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A production problem

A firm produces n different goods using m different raw materials. Let b;,
i=1,...,m, be the available amount of the ith raw material. The jth
good, j = 1,57, requires a;; units of the ith material and results in a
revenue of ¢; per unit produced. The firm faces the problem of deciding
how much of each good to produce in order to maximize its total revenue.

In this example, the choice of the decision variables is simple. Let 5,
i=1,....n, be the amount of the jth good. Then, the problem facing the

firm can be formulated as follows:

maximize ¢T3 + - + CpZTn
subject to  a;1z1 + - + ainTn < by, i=1,...,m,
CL‘J'ZO, j=1,...,n.

Production planning by a computer manufacturer

The example that we consider here is a problem that Digital Equipment
Corporation (DEC) had faced in the fourth quarter of 1988. It illustrates
the complexities and uncertainties of real world applications, as well as
the usefulness of mathematical modeling for making important strategic
decisions.

In the second quarter of 1988, DEC introduced a new family of (single
CPU) computer systems and workstations: GP-1, GP-2, and GP-3, which
are general purpose computer systems with different memory, disk storage,
and expansion capabilities, as well as WS-1 and WS-2, which are work-
stations. In Table 1.1, we list the models, the list prices, the average disk
usage per system, and the memory usage. For example, GP-1 uses four
256K memory boards, and 3 out of every 10 units are produced with a disk
drive.

E System { Price | # disk drives | # 256K boards
" apa | $60,000 0.3 4
‘ GP-2 L $40.000 1.7 2
‘ GP-3 3tS’fS().U()O; 0 2
| Ws-1 E$;3<).0(10i‘ 1.4 2
;_ﬁws-z ‘ $15.000 | 0 i 1

Table 1.1: Features of the five different DEC systems.

Shipments of this new family of products started in the third quarter
and ramped slowly during the fourth quarter. The following difficulties
were anticipated for the next quarter:
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(a) The in-house suppher of CPUs could pr0v1de at most 7,000 units, due
to debugging problems.

' (b) The supply of disk drives was uncertain and was estimated by the
' manufacturer to be in the range of 3,000 to 7,000 units. : :fan 2

- . (c) The supply of 256K memory boards was also limited in the range of
e 8,000 to 16,000 units.

""" On the demand side, the marketing department established that the
maximum demand for the first quarter of 1989 would be 1,800 for GP-1
systems, 300 for GP-3 systems, 3,800 systems for the whole GP family, and
3,200 systems for the WS family. Included in these projections were 500
orders for GP-2, 500 orders for WS-1, and 400 orders for WS-2 that had
already been received and had to be fulfilled in the next quarter.

In the previous quarters, in order to address the disk drive shortage,
DEC had produced GP-1, GP-3, and WS-2 with no disk drive (although
3 out of 10 customers for GP-1 systems wanted a disk drive), and GP-2,
WS-1 with one disk drive. We refer to this way of configuring the systems
as the constrained mode of production.
‘ In addition, DEC could address the shortage of 256K memory boards
by using two alternative boards, instead of four 256K memory boards, in
the GP-1 system. DEC could provide 4,000 alternative boards for the next
quarter.

It was clear to the manufacturing staff that the problem had become
complex, as revenue, profitability, and customer satisfaction were at risk.
The following decisions needed to be made: o sy cruman o

< {a) The production plan for the first quarter of 1989.

“ (b) Concerning disk drive usage, should DEC continue to manufacture
products in the constrained mode, or should it plan to satisfy cus-
tomer preferences?

(c) Concerning memory boards, should DEC use alternative memory
boards for its GP-1 systems?

(d) A final decision that had to be made was related to tradeoffs be-
tween shortages of disk drives and of 256K memory boards. The
manufacturing staff would like to concentrate their efforts on either
decreasing the shortage of disks or decreasing the shortage of 256K
memory boards. Hence, they would like to know which alternative
would have a larger effect on revenue. s o ieses '

In order to model the problem that DEC faced, we introduce variables .

:1:1, T3, T3, T4, T5, that represent the number (in thousands) of GP-1, GP-
2, GP-3, WS-1, and WS-2 systems, respectively, to be produced in the-
next quarter. Strictly speaking, since 1000z; stands for number of units, it

. must be an integer. This can be accomplished by truncating each x; after
.-+ the third decimal point; given the size of the demand and the size of the -
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variables z;, this has a negligible effect and the integrality constraint on
1000z; can be ignored.

