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Abstract

We consider the problem of enumerating all minimal integer solutions
of a monotone system of linear inequalities. We first show that for any
monotone system of r linear inequalities in n variables, the number of max-
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ticular, that the problem of incrementally generating all minimal integer
solutions to a monotone system of linear inequalities can be done in quasi-
polynomial time.
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1 Introduction

Consider a system of r linear inequalities in n integer variables

Ax ≥ b, x ∈ C = {x ∈ Zn | 0 ≤ x ≤ c}, (1)

where A ∈ Rr×n is a given r × n-matrix, b ∈ Rr is an r-vector, c ∈ Rn
+ is a

non-negative n-vector some or all of whose components may be infinite, and
where Z, R and R+ denote, respectively, the set of integers, the set of reals and
the set of non-negative reals. A vector x ∈ C is called a feasible solution of (1),
if Ax ≥ b. We shall assume that (1) is a monotone system, i.e. if x ∈ C is
feasible, then all vectors y ∈ C with y ≥ x are also feasible. For instance, (1)
is monotone if the matrix A is non-negative, though the non-negativity of A is
not necessary, e.g. if r = 1, n = 2, and c = (1, 2), then the system 5x1 − x2 ≥ 3
is monotone.

Let us denote by FA,b,c the set of all minimal feasible solutions for the
monotone system (1):

FA,b,c =

y

∣∣∣∣∣∣
y ∈ C, Ay ≥ b and

@ feasible solution x of (1)
such that x ≤ y and x 6= y

 .

In this paper, we are concerned with the problem of generating all vectors
of FA,b,c for a monotone system (1). Since the number of minimal feasible
solutions of a monotone system may be exponential in the size of the input, the
efficiency of such generation is measured customarily in terms of the sizes of
both the input and the output (see e.g. [19]). More precisely, we focus on the
problem of generating a “next” element of FA,b,c, sequentially:

GEN(A, b, c,X ): Given a monotone system (1) defined by (A, b, c), and a subset
X ⊆ FA,b,c of its minimal feasible vectors, either find a new minimal
integral vector x ∈ FA,b,c \ X , or show that no such vector exists, i.e.,
X = FA,b,c.

Clearly, the entire set FA,b,c can be generated by initializing X = ∅ and it-
eratively solving the above problem |FA,b,c| + 1 times. Accordingly, we say
that the family FA,b,c can be generated in incremental q-time if the prob-
lem GEN(A, b, c,X ) can be solved in q(n, r, |X |) operations, for every subset
X ⊆ FA,b,c. In particular, we say that FA,b,c can be generated in incremental
polynomial or quasi-polynomial time, if q is a polynomial or quasi-polynomial
expression, respectively. These complexity notions are stated here for the unit-
cost model of computation in which the q(n, r, |X |) bound applies to the number
of comparisons (≤,≥) and arithmetic and rounding operations (+,−,×, /, b c)
required to solve problem GEN(A, b, c,X ) for real input (A, b, c). All of our
results in this paper will also be valid, with the same bound for the number of
operations, for rational input (A, b, c) in the bit model of computation, where
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the number of bits used in the operations depends linearly on the binary size of
the input data.

Let us note here that the above definition for the complexity of sequential
generation, based on GEN(A, b, c,X ), does indeed grasp the essence of sequen-
tial generation correctly. Namely, if there is any algorithm A generating all
the elements of FA,b,c sequentially, say in the order FA,b,c = {x1, x2, ..., xK}
and xK+1 =”STOP” such that {x1, . . . , xk} is generated by q(n, r, k − 1) oper-
ations, for every k = 1, ...,K + 1, then using the same algorithm A, problem
GEN(A, b, c,X ) can also be solved in O(q(n, r, |X |)) operations for every subset
X ⊆ FA,b,c.

The problem of generating the family FA,b,c of all minimal feasible solutions
to a monotone system (1) includes, as special cases, several well-known problems
from the literature.

First of all, if A is integral and c = +∞, the generation of FA,b,c can be
regarded as the computation of the Hilbert basis for the polynomial ideal which
has {x ∈ Zn | Ax ≥ b, x ≥ 0} as its Newton polyhedron.

If A is a binary matrix, b = er and c = en, where ed denotes the vec-
tor of all ones of dimension d, then FA,b,c is the set of (characteristic vectors
of) all minimal transversals to the hypergraph defined by the rows of A. In
this case, problem GEN(A, b, c,X ) turns into the well-known hypergraph dual-
ization problem, that is the incremental enumeration of all minimal transver-
sals (or equivalently, all maximal independent sets) of a given hypergraph (see
e.g. [12]). For several special classes of hypergraphs GEN(A, er, en,X ) can
be solved efficiently, including 2-monotonic, threshold, matroid, read-bounded,
and acyclic hypergraphs (see [4, 8, 9, 13, 16, 21, 23, 24, 26, 27]), and most
notably, when the hyperedges are all of size 2, that is when the hypergraph is
the edge set of a graph (see [19, 20, 30]). The latter result has been extended
to an incremental polynomial solution for all hypergraphs with bounded edge
sizes (see e.g., [6, 12, 13]), in which case even an efficient parallel solution exists
(see [5]). There is no incremental polynomial time algorithm known for the
dualization of an arbitrary hypergraph. The best known result is an incremen-
tal quasi-polynomial time algorithm, proposed by Fredman and Khachiyan [14],
which solves GEN(A, er, en,X ) in O(nt) + to(log t) time, where t = max{r, |X |}.
Recent improvements on this procedure can be found in [15, 29].

If A is binary, c = en and b = Ac−er, then the vectors in FA,b,c correspond
(in a one-to-one way) to the maximal matchings of the hypergraph, formed by
the columns of A. It was shown in [20] that GEN(A, b, c,X ) can be solved
in this case in polynomial time, providing thus an efficient generation of all
maximal matchings. More generally, if A is binary, c = en and b is arbitrary,
then the vectors in FA,b,c are the characteristic vectors of the so-called multiple
transversals of the hypergraph formed by the rows of A, and an incremental
quasi-polynomial generation is provided in [7] for this case.

If c = en, and r = 1, then (1) is also known as a binary knapsack problem, for
which FA,b,c can be generated in incremental polynomial time with an amortized
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complexity of O(n2) time per element, as it was shown by Lawler, Lenstra and
Rinnoy Kan [20]. Improving on this result, Uno [31] showed recently that in
this special case FA,b,c can be generated in O(n) time per element, in the worst
case.

More generally, Lawler, Lenstra and Rinnoy Kan considered the case of a
non-negative matrix A with b arbitrary, and c = en, and conjectured that no
efficient generation of FA,b,en is possible in this case, unless P=NP.

As our main result, we shall show that problem GEN(A, b, c,X ) can in fact be
solved in quasi-polynomial time for any monotone system (1), that is all minimal
integer solutions of (1) can be generated in incremental quasi-polynomial time,
both in the unit-cost and the bit models of computation.

Theorem 1 Problem GEN(A, b, c,X ) can be solved in to(log t) time, where t =
max{n, r, |X |}.

This result implies that GEN(A, b, c,X ) cannot be NP-hard, unless all NP-
complete problems can be solved in quasi-polynomial time. We mention in pass-
ing that if c is bounded and the number of non-zero coefficients per inequality
in (1) is fixed, the results of [5] also imply that problem GEN(A, b, c,X ) can be
efficiently solved in parallel.

