly dual-bounded:

IZ(X)NI(Fp.)| < (D] -t + 1] X|

for any nonempty X C Fp,. It is also easily veri-
fied that for such uniformly dual-bounded subsets of
a poset P, the incremental generation of these subsets
reduces in polynomial time to the following natural
generalization of the hypergraph transversal problem
on products of posets:



DUAL(P, A, B): Given a subset A C P in a poset P
and a collection of mazimal independent elements
B CI(A), either find a new mazimal independent
element p € Z(A)\ B, or prove that A and B form
a dual pair: B=1I(A).

The complexity of the dualization problem for
products of general posets is still an open question.
Two special cases are known to be quasi-polynomially
solvable [23, 24], namely when the underlying prece-
dence graph of each poset P; is a rooted tree (is-a hier-
archy), and when each poset P; a join semi-lattice with
constant width (where the width of P; is the maximum
size of an antichain in P;). It follows then that gener-
ating minimal infrequent elements in these classes of
posets can be done in incremental quasi-polynomial
time.
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