DEC had to make two distinct decisions: whether to use the con-
strained mode of production regarding disk drive usage, and whether to
use alternative memory boards for the GP-1 system. As a result, there are
four different combinations of possible choices.

We first develop a model for the case where alternative memory
boards are not used and the constrained mode of production of disk drives
is selected. The problem can be formulated as follows:

maximize 60zy + 40x5 + 3023 + 30x4 + 1515 (total revenue)
subject to the following constraints:

)+ X2+ w3+ x4 + 25 7T (CPU availability)
4z + 2x2 + 223 + 224 + x5 < 8 (256K availability)

o + I4 <3 (disk drive availability)
Z1 < 1.8 (max demand for GP-1)
T3 < 0.3 (max demand for GP-3)
3+ x2 + w3 < 3.8 (max demand for GP)
T4 + x5 < 3.2 (max demand for WS)
2 > 0.5 (min demand for GP-2)

T4 > 0.5 (min demand for WS-1)
z5 > 04  (min demand for WS-2)
T1, T2, T3,Z4,T5 = 0.

Notice that the objective function is in millions of dollars. In some
respects, this is a pessimistic formulation, because the 256K memory and
disk drive availability were set to 8 and 3, respectively, which is the lowest
value in the range that was estimated. It is actually of interest to determine
the solution to this problem as the 256K memory availability ranges from
8 to 16, and the disk drive availability ranges from 3 to 7, because this
provides valuable information on the sensitivity of the optimal solution on
availability. In another respect, the formulation is optimistic because, for
example, it assumes that the revenue from GP-1 systems is 60z; for any
Z1 £ 1.8, even though a demand for 1,800 GP-1 systems is not guaranteed.

In order to accommodate the other three choices that DEC had, some
of the problem constraints have to be modified, as follows. If we use the
Imconstrained mode of production for disk drives, the constraint zo+z4 < 3
18 replaced by

0.3z + 1.729 + Ldzy < 3.

Furthermore, if we wish to use alternative memory boards in GP-1 systems,
We replace the constraint 4z; + 2z + 273 + 224 + 25 < 8 by the two
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constraints

le S 41
2xo + 223 + 224+ x5 < 8.

The four combinations of choices lead to four different linear programming
problems, each of which needs to be solved for a variety of parameter values
because, as discussed earlier, the right-hand side of some of the constraints
is only known to lie within a certain range. Methods for solving linear
programming problems, when certain parameters are allowed to vary, will
be studied in Chapter 5, where this case study is revisited.

Multiperiod planning of electric power capacity

A state wants to plan its electricity capacity for the next T years. The
state has a forecast of d, megawatts, presumed accurate, of the demand
for electricity during year ¢t = 1,...,T. The existing capacity, which is in
oil-fired plants, that will not be retired and will be available during year
t, is e;. There are two alternatives for expanding electric capacity: coal-
fired or nuclear power plants. There is a capital cost of ¢; per megawatt
of coal-fired capacity that becomes operational at the beginning of year ¢.
The corresponding capital cost for nuclear power plants is n;. For various
political and safety reasons, it has been decided that no more than 20%
of the total capacity should ever be nuclear. Coal plants last for 20 years,
while nuclear plants last for 15 years. A least cost capacity expansion plan !
is desired. §
The first step in formulating this problem as a linear programming .
problem is to define the decision variables. Let x; and y; be the amount
of coal (respectively, nuclear) capacity brought on line at the beginning
of year t. Let w; and z be the total coal (respectively, nuclear) capacity
available in year ¢. The cost of a capacity expansion plan is therefore,
T
Z(Ctl”t + 11y 4

t=1
Since coal-fired plants last for 20 years, we have

t

wy = Z s, t=1,...,T.

s=max{1,t—-19}

e A

Similarly, for nuclear power plants,

t

Zy = Z Ys, t=17...,Tv

s=max{1,t—14}
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Since the available capacity must meet the forecasted demand, we require
'wt+Zt+€tZdt, t:-‘].,,T

Finally, since no more than 20% of the total capacity should ever be nuclear,

we have
2
—_— < 0.2,
Wy + 2t + €

which can be written as .. -
0.82’,5 - 02wt S 0.26t.