2 Uniformly Dual Bounded Monotone Systems

Let us note first that, without any loss of generality, the finiteness of C can
always be assumed. Namely, defining J∗ = {j | cj =∞}, J∗ = {1, . . . , n} \ J∗,
and

cj =

{
maxi:aij>0

⌈
bi−

∑
k∈J∗ min{0,aik}ck

aij

⌉
for j ∈ J∗, and

cj for j ∈ J∗,
(2)

we have FA,b,c = FA,b,c. To see this equality, let us consider an arbitrary
vector x = (x1, . . . , xn) ∈ FA,b,c such that xj > 0 for some j ∈ J∗. We claim
that xj ≤ cj . For this, let us observe first that the restriction of A on J∗

must be non-negative: aij ≥ 0 for all i ∈ {1, . . . , r} and j ∈ J∗, for otherwise
the monotonicity of (1) could be violated by sufficiently increasing xj , the jth

component of x. Thus, we have

aijxj +
∑
k∈J∗

min{0, aik}ck ≤ aijxj +
∑
k∈J∗

min{0, aik}xk

≤ aijxj +
∑
k∈J∗

aikxk

≤
∑
k∈J∗

aikxk +
∑
k∈J∗

aikxk = aix,
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since the restriction of A on J∗ is non-negative, where ai denotes the ith row
of A. Let us consider now the vector x′ obtained from x by decreasing its jth

component by 1. Then x′ ∈ C, and by the minimality of x, x′ is infeasible for
(1). Hence, bi − aij ≤ aix − aij = aix′ < bi for some i ∈ {1, . . . , r}, implying
aix < bi + aij . Thus, we can conclude that

aijxj +
∑
k∈J∗

min{0, aik}ck < bi + aij

from which our claim follows.
Since the bounds in (2) are easy to compute, and since appending these

bounds to (1) does not change the set FA,b,c by the above observation, we shall
assume in the sequel that all components of the non-negative vector c are finite,
even though this may not be the case for the original system. This assumption
does not entail any loss of generality and allows us to consider FA,b,c as a system
of integral vectors in a finite box.

Let us also note that the input monotone system (1) can be assumed to be
feasible and non-trivial, that is FA,b,c 6= ∅ and FA,b,c 6= {0}. For a finite and
non-negative c this is equivalent to Ac ≥ b and 0 6≥ b.

Generalizing systems of monotone inequalities, we shall consider arbitrary
monotone subsets of the finite integral box C. For a collection of integral vectors
A ⊆ C let us denote, respectively, by A+ = {x ∈ C | x ≥ a for some a ∈ A}
and A− = {x ∈ C | x ≤ a for some a ∈ A} the ideal and filter generated by
A. Generalizing standard terminology of the theory of hypergraphs, elements
in C \ A+ will be called independent of A, and let us denote by I(A) the set of
all maximal independent elements of A. Then, for a finite box C we have:

A+ ∩ I(A)− = ∅, and A+ ∪ I(A)− = C. (3)

In particular, if A = FA,b,c is the set of all minimal feasible integral vectors
for (1) and C is finite, then the ideal F+

A,b,c is the set of all feasible solutions of
(1), while the filter C \F+

A,b,c is the collection of all infeasible vectors. This filter
is generated by the set I(FA,b,c) consisting of all maximal infeasible integral
vectors for (1):

C \ F+
A,b,c = I(FA,b,c)− = {x ∈ C | Ax 6≥ b} =

⋃
y∈I(FA,b,c)

{y}−.

Let us return finally to the generation of minimal feasible solutions of a
monotone system (1). Our approach for the solution of this problem will be
based on the joint generation of the union FA,b,c ∪ I(FA,b,c). The following
statement, ensuring the efficiency of such an approach, is instrumental in our
proofs, and may also be of independent interest.
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Theorem 2 If the monotone system (1) is feasible, then for any non-empty
subset X ⊆ FA,b,c we have

|I(X ) ∩ I(FA,b,c)| ≤ rn|X |. (4)

In particular, for X = FA,b,c this implies the inequality

|I(FA,b,c)| ≤ rn|FA,b,c|.

Using the terminology introduced in [7], the above statement claims that
FA,b,c for a monotone system (1) is uniformly dual bounded. This property,
more precisely inequality (4), guarantees that if we manage to generate the
elements of the union FA,b,c ∪ I(FA,b,c) one-by-one, in some efficient way, then
at any given moment during this generation the number of produced maximal
infeasible vectors is polynomially limited by the number of obtained minimal
feasible vectors. Thus, by simply disregarding the maximal infeasible vectors in
this process, we get an efficient algorithm for the generation of minimal feasible
vectors.

Let us remark here that such an approach would certainly be too wasteful
for the generation of maximal infeasible solutions, as the following example
shows. Let us consider the monotone system (A, b, c) consisting of the following
r inequalities x1 + x2 ≥ 1, x3 + x4 ≥ 1, . . ., x2r−1 + x2r ≥ 1 in n = 2r variables,
with c = e2r. This system has 2r minimal feasible binary vectors and only r
maximal infeasible ones, i.e.,

|FA,b,c| ≥ 2|I(FA,b,c)|.

Thus, |FA,b,c| cannot be bounded by a polynomial in r, n, and |I(FA,b,c)|, in
general. Therefore, in the joint generation process we may get unlucky in the
worst case, and get first exponentially many minimal feasible vectors, before
obtaining the first maximal infeasible one.

In fact, not only such a joint generation approach is inefficient for the gen-
eration of maximal infeasible vectors, but more generally, a result analogous to
that of Theorem 1 is highly unlikely to hold.

Proposition 1 Let us consider a monotone system (1), where A is an r × n
binary matrix, c = en, and all the r components of b, but one, are equal to 1.
Further, let X ⊆ I(FA,b,c). Then, it is NP-complete to decide if I(FA,b,c)\X 6=
∅.

Proof. We can use arguments analogous to those of [22]. Consider the well-
known NP-hard problem of determining whether a given graph G = (V,E)
contains an independent set of size t, where t ≥ 2 is a given threshold. Let us
introduce |V | binary variables xv, v ∈ V , and write |E| inequalities: xv+xv′ ≥ 1,
one for every edge e = (v, v′) ∈ E, followed by the inequality:

∑
v∈V xv ≥ |V |−t.

It is easily seen that if x is the characteristic vector of an edge e ∈ E, than e−x is
a maximal infeasible binary vector for the above system of inequalities. Deciding
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whether there are other such vectors is equivalent to determining whether the
given graph G has an independent set of size at least t. �

According to our earlier remark, Proposition 1 implies that no incrementally
efficient generation of maximal infeasible vectors is possible, regardless of the
order of their generation, unless all NP-hard problems can be solved with the
same efficiency. On the other hand, it is easy to see that if the right hand
side vector b is bounded by a constant and the matrix A is integral and non-
negative then listing all maximal infeasible binary vectors of (1) can be done in
polynomial time.

Note also that the enumeration of all maximal infeasible binary vectors to a
system of non-negative linear inequalities a1x ≥ b1, . . ., arx ≥ br, with integer
coefficients, is equivalent to the enumeration of all maximal solutions satisfy-
ing at least one of r knapsack inequalities, a1x ≤ b1 − 1, . . ., arx ≤ br − 1.
An exponential algorithm for the latter problem and its relation to the facet
enumeration for some 0, 1-polytopes [1] are discussed in [20].

