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�� Introduction

The Steiner Problem in Graphs 
SPG� has very strong

LP relaxations�

� Solving those relaxations is often the bottleneck of

the best known exact algorithms�


Lucena and Beasley 
�

��� Koch andMartin 
�

���

Uchoa et al� 
�


�� Bahiense et al� 
�			���

� Dual heuristics for the SPG are combinatorial pro�

cedures designed to provide good dual solutions for

those LPs�

� Good dual solutions can lead to good primal solu�

tions�
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We present very e�ective dual heuristics for the SPG�

� Many instances are solved to optimality by dual heuris�

tics alone� which is much faster than other known

methods�

� Even when optimality is not reached� dual heuristics

lead to signi�cant speedups in B�C algorithms� since

they�

� are often able to �x many variables by reduced

costs�

� provide an advanced start for the �rst node in a

B�C�

� can be integrated with the whole B�C procedure


under construction��
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�� Wong�s Dual Ascent

Directed cut formulation of SPG�

� create a directed graphD � 
V�A� by replacing each

edge in G � 
V�E� by two opposite arcs�

� choose any terminal r to be the root�

� let W be the collection of all vertex�sets W contain�

ing some terminal but not the root�

� let ��
W � be the directed cut made up by the arcs

entering W �

� let ya be a binary variable where ya � � i� arc a

belongs to a Steiner arborescence rooted at r�

� any minimum cost Steiner arborescence in D maps

to a minimum cost Steiner tree in G�


P �

�������������
������������

Min
X

a�A
caya 
��

s�t�
X

a����W �
ya � � �W � W 
��

ya � 	 �a � A 
��
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Let �W be the dual variable associated to each constraint


��� The dual of 
P� is�


D�

�������������
������������

Max
X

W�W
�W 
��

s�t�
X

W�W�a����W �
�W � ca �a � A 
��

�W � 	 �W � W 
��

� Greedy dual heuristics are usually known as dual as�

cent procedures�

� Wong 
�
��� proposed a dual ascent for a related

SPG multicommodity �ow formulation�

� The algorithm can be adapted for the directed

cut formulation�
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� Let � be a feasible solution of 
D��

� arc a is saturated if the sum of the dual variables

associated to cuts containing a is equal to its cost


i�e� its reduced cost is zero��

� let D� � 
V�A�� be the subgraph of D containing

just the saturated arcs�

� a root component R is a strongly connected compo�

nent of D� such that�

� R contains a terminal� but not the root�

� there is no path in D� from a terminal to R�

� Let W � w
R� be the vertex�set formed by R and

by the vertices that can reach R in D��

Wong�s Dual Ascent

� �� ��
while there is a root component R in D� f

W �� w�R��
Increase �W until some arc in ���W � is saturated�

g
return ��
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� The dual ascent ends when D� contains a Steiner

arborescence rooted at r�

� Wong obtained primal solutions by�

�� computing a minimum cost spanning arbores�

cence for D��

�� pruning non�terminal leaves in this arborescence�

�� repeating ��� until no pruning is possible�

� We get primal solutions by�

�� using reverse delete step on D�


Goemans and Williamson 
�

����

�� then applying a fast local search on G�
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�� Root Component Selection

Wong�s original algorithm does not specify which root

component should be selected in each iteration� We tested


 criteria�

�� RANDOM

�� FIRST

�� CIRCULAR

�� MINSATURATED � MAXSATURATED

�� MINEDGES � MAXEDGES

�� MINVALUE � MAXVALUE

The algorithm runs in O
jEj�� time for criteria ��� and

in O
jT j � jEj�� for the others�
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We tested each criterion on a set of ��� instances�

� �� OR�Library instances� introduced by Beasley in

�

	� divided into series C� D and E 
preprocessed

with Duin and Volgenant tests��

� �	 Incidence instances 
also present in OR�Library��

introduced by Duin 
�

��� divided into series �	�

��	� ��	 and ��	�

� �� VLSI instances from SteinLib� introduced by Koch

and Martin 
�

��� divided into series alue� alut�

diw� dmxa� gap� msm and taq 
preprocessed with

Uchoa et al� tests��
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criterion time gap ��� arcs left instances
�s� avg stddev ��� solved

minedges ����� ��

 ���
 ����� ��
circular ���
 ���
 ���� �	��� ��
minsaturated ���	� ���� ���� �
��� ��
random ��
� ���� ��
� ���	� ��
maxvalue ���	 ��
� ���� ����� �	
maxsaturated ���� ��

 ���� 	
�
	 ��
�rst ���� ���
 ���
 	
��� �	
minvalue ���� ���� ��
� 	���� ��
maxedges ���� ���� ���
 	��
� ��

Table �� Results for all ��� instances

We adopted MINEDGES for the remaining experiments�
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�� Dual Scaling

� Multiply current dual solution by a positive factor

� � ��	� making all arcs unsaturated� then apply

DUALASCENT again�

� Factor � is typically between 	�� and 	�
�

Dual Scaling

��� � �� DUALASCENT����
for it�� � to � do f

� �� DUALASCENT�� � ���
if �v��� � v����� �� �� ��
else return ���

g
return ���
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� Dual Scaling worked �ne for OR�Lib instances� For

example� with � � 	����� instance e�� dual bound

increases from ��� to ��
 
opt� �����

� Not very e�ective for incidence and VLSI instances�

� However� dual scaling solutions are convenient to

start the �rst node in a B�C� For example� in e���

solving an LP only with these cuts increases the

bound to ��� in a few seconds�
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�� Dual Adjustment

Local search procedure over current dual solution ���

� We try � kinds of movements�

�� Let y� be the best known primal solution� For all

�W � 	 such that ��
W � crosses y� more than once�

make ��W � 	� Then apply DUALASCENT
����

�� For each ��W � 	 
one at a time�� make ��W � 	 and

apply DUALASCENT
����

� Whenever there is an improvement� �� is updated

and the procedure is repeated�
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� E�ective for instances of all classes�

� Dual adjustment increases the overall robustness� If

a run of dual ascent yields a poor solution� dual ad�

justment is likely to work�

� When the dual ascent solution is almost optimal�

dual adjustment alone seldom works�

� Applying dual adjustment after dual scaling almost

always leads to some small improvement� This can

very useful to close a gap of one unit�
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�� Active Fixing by Reduced Costs

Let ZP be the value of the best known primal solution

and �ca be the reduced cost of arc a with respect to dual

solution �� If v
�� � �ca � ZP � arc a can be �xed to 	�

� The dual heuristics can lead to gaps small enough to

�x a signi�cant number of arcs�

� Active �xing is a scheme designed to increase the

number of arcs �xed�

Active Fixing

Let �� be the best known dual solution�
while �it�s working� f

select a �promising� arc a�
�� �� f��� the cuts containing ag�
Insert a into D���
� �� DUALASCENT�����
Try to �x variables using ��
if �v��� � v����� update ���

g

� The reduced cost of a with respect to dual solution

� will be maximum 
�ca � ca��
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� This really works for instances of all classes� The

most remarkable results were achieved for complete

Duin instances�

� Active Fixing can �x arcs that are saturated in ���

When this happens� a new call to DUALASCENT

may improve the dual solution�

� Active Fixing sometimes is a better adjustment pro�

cedure than Dual Adjustment itself�
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	� Detailed Computational Results

We chose a di�erent set of heuristics for each class of

instances�

� OR�Lib � Scaling � Active Fixing

� VLSI � Active Fixing

� Duin � Dual Adjustment � Active Fixing

class time gap ��� arcs left instances
�s� avg stddev ��� solved

OR�Library 
��� ���� ���� ����� ����	
VLSI ����� ���� 
��� ����� �	�		
Incidence ����	 ��
� ���
 ����
 ���


Total ����� ��

 ���
 ����� ������

Table �� Single Dual Ascent

class time gap ��� arcs left instances
�s� avg stddev ��� solved

OR�Library ��
� 
��� 
��� ���

 ����	
VLSI �
��� 
�	� 
�

 ���	� ���		
Incidence �����	 ���� ���
 �
��	 ���


Total ������ 
�	
 ���
 ���

 ��
����

Table �� Complete Algorithm
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� Embedding Dual Heuristics within a B�C

Preliminary experiments have shown that just using the

cuts provided by the dual heuristics to start the �rst node

in a B�C is already e�ective�

� Speedups of � to �	 times were typical over VLSI

instances�

� All OR�Lib instances are solved in a few seconds�

except e���

� No experiments over incidence instances yet�

We plan to fully embed the dual heuristics within the

B�C�

� Whenever an LP is solved� its dual solution can be

submitted to the dual heuristics and the next LP may

receive an improved solution in terms of objective

function or size�

� Once the gap becomes su�ciently small� Active Fix�

ing dramatically reduces problem size� A few LP

iterations may be enough to reach this point�
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Computational Results



instance dimensions �rst dual ascent �nal results arcs gap
jV j jEj jT j dual primal time �s� dual primal time �s� ��� ���
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