Let us remark finally that the bounds in Theorem 2 are sharp for r = 1: for
instance, the single inequality x1 + . . . + xn ≥ n in binary variables has only
one maximal infeasible vector and exactly n minimal feasible ones. For larger
values of r, these bounds are accurate up to a factor poly-logarithmic in r. To
see this, let us consider the input (A, b, c) consisting of r = 2k inequalities of
the form

xi1 + xi2 + · · ·+ xik
≥ 1, i1 ∈ {1, 2}, i2 ∈ {3, 4}, . . . , ik ∈ {2k − 1, 2k},

in n = 2k variables, where x = (x1, . . . , xn) ∈ C = {x ∈ Zn | 0 ≤ x ≤ c}. For
any positive integer vector c, we have 2k maximal infeasible integer vectors and
only k minimal feasible integer vectors in this system, that is

|I(FA,b,c)| =
rn

2(log r)2
|FA,b,c|.

3 Joint Generation and Dualization

As we have indicated, maximal infeasible vectors play a crucial role in our
analysis. More precisely, for X ⊆ FA,b,c we shall use the equivalence

X = FA,b,c ⇐⇒ X+ ∪ I(FA,b,c)− = C

to verify the “completeness” of X . In other words, our generation of minimal
feasible solutions will in fact involve all maximal infeasible solutions, as well.
For this reason, we shall consider the joint generation of minimal feasible and
maximal infeasible vectors by repeatedly solving the following problem:
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GEN(A, b, c,X ,Y): Given a monotone system (1) defined by (A, b, c), and sub-
sets X ⊆ FA,b,c and Y ⊆ I(FA,b,c), either find a new integral vector
x ∈ (FA,b,c ∪I(FA,b,c)) \ (X ∪Y), or show that no such vector exists, i.e.,
X = FA,b,c and Y = I(FA,b,c).

Extending the results of [3] and [17] from the Boolean case C = {0, 1}n to
arbitrary integer boxes, we show that for a monotone system, GEN(A, b, c,X ,Y)
is polynomially equivalent to the following dualization problem:

DUAL(C,A,B): Given a family of vectors A ⊆ C, and a subset B ⊆ I(A) of
its maximal independent vectors, either find a new maximal independent
vector x ∈ I(A) \ B, or prove that no such vector exists, i.e., B = I(A).

More specifically, we present a simple algorithm which, given a proper subset
Z of the (disjoint) union FA,b,c ∪ I(FA,b,c), finds a new vector in the union by
performing poly(n, r) comparisons and operations +,−,×, /, b c and by solving,
if necessary, problem DUAL(C,A,B) for A = Z ∩FA,b,c and B = Z ∩I(FA,b,c).

Next, by invoking Theorem 2, which we shall prove separately in Section 5,
we can argue that since the number of maximal infeasible integer vectors for (1)
is relatively small, we can efficiently generate all elements of FA,b,c by generating
all vectors in the union FA,b,c∪I(FA,b,c) and discarding the elements belonging
to I(FA,b,c). This leads to the following result:

Theorem 3 Problem GEN(A, b, c,X ) can be reduced in strongly polynomial
time to DUAL(C,A,B).

To complete the proof of Theorem 1, we need to show that DUAL(C,A,B),
the dualization problem over integer boxes, can indeed be solved efficiently. As
mentioned earlier, for C = {0, 1}n, problem DUAL(C,A,B) turns into the well-
known hypergraph dualization problem. In Section 7 we extend the hypergraph
dualization algorithms of [14] to problem DUAL(C,A,B) and show that the
latter problem can be solved in quasi-polynomial time:

Theorem 4 Given two sets A, and B ⊆ I(A) in an n-dimensional box C =
{x ∈ Zn | 0 ≤ x ≤ c}, problem DUAL(C,A,B) can be solved in poly(n) +
mo(log m) time, where m = |A|+ |B|.

As before, Theorem 4 is stated in the unit-cost model of computation: the bound
of the theorem applies to the number of comparisons between components of
A and B, required to solve the dualization problem. Other applications of the
dualization problem on boxes can be found in [2, 10, 25].

Clearly, Theorem 1 follows from Theorems 3 and 4. The special cases of
Theorems 2 and 3 for Boolean systems can be found in [7].
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4 Bounded Number of Inequalities

Even though generating all maximal infeasible vectors for (1) is NP-hard by
Proposition 1, this problem can be solved efficiently if the number of inequalities
in (1) is a fixed constant. Specifically, for r = const, |FA,b,c| can be bounded
by a polynomial in n and |I(FA,b,c)| and consequently, all elements of I(FA,b,c)
can be generated in quasi-polynomial time. In fact, for r = const the problem
of generating I(FA,b,c) as well as the problem of generating FA,b,c can be solved
separately in incremental polynomial time.

For a subset Y ⊆ C, let I−1(Y) denote the set of all minimal integral vectors
of the ideal C \ Y−.

Theorem 5 Suppose that the monotone system (1) is nontrivial, i.e., 0 6∈
FA,b,c. Then for any non-empty subset Y ⊆ I(FA,b,c) we have∣∣I−1(Y) ∩ FA,b,c

∣∣ ≤ (
n|Y|

)r

. (5)

In particular, for Y = I(FA,b,c) we get

|FA,b,c| ≤
(
n|I(FA,b,c)|

)r

.

Generalizing the results of [20, 31] for knapsack problems, we can show
that both minimal feasible and maximal infeasible solutions can be generated
efficiently, if the number of inequalities in the input monotone system is fixed.

Theorem 6 If the number of inequalities in (1) is bounded, then both FA,b,c

and I(FA,b,c) can be generated in incremental polynomial time.

The remainder of the paper consists of the proofs of Theorems 2, 3, 4, 5,
and 6 in Sections 5, 6, 7, 8 and 9, respectively.

5 Proof of Theorem 2

We first need some notation and definitions.
Let C = {x ∈ Zn | 0 ≤ x ≤ c} be a box and let f : C → {0, 1} be a discrete

binary function. The function f is called monotone if f(x) ≥ f(y) whenever
x ≥ y and x, y ∈ C. We denote by T (f) and F (f) the sets of all true and all
false vectors of f , i.e.,

T (f) = {x ∈ C|f(x) = 1} = (MIN[f ])+, F (f) = {x ∈ C|f(x) = 0} = (MAX[f ])−,

where MIN[f ] and MAX[f ] are the sets of all minimal true and all maximal
false vectors of f , respectively.
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Let σ ∈ Sn be a permutation of the coordinates and let x, y be two n-vectors.
We say that y is a left-shift of x and write y �σ x if the inequalities

k∑
j=1

yσj
≥

k∑
j=1

xσj

hold for all k = 1, . . . , n. A discrete binary function f : C → {0, 1} is called
2-monotonic with respect to σ if f(y) ≥ f(x) whenever y �σ x and x, y ∈ C.
Clearly, y ≥ x implies y �σ x for any σ ∈ Sn, so that any 2-monotonic function
is monotone.

The function f will be called regular if it is 2-monotonic with respect to
the identity permutation σ = (1, 2, ..., n). Any 2-monotonic function can be
transformed into a regular one by appropriately re-indexing its variables. To
simplify notation, we shall state Lemma 1 below for regular functions, i.e., we
fix σ = (1, 2, ..., n) in this lemma.

For a given subset A ⊆ C let us denote by A∗ all the vectors which are left-
shifts of some vectors of A, i.e., A∗ = {y ∈ C | y � x for some x ∈ A}. Clearly,
T (f) = (MIN[f ])∗ for a regular function f (in fact, the subfamily of right-most
vectors of MIN[f ] would be enough to use here).

Given monotone discrete functions f and g, we call g a regular majorant of
f , if g(x) ≥ f(x) for all x ∈ C, and g is regular. Clearly, T (g) ⊇ (MIN[f ])∗ must
hold in this case, and the discrete function h defined by T (h) = (MIN[f ])∗ is
the unique minimal regular majorant of f .

For a vector x ∈ C, and for an index 1 ≤ k ≤ n, let the vectors x(k] and x[k)
be defined by

xj(k] =
{

xj for j ≤ k,
0 otherwise,

and

xj [k) =
{

xj for j ≥ k,
0 otherwise.

Let us denote by ej the jth unit vector in Rn, for j = 1, ..., n, and let p(x)
denote the number of positive components of the vector x ∈ C.

Lemma 1 Given a monotone discrete binary function f : C → {0, 1} such that
f 6≡ 0, and a regular majorant g ≥ f , we have the inequality

|F (g) ∩MAX[f ]| ≤
∑

x∈MIN[f ]

p(x). (6)

Proof. Let us denote by h the unique minimal regular majorant of f . Then
we have F (g) ∩MAX[f ] ⊆ F (h) ∩MAX[f ], and hence it is enough to show the
statement for g = h, i.e. when T (g) = (MIN[f ])∗.

For a vector y ∈ C\{c} let us denote by l = ly the index of the last component
which is less than cl, i.e., l = max{j | yj < cj} ∈ {1, . . . , n}. We claim that for
every y ∈ F (h) ∩MAX[f ] there exists an x ∈ MIN[f ] such that

y = x(l − 1] + (xl − 1)el + c[l + 1), (7)
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where l = ly. To see this claim, first observe that y 6= c because y ∈ F (f) and
f 6≡ 0. Second, for any j with yj < cj we have y+ej ∈ T (f), by the definition of
a maximal false point. Hence there exists a minimal true-vector x ∈ MIN[f ] such
that x ≤ y + el for l = ly. We must have x(l − 1] = y(l − 1], since if xi < yi for
some i < l, then y ≥ x+ei−el � x would hold, i.e. y � x would follow, implying
y ∈ (MIN[f ])∗ and yielding a contradiction with y ∈ F (h) = C \ (MIN[f ])∗.
Finally, the definition of l = ly implies that y[l + 1) = c[l + 1). Hence, our
claim and the equality (7) follow.

The above claim implies that

F (h) ∩MAX[f ] ⊆ {x(l − 1] + (xl − 1)el + c[l + 1) | x ∈ MIN[f ], xl > 0},

and hence (6) and thus the lemma follow. �

Lemma 2 Let f : C → {0, 1} be a monotone discrete binary function such that
f 6≡ 0 and

x ∈ T (f) ⇒ αx
def= α1x1 + . . . αnxn ≥ β, (8)

where α = (α1, . . . , αn) is a given real vector and β is a real threshold. Then

|{x ∈ C | αx < β} ∩MAX[f ]| ≤
∑

x∈MIN[f ]

p(x).

Proof. Suppose that some of the weights α1, . . . , αn are negative, say α1 <
0, . . . , αk < 0 and α[k + 1) ≥ 0. Since αx ≥ β for any x ∈ T (f) and since f is
monotone, we have x ∈ T (f) ⇒ α[k + 1)x ≥ β −α(k]c(k]. By the negativity of
the weights α1, . . . , αk, we also have {x ∈ C | αx < β} ⊆ {x ∈ C | α[k + 1)x <
β − α(k]c(k]}. Hence it suffices to prove the lemma for the non-negative weight
vector α[k + 1) and the threshold β − α(k]c(k]. In other words, we can assume
without loss of generality that the original weight vector α is non-negative.

Let σ ∈ Sn be a permutation such that ασ1 ≥ ασ2 ≥ · · · ≥ ασn
≥ 0. Then

the threshold function

g(x) =
{

1 if αx ≥ β,
0 otherwise.

is 2-monotonic with respect to σ. By (8), we have g ≥ f for all x ∈ C, i.e., g is
a majorant of f . In addition, F (g) = {x ∈ C | αx < β}, and hence Lemma 2
follows from Lemma 1. �

Proof of Theorem 2. We are now ready to show inequality (4) and finish
the proof of Theorem 2. For this we shall prove in fact the following stronger
inequality:

|I(X ) ∩ I(FA,b,c)| ≤ r
∑
x∈X

p(x). (9)
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Given a non-empty set X ⊆ FA,b,c, consider the monotone discrete function
f : C → {0, 1} defined by the condition MIN[f ] = X . Since (1) is monotone,
any true vector of f also satisfies (1):

x ∈ T (f) ⇒ ak1x1 + . . . + aknxn ≥ bk

for all k = 1, . . . , r. In addition, f 6≡ 0 because X 6= ∅. Thus, by Lemma 2 we
have the inequalities

|{x | ak1x1 + . . . + aknxn < bk} ∩MAX[f ]| ≤
∑
x∈X

p(x) (10)

for each k = 1, ..., r. Now, from MAX[f ] = I(X ) we deduce that

I(FA,b,c) ∩ I(X ) ⊆
r⋃

k=1

{x | ak1x1 + . . . + aknxn < bk} ∩MAX[f ],

and hence (9) follows by (10), implying thus (4) and completing the proof of
the theorem. �

6 Generating Minimal Feasible Solutions

As mentioned in the Introduction, the proof of Theorem 3 has two ingredi-
ents. First, we show that given a monotone system (1), the sets I(FA,b,c) and
FA,b,c can be jointly enumerated by iteratively solving the dualization problem
DUAL(C,A,B). Second, we argue that due to Theorem 2, the number of max-
imal infeasible vectors for (1) is relatively small, and hence the generation of
FA,b,c polynomially reduces to the joint generation of I(FA,b,c) and FA,b,c.

6.1 Joint generation of dual subsets in an integral box

As it was observed in [3, 17], for c = en problem GEN(A, b, c,A,B) can be re-
duced in polynomial time to the dualization problem DUAL(C,A,B). Extending
this observation, we prove it here for any integral vector c.

Proposition 2 Problem GEN(A, b, c,A,B) can be solved in poly(n, |A|, |B|) +
T ∗ time, where T ∗ denotes the time required to solve problem DUAL(C,A,B).

Proof. In fact, we can prove a more general statement. Let us consider an
arbitrary antichain F ⊆ C (i.e., a family F of vectors such that x 6≤ y for
any two distinct elements x, y ∈ F), assume that there is a polynomial time
membership oracle O(F+) for the monotone set F+, and consider the following
problem:

GEN(O(F+),A,B): Given subsets A ⊆ F and B ⊆ I(F), either find a new
element x ∈ (F ∪I(F)) \ (A∪B), or show that no such vector exists, i.e.,
A = F and B = I(F).
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We can show that this more general problem also reduces in polynomial time
to DUAL(C,A,B).

Our proof uses two subroutines, the first of which takes as input a vector
x ∈ F+ and returns a minimal vector x∗ in F+ ∩ {x}−. Such a vector x∗ =
minF (x) can, for instance, be computed by coordinate descent:

x∗1 ← min{y1 | (y1, y2, . . . , yn−1, yn) ∈ F+ ∩ {x}−},
x∗2 ← min{y2 | (x∗1, y2, . . . , yn−1, yn) ∈ F+ ∩ {x}−},

· · ·
x∗n ← min{yn | (x∗1, x∗2, . . . , x∗n−1, yn) ∈ F+ ∩ {x}−}.

The second subroutine is to compute, for a given vector x ∈ I(F)−, a maximal
vector x∗ ∈ I(F)− ∩ x+. Similarly, this problem can be done by coordinate
descent. Note that each of the n coordinate steps in the above procedures can
be reduced via binary search to at most log(‖c‖∞ + 1) membership queries for
the monotone family F+. Though this bound depends on the size of the box C,
in general, in our case when F = FA,b,c is the set of minimal integer solutions for
an explicitly given monotone system (1), both of the above coordinate descends
can be clearly performed in O(nr) comparisons (≤,≥) and arithmetic operations
(+,−,×, /, b c), regardless of the box size.

Using these subroutines, our proof of Proposition 2 can now be completed
by the following algorithm.

Algorithm J

Input: An oracle O(F+) and subsets A ⊆ F and B ⊆ I(F).

Step 1. Check whether B ⊆ I(A). Since B ⊆ I(F) and A ⊆ F , each vector
x ∈ B is independent of A and we only have to check the maximality of x for
I(A). In other words, we have to check whether or not x + ej ≥ y for some
unit vector ej , j ∈ {1, . . . , n} and some vector y ∈ A. Since both A and B are
explicitly given, this can be done in poly(n, |A|, |B|) comparisons. If there is an
x ∈ B\I(A), then x 6∈ F+ because x ∈ B ⊆ I(F). This and the inclusionA ⊆ F
imply that x 6∈ A+. Since x 6∈ I(A), we can find a coordinate j ∈ {1, . . . , n}
for which y = x + ej 6∈ A+. By the maximality of x in C \ F+, y belongs to
F+. Now using the first subroutine and letting y∗ = minF (y) we can conclude
that y∗ ∈ F \ A, i.e., y∗ is a new minimal integral vector in F . Otherwise, if
B ⊆ I(A), we continue with the next step.

Step 2. Similar to the previous step, we check whether A ⊆ I−1(B), where
I−1(B) denotes the set of integral vectors which are minimal in C \ B−. If A
contains an element that is not minimal in C \ B−, we can find a new vector in
I(F) \ B and stop. Otherwise we continue with the next step.

Step 3. In this case we have B ⊆ I(A) and A ⊆ I−1(B), and thus the following
equivalence holds:

(A,B) = (F , I(F)) ⇔ B = I(A).
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To see this, assume that B = I(A), and suppose on the contrary that there
is an x ∈ F \ A. Since x 6∈ A = I−1(B) and x 6∈ B− ⊆ I(F)−, there must exist
a y ∈ I−1(B) = A ⊆ F such that y ≤ x. Hence we get two distinct elements
x, y ∈ F such that y ≤ x, which contradicts the definition of F . The existence
of an x ∈ I(F) \ B leads to a similar contradiction.

To check the stopping criterion B = I(A), we solve problem DUAL(C,A,B).
If B 6= I(A), we obtain a new point x ∈ I(A) \ B. By (3), either x ∈ F+, or
x ∈ I(F)− and we can decide which of these two cases holds by asking the
oracle O(F+), or in our special case by checking the feasibility of x for (1). In
the first case, we conclude that x∗ = minF (x) is a new vector in F \ A. In the
second case, we can extend I(F)\B by using the second subroutine to compute
a maximal vector in x+ ∩ I(F)−. �

As we noted, the above procedure can be used for any antichain F ⊆ C
defined by a polynomial-time membership oracle for F+, since the coordi-
nate descend subroutines used by the algorithm can always be implemented in
n log(‖c‖∞ + 1) membership tests. Accordingly, Proposition 2 also holds for an
arbitrary antichain defined by a polynomial-time membership oracle, provided
that the polynomial term in the proposition includes a multiplicative factor of
log(‖c‖∞ + 1).

6.2 Uniformly dual-bounded antichains

Let F ⊆ C be an antichain defined by a polynomial-time membership oracle
O(F+) for F+. Given an input description D of F and a vector x ∈ C, such
an oracle checks the membership of x in F+ in time bounded by a polynomial
in the size of x and the length |D| of the input description of F . For instance,
the antichain FA,b,c of minimal feasible integer vectors for (1) is defined by the
triple D = (A, b, c), and the membership test for a given x ∈ C simply checks
if Ax ≥ b. The generation problem can thus be considered more generally for
arbitrary antichains:

GEN(O(F+),X ): Given an antichain F ⊆ C defined by a polynomial time
membership oracle O(F+), and a subset X ⊆ F , either find a new vector
x ∈ F \ X , or show that no such vector exists, i.e., X = F .

Extending the notion of dual-bounded hypergraphs defined in [7], we say
that an antichain F ⊆ C with an input description D is uniformly dual-bounded
if there exists a polynomial q(x, y) such that

|I(F) ∩ I(X )| ≤ q(|D|, |X |),

for any nonempty subset X ⊆ F (see [7] for further details and examples). As
we show below, the uniform dual-boundedness of an antichain is a sufficient
condition to be able to reduce polynomially generation to dualization.
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Proposition 3 Suppose F is uniformly dual-bounded and defined by a polynomial-
time membership oracle O(F+) for F+. Then problem GEN(O(F+),X ) is
polynomial time reducible to at most q(|D|, |X |)+1 instances of problem DUAL(C,A,B).

Proof. Given a set X ⊆ F , we repeatedly run Algorithm J , starting with
A = X and B = ∅, until it either produces a new element in F \ X or proves
that X = F by generating the entire family I(F). By Step 1, either B ⊆ I(X )
is maintained during the execution of the algorithm, or a new element x ∈ F
can be found. Thus, as long as Algorithm J outputs elements of I(F), these
elements also belong to I(X ), and hence the total number of such elements does
not exceed q(|D|, |X |). �

Proof of Theorem 3. By Theorem 2, the antichain F = FA,b,c of minimal
integer solutions to the monotone system (1), for which we have D = (A, b, c), is
uniformly dual-bounded with q(|D|, |X |) = rn|X |. Furthermore, the reduction
of Proposition 3 is strongly-polynomial. For this reason, Theorem 3 follows from
Theorem 2 and Proposition 3. �

7 Dualization in Products of Chains

In this section, we prove Theorem 4. Let C def= C1 × . . . × Cn be an integer
box defined by the product of n chains Ci = [li : ui] where li, ui ∈ Z are,
respectively, the lower and upper bounds of chain Ci. For given antichains A ⊆ C
and B ⊆ I(A), we say that B is dual to A if B = I(A), i.e., B contains all the
maximal elements of C \A+. If C is the unit cube, we obtain the familiar notion
of dual hypergraphs, where I(A) corresponds to the family of complementary
sets of the minimal transversals of A. In the following two subsections, we will
show how to extend the hypergraph dualization algorithms of [14] to arbitrary
antichains A of integral vectors in a box C. Note that, by (3), our problem can
be stated as of checking whether C = A+ ∪ B−, and if not, find an element
x ∈ C \ (A+ ∪ B−).

As in [14], we shall analyze the running time of the algorithms in terms of the
volume v = v(A,B) def= |A||B| of the input problem. In general, a given problem
will be decomposed into a number of subproblems of smaller volume, which
we will solve recursively. Since we have assumed that B ⊆ I(A), (3) implies
that the following condition holds for the original problem and all subsequent
subproblems:

a 6≤ b for all a ∈ A, b ∈ B. (11)

Let C(v) = C(v(A,B)) denote the number of subproblems that have to be solved
in order to solve the original problem (the maximum number of recursive calls
on a problem of volume ≤ v), and let m

def= |A|+ |B|, and [n] def= {1, . . . , n}. We
start with the following proposition that provides the base case for recursion.
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Proposition 4 Suppose min{|A|, |B|} ≤ const, then problem DUAL(C,A,B) is
solvable in time poly(n, m).

Proof. Let us assume without loss of generality that B = {b1, . . . , bk}, for some
constant k. Then C = A+ ∪ B− if and only if for every t = (t1, . . . , tk) ∈ [n]k

for which
bj
tj
6= utj

, for all j ∈ [k], (12)

there exists an a ∈ A such that

ai ≤ max({bj
i + 1 | j ∈ [k], tj = i} ∪ {li}), for all i ∈ [n]. (13)

To see this, assume first that C = A+ ∪ B− and consider any t ∈ [n]k such that
(12) holds. Let x ∈ C be defined by taking xi = max({bj

i + 1 | j ∈ [k], tj =
i} ∪ {li}), for i = 1, . . . , n. Then x ∈ C \ B− and hence x ∈ A+, implying that
there is an a ∈ A satisfying (13). On the other hand, let us assume that for
every t ∈ [n]k satisfying (12), there is an a ∈ A for which (13) holds. Consider
an arbitrary x ∈ C \ B−. Then, there must exist an index tj ∈ [n], for every
j ∈ [k], such that xtj

≥ bj
tj

+ 1. The vector t = (t1, . . . , tk) ∈ [n]k constructed
in this way then satisfies (12), and therefore, there is an a ∈ A such that
ai ≤ max({bj

i + 1 | j ∈ [k], tj = i} ∪ {li}) ≤ xi, for all i = 1, . . . , n, implying
thus x ∈ A+.

The condition given in (12) and (13) can clearly be checked in poly(n, m)
time, for any constant k. If the condition does not hold for some t ∈ [n]k

then the element x, defined by xi = max({bj
i + 1 | j ∈ [k], tj = i} ∪ {li}) for

i = 1, . . . , n, belongs to C \ (A+ ∪ B−). �

Note that, to complete the solution of the dualization problem, we need
to find an element maximal in C \ (A+ ∪ B−). This can be easily done in
polynomial time, and even independently of the chain sizes, as shown in the
next proposition. Therefore, in the following subsections, we shall only show
how to obtain an element x ∈ C \ (A+ ∪ B−), when such an element exists.

Proposition 5 Given an x ∈ C \ (A+ ∪ B−), it can be extended to a maximal
element with the same property in O(n2m) time.

Proof. Note that, for i = 1, . . . , n, the ith component of any maximal element
in C \ A+ must belong to the set {ai − 1 | a ∈ A} ∪ {ui}. Thus a new element
x′ ≥ x maximal in C \ (A+ ∪ B−) can be found as follows. For i = 1, . . . , n, we
find iteratively the set Ai

def= {a ∈ A | a1 ≤ x′1, . . . , ai−1 ≤ x′i−1, ai > xi, ai+1 ≤
xi+1, . . . , an ≤ xn} in O(nm) time, and then set x′i ← min({ai − 1 | a ∈
Ai} ∪ {ui}). �
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7.1 Algorithm A

Assume that A,B satisfy (11), and let C = C1 × . . . × Cn, where Ci = [li : ui].
We say that a coordinate i ∈ [n] is essential for a point a ∈ A (b ∈ B), if ai > li
(respectively, bi < ui). Let us denote by E(x) the set of essential coordinates of
a point x ∈ A ∪ B. The following lemma generalizes a well-known fact for dual
Boolean functions (cf. [14]).

Lemma 3 Let A,B ⊆ C be given subsets. Then, (i) either there exists an
element y ∈ A ∪ B with few essential coordinates: |E(y)| ≤ log m, where m =
|A| + |B|; (ii) or, if no such element y exists then B 6= I(A) and an element
x ∈ C \ (A+ ∪ B−) can be found in poly(n, m) time.

Proof. Let z ∈ C be the vector obtained by picking each coordinate zi

randomly from {li, ui}, i = 1, . . . , n, and consider the random variable N(z) def=
|{a ∈ A | z ≥ a}|+ |{b ∈ B | z ≤ b}|. Then the expected value of N(z) is given
by

E[N(z)] =
∑

a∈A Pr{z ≥ a}+
∑

b∈B Pr{z ≤ b}

=
∑

a∈A
∏

i∈E(a) Pr{zi = ui}+
∑

b∈B
∏

i∈E(b) Pr{zi = li}

=
∑

a∈A
(

1
2

)|E(a)| +
∑

b∈B
(

1
2

)|E(b)|
.

(14)

If we have E[N(z)] ≥ 1, then by letting r = min{|E(z)| : z ∈ A ∪ B}, we get
by (14) that

1 ≤ E[N(z)] ≤ (|A|+ |B|)
(

1
2

)r

= m

(
1
2

)r

,

from which part (i) of the lemma follows.

On the other hand, if E[N(z)] < 1, then we can find an element x ∈
C \ (A+ ∪ B−) (in fact a corner of the finite box C) in polynomial time, prov-
ing part (ii) of the lemma. To see this, let us consider for each i = 1, . . . , n,
the variables zj ∈ {lj , uj} random for j > i, as above, compute the expec-
tations of N(x1, . . . , xi−1, li, zi+1, . . . , zn) and N(x1, . . . , xi−1, ui, zi+1, . . . , zn)
analogously to (14), and select the value for xi ∈ {li, ui} so as to minimize
the corresponding expectation. Clearly, N(x) < 1 will hold in this case, thus
N(x) = 0, implying that x 6∈ A+ ∪ B−. �

Next we show that, for any dual pair (A,B), an essential coordinate with
high frequency exists for either A or B.

Lemma 4 Let A,B ⊆ C be a pair of dual subsets, B = I(A) for which |A||B| ≥
1. Then there exists a coordinate i ∈ [n], which is essential in A or in B with
frequency at least 1/ log m, where m = |A|+ |B|.

Proof. By Lemma 3, the set A ∪ B must contain an element y with a log-
arithmically small number of essential coordinates. Suppose without loss of
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generality that y ∈ A. ¿From our assumptions and condition (11), we know
that for every b ∈ B, there is an i ∈ E(b) ∩ E(y) such that bi < yi. Letting
By

i
def= {b ∈ B | bi < yi} for i ∈ E(y), we conclude that

|B| = |
⋃

i∈E(y)

By
i | ≤

∑
i∈E(y)

|By
i |,

and therefore there is an i ∈ [n] which is essential for at least |B|/|E(y)| ≥
|B|/ log m many elements of B. �

We are now ready to state the first dualization algorithm. Given an integral
box C, and subsets A,B ⊆ C that satisfy (11), in time poly(n, m) + mO(log2 m)

the algorithm will either prove that C = A+ ∪B− or find an x ∈ C \ (A+ ∪B−).

Step 1. If |A||B| ≤ 1, then the dualization problem can be solved in O(n) time.
Step 2. For each k ∈ [n]: if ak < lk for some a ∈ A (bk > uk for some b ∈ B),
set ak ← lk (respectively, set bk ← uk). (Note that A,B ⊆ C holds initially, but
might not hold after decomposing C, see Step 4 below.) Note that condition (11)
continues to hold after such replacements. Thus in O(nm) time, we can assure
that A,B ⊆ C hold.
Step 3. Check if there is a y ∈ A∪B with at most log m essential coordinates.
If no such y can be found, a new point in C \ (A+ ∪ B−) can be obtained as
described in the proof of Lemma 3 part (ii). Otherwise, assume without loss
of generality, that y = ao ∈ A and find an i ∈ E(ao) for which |{b ∈ B | bi <
ao

i }| ≥ |B|/ log m. Let us suppose, again without any loss of generality, that
i = 1 and set C′1 ← [ao

1 : u1], C′′1 ← [l1 : ao
1 − 1]. Let further

A′′ = {a ∈ A | a1 < ao
1}, B′ = {b ∈ B | b1 ≥ ao

1}.

Observe that |A′′| ≤ |A| − 1 since ao 6∈ A′′, and that |B′| ≤ (1− 1/ log m)|B| by
our choice of ao and i.
Step 4. Denoting by C′ = C′1 × C2 × . . .× Cn, and C′′ = C′′1 × C2 × . . .× Cn the
two sub-boxes of C induced by the above partitioning, it is then easy to see that
A and B are dual in C if and only if

A,B′ are dual in C′ (15)

and
A′′,B are dual in C′′. (16)

Thus by applying the algorithm recursively to these two subproblems, we reduce
the computation on a problem of size v = |A||B| to computing the solution for
two subproblems (15)-(16) of volumes

v(A,B′) = |A||B′| ≤ |A|(1− ε)|B| = (1− ε)v, and

v(A′′,B) = |A′′||B| = (|A| − 1)|B| ≤ v − 1,
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where ε = 1/ log m. This leads to the recurrence

C(v) ≤ 1 + C((1− ε)v) + C(v − 1),

which was shown in [14] to evaluate to C(v) ≤ (3 + 2vε)log v/ε, implying that
the running time of the algorithm is poly(n) + mO(log2 m).

In the next subsection, we shall give an algorithm that solves the problem
in poly(n, m) + mo(log m) time.

7.2 Algorithm B

Algorithm A of the previous subsection decomposes problem DUAL(C,A,B)
into two subproblems (15) and (16). As we shall see below, subproblems (15)
and (16) are not independent, and we can utilize their dependence to get a more
efficient dualization algorithm. Given an integral box C = C1 × . . .× Cn, where
Ci = [li : ui], and subsets of integral vectors A,B that satisfy the necessary
condition (11), we proceed as follows:

Step 1. If min{|A|, |B|} ≤ 2, the duality of A and B can be tested in O(n3m)
using Proposition 4.
Step 2. For each k ∈ [n]:

2.1. if ak > uk for some a ∈ A (bk < lk for some b ∈ B), then a (respectively,
b) can be clearly discarded from further consideration;

2.2. if ak < lk for some a ∈ A (bk > uk for some b ∈ B), we set ak ← lk
(respectively, bk ← uk).

Thus we may assume for next steps that A,B ⊆ C.
Step 3. Let ao ∈ A, bo ∈ B. By (11), there exists an i ∈ [n], such that
ao

i > bo
i . Let us assume, without any loss of generality, that i = 1 and set

C′1 ← [ao
1 : u1], C′′1 ← [l1 : ao

1 − 1]. (Alternatively, we may set C′′1 ← [l1 : bo
1] and

C′1 ← [bo
1 + 1 : u1].) Let C′ and C′′ be the two resulting sub-boxes as defined in

Step 4 of the previous subsection. Define further

A′′ = {a ∈ A | a1 < ao
1}, A′ = A \ A′′, εA1 = |A′|

|A| ,

B′ = {b ∈ B | b1 ≥ ao
1}, B′′ = B \ B′, εB1 = |B′′|

|B| .

Observe that εA1 > 0 and εB1 > 0 since ao ∈ A′ and bo ∈ B′′.
Step 4. Define

ε(v) = 1/χ(v), where χ(v)χ(v) = v = v(A,B).
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If min{εA1 , εB1 } > ε(v), we use the decomposition rule given above, which amounts
to solving recursively two subproblems (15), (16) of respective volumes:

v(A,B′) = |A||B′| = |A|(1− εB1 )|B| = (1− εB1 )v(A,B),

v(A′′,B) = |A′′||B| = (1− εA1 )|A||B| = (1− εA1 )v(A,B).

This gives rise to the recurrence

C(v) ≤ 1 + C((1− εB1 )v) + C((1− εA1 )v) ≤ 1 + 2C((1− ε(v))v). (17)

Step 5. Let us now suppose that εB1 ≤ ε(v). In this case, we begin by solving
subproblem (15). If A,B′ are not dual in C′, we get a point x maximal in
C′ \ [A+ ∪ (B′)−], and we are done. Otherwise we claim that

A′′,B are dual in C′′ ⇐⇒ ∀a ∈ Ã : A′′,B′′ are dual in C′′(a), (18)

where Ã = {a ∈ A | a1 ≤ ao
1}, and C′′(a) = C′′1 × [a2 : u2]× . . .× [an : un].

Proof of (18): The forward direction does not use (15). Suppose that there
is an a ∈ Ã such that A′′ and B′′ are not dual in C′′(a), i.e., there is an x ∈
C′′(a) \ [(A′′)+ ∪ (B′′)−]. Then xi ≥ ai, for i = 2, . . . , n. If x ∈ (B′)−, i.e., x ≤ b

for some b ∈ B′, then by the definition of B′, b1 ≥ ao
1. On the other hand, a ∈ Ã

implies that a1 ≤ ao
1. But then,

(a1, a2, . . . , an) ≤ (ao
1, x2, . . . , xn) ≤ (b1, b2, . . . , bn),

which contradicts the assumed condition (11). This shows that x ∈ C′′\[(A′′)+∪
(B′ ∪ B′′)−] and hence A′′ and B are not dual in C.

For the other direction, let x ∈ C′′ \ [(A′′)+ ∪ B−]. Since x 6∈ (B′)− and
x = (x1, x2, . . . , xn) < y

def= (ao
1, x2, . . . , xn), the vector y also satisfies y ∈

C′ \ (B′)−. We conclude therefore, assuming (15), that y ∈ A+, i.e., there
is an a ∈ A such that a ≤ y. But this implies that a ∈ Ã and hence that
x ∈ C′′(a) \ [(A′′)+ ∪ (B′′)−] for some a ∈ Ã. �

It follows by (18) that, once we discover that (15) holds, we can reduce the
solution of subproblem (16) to solving |Ã| subproblems, each of which has a
volume of v(|A′′|, |B′′|) ≤ εB1 v(A,B). Thus we obtain the recurrence

C(v) ≤ 1 + C((1− εB1 )v) + |A|C(εB1 v). (19)

Step 6. Finally, if εA1 ≤ ε(v) < εB1 , we solve subproblem (16), and if we
discover that A′′,B are dual in C′′, we obtain the following decomposition rule,
symmetric to (18):

A,B′ are dual in C′ ⇐⇒ ∀b ∈ B̃ : A′,B′ are dual in C′(b),
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where B̃ = {b ∈ B | b1 ≥ ao
1 − 1}, and C′(b) = C′1 × [l2 : b2]× . . .× [ln : bn]. This

reduces our original problem into one subproblem of volume ≤ (1 − εA1 )v, plus
|B̃| subproblems, each of volume at most εA1 v, thus giving the recurrence

C(v) ≤ 1 + C((1− εA1 )v) + |B|C(εA1 v), (20)

which is the symmetric version of (19).

Using induction on v ≥ 9, it can be shown that recurrences (17), (19) and
(20) imply C(v) ≤ vχ(v) (see [14]). As χ(m2) < 2χ(m) and v(A,B) < m2, we
get χ(v) < χ(m2) < 2χ(m) ∼ 2 log m/ log log m. Let us also note that every
step above can be implemented in O(n3m) time, independently of the sizes of
the chains |Ci|. This establishes the bound stated in Theorem 4.

8 Bounding the Size of FA,b,c

To prove inequality (5) of Theorem 5, let us consider an arbitrary non-empty
antichain Y ⊆ I(FA,b,c). For any y ∈ I(FA,b,c) we can find an index i =

ρ(y) ∈ [r] def= {1, . . . , r} such that y violates the ith inequality of the system,
i.e., aiy < bi, where ai and bi denote the ith row and component of A and b,
respectively.

Consider a vector x ∈ I−1(Y)∩FA,b,c and let xl be a positive component of
x. Then there exists a vector yl ∈ Y such that yl ≥ x − el. Let i = ρ(yl) and
assume without loss of generality that

ai
1 ≥ ai

2 ≥ . . . ≥ ai
n. (21)

We claim that x(l] = zl(l], where

zl = yl(l] + el. (22)

It follows from yl ≥ x − el that zl(l] ≥ x(l]. If zl
l > xl, then yl

l ≥ xl, which
implies yl ≥ x, a contradiction. Thus zl

l = xl holds. Moreover, if zl
j > xj for

some j < l, then we have yl
j ≥ xj + 1. By (21), ai(yl − ej + el) < bi, i.e.,

yl − ej + el is infeasible for (1). However, yl − ej + el ≥ x by yl ≥ x − el and
hence yl−ej +el must be feasible. This shows that x(l] = zl(l] and consequently
leads to the representation

x =
∨

l∈[n]: xl>0

zl, (23)

where for vectors v, u ∈ C we let v ∨ u denote the component-wise maximum of
v and u.

Not all of the vectors zl are necessary for this representation. Suppose that
ρ(yl) = ρ(yl′) = i for some positive components xl and xl′ of x, and l′ < l.
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Then (23) remains valid if we drop zl′ , the vector with the smaller index l′. In
other words, by sorting the ith row of A and then selecting among the vectors
yl ∈ ρ−1(i) the one with the highest l = li, we obtain at most r vectors zli such
that

x =
∨

i∈[r]

zli . (24)

The latter representation readily implies (5). �

9 Polynomial Generation of FA,b,c and I(FA,b,c)

Theorems 5 implies that for r ≤ const the antichain I(FA,b,c) is uniformly dual-
bounded and consequently, I(FA,b,c) can be generated in incremental quasi-
polynomial time via Algorithm J presented in Section 6. In this section we show
that for bounded r, the antichains I(FA,b,c) and FA,b,c can, in fact, be generated
in incremental polynomial time. Since the sizes |FA,b,c| and |I(FA,b,c)| are
(uniformly) polynomially related by Theorems 2 and 5, the required result will
follow from Proposition 2, provided that Step 3 of Algorithm J , the dualization
step, can be done in polynomial time. Thus, it is enough to show that problem
DUAL(C,A,B) can be solved in polynomial time, if A ⊆ FA,b,c is a subset of
the minimal solutions of a monotone system (1) with bounded r.

For i ∈ [r] = {1, . . . , r}, let σ(i) = (σ(i)1, . . . , σ(i)n) ∈ Sn be a permutation of
the coordinates such that

ai
σ(i)1

≥ ai
σ(i)2

≥ . . . ≥ ai
σ(i)n

. (25)

Given A ⊆ FA,b,c and B ⊆ I(FA,b,c), we may assume that 0 6∈ A (otherwise,
FA,b,c = {0} and I(FA,b,c) = ∅) and B 6= ∅ (otherwise, Proposition 4 can be
used to generate a point x ∈ C \(A+∪B−)). Now we proceed in two basic steps:

Step 1. For every y ∈ B and for each pair of indices σ(i)j and σ(i)l with
yσ(i)j

> 0, yσ(i)l
< cσ(i)l

and j < l, check if there exists a y′ ∈ B such that

y′ ≥ y − eσ(i)j + eσ(i)l , (26)

where i = ρ(y) is the index of an infeasible inequality for y, as defined in the
previous section. Note that y − eσ(i)j + eσ(i)l is infeasible, and hence is an
independent element of A. If no such y′ can be found, we generate a new
maximal independent vector y′ ∈ I(A) \ B, satisfying (26), and halt.

Step 2. For every collection (yi ∈ ρ−1
B (i) | i ∈ [r]), where ρ−1

B (i) def= {y ∈
B | ρ(y) = i}, and for every (li | i ∈ [r], yi

li
< cli) ∈ [n]r, construct the vector

x =
∨

i∈[r] z
li , where zli is given by (22) (according to the permutation σ(i) and
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using yl = yli .) If x 6∈ A+ ∪ B−, then a new maximal independent vector can
be generated.

Clearly, the above two steps run in poly(n, m) + O((n|B|)r) time, which
is polynomially bounded for constant r. It is also clear that if the algorithm
outputs a point x ∈ C, then x 6∈ A+ ∪ B−, so it remains to verify that the
algorithm indeed outputs such a point if A+ ∪ B− 6= C. To see this, let x be a
minimal vector in C \ (A+ ∪ B−). From our assumptions, it follows that x 6= 0,
and thus, there exists an index l with xl > 0. By the minimality of x, there
exists a vector yl ∈ B such that yl ≥ x− el. Let i = ρ(yl), assume without any
loss of generality that (21) holds, and consider an index j < l. If yl

j > xj , we get
yl − ej + el ≥ x, and therefore a new maximal independent point x′ ≥ x must
have been output in Step 1 of the algorithm (c.f. (26)). On the other hand, if
for every l ∈ [n] such that xl > 0 and for every yl ∈ B such that yl ≥ x − el,
we have x(l] = zl(l] (in the ordering implied by σ(i), where i = ρ(yl)), then we
can conclude that x satisfies (24), and consequently, it must have been created
in Step 2. �

10 Concluding Remarks

We mention in closing that in Section 5, we actually proved Theorem 2 for ar-
bitrary systems of 2-monotonic inequalities in integer variables. Consequently,
the set of minimal feasible integer vectors for any system of 2-monotonic in-
equalities is uniformly dual-bounded. By Proposition 3, this implies that all
minimal integer solutions to a system of 2-monotonic inequalities can be gen-
erated in incremental quasi-polynomial time, provided that the system has a
polynomial-time feasibility oracle. Theorems 5 and 6 also hold for arbitrary
systems of 2-monotonic inequalities. These generalize results known for a single
Boolean 2-monotonic inequality, discussed in [4, 8, 9, 18, 24, 26, 27].
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