Summarizing, the capacity expansion problem is as follows:

T
minimize Z(ctart + neys)
r‘ : ) ta=1 .
5:’ EETD v 0 L SRR tslRl vt £ ] . VRO
subject to wy — Z r, =0,
s=max{1,t—19}
t=1,...,T,
' ; o , t=1,...,T,
o 0.82; — 0.2w; <£0.2¢4, | ’ t=1,....T,
D e Tty Yty Wt 2t 207 ’s » t=]‘""’T‘

We note that this formulation is not entirely realistic, because it disregards
certain economies of scale that may favor larger plants. However, it can
provide a ballpark estimate of the true cost.

A scheduling problem

In t.he previous examples, the choice of the decisioh variables was fairly - E
straightforward. We now discuss an example where this choice is less obvi-
ous.
. A hospital wants to make a weekly night shift (12pm-8am) schedule
for its nurses. The demand for nurses for the night shift on day j is an

inf:eger dj, j=1,...,7. Every nurse works 5 days in a row on the night
shift. The problem is to find the minimal number of nurses the hospital
needs to hire.

One could try using a decision variable y; equal to the number of
f“ylfﬁ% that work on day j. With this definition, however, we would not be
;ﬁ: to capture the constraint that every nurse works 5 days in a row. For

§ trason, we choose the decision variables differently, and define z; as
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the number of nurses starting their week on day j. (For example, a nutse
whose week starts on day 5 will work days 5,6,7,1,2.) We then have the
following problem formulation:

minimize Ty + o + 3 + x4 + T5 + 6 + T7
subject to 1z + T4+ T5 + T6 + T7 2 di
Ty + T2 + x5 + ze + T7 > da
1 + x2 + T3 + Z¢ + T7 2 d3
Ty + T2 + T3 + 14 + x7 > dy
ry + 2 + 23 + T4 + 25 > ds
T9 + 3 + T4 + Ts + T > ds
T3 + x4 + 25 + Tg + T7 > dy

z; 20, z; integer.

This would be a linear programming problem, except for the constraint that
each z; must be an integer, and we actually have a linear integer program-
ming problem. One way of dealing with this issue is to ignore (“relax”)
the integrality constraints and obtain the so-called linear programming re-

lazation of the original problem. Because the linear programming problem
has fewer constraints, and therefore more options, the optimal cost will be
less than or equal to the optimal cost of the original problem. If the optimal

solution to the linear programming relaxation happens to be integer, then
it is also an optimal solution to the original problem. If it is not integer, we
can round each z; upwards, thus obtaining a feasible, but not necessarily
optimal, solution to the original problem. It turns out that for this partic-
ular problem, an optimal solution can be found without too much effort.

However, this is the exception rather than the rule: finding optimal solu-~*
tions to general integer programming problems is typically difficult; some

methods will be discussed in Chapter 11.

Choosing paths in a communication network

e

Consider a communication network consisting of n nodes. Nodes are con- ;

nected by communication links. A link allowing one-way transmission from

node i to node j is described by an ordered pair (i,j). Let A be the set -
of all links. We assume that each link (¢, ) € A can carry up to u,; bits §

per second. There is a positive charge c;; per bit transmitted along that

link. Each node k generates data, at the rate of b*¢ bits per second, that

have to be transmitted to node ¢, either through a direct link (k, ¢) or by
tracing a sequence of links. The problem is to choose paths along which
all data reach their intended destinations, while minimizing the total cost:
We allow the data with the same origin and destination to be split and be
transmitted along different paths.

we introduce variables :z:ff indicating the amount of data with origin k and

In order to formulate this problem as a linear programming problem,
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destination £ that traverse link (2, 7). Let
bt if i =k,
W= oM if i =,
0, otherwise.

Thus, b¥¢ is the net inflow at node 4, from outside the network, of data with
origin k and destination £. We then have the following formulation:

n n
e s 124
minimize C’i ] x 7 ]

(i,5)€A k=1 £=1

subject to Z :cff - Z xff = bff, Lk £=1,...,n,
. {j1(i.5)eA} (41(7,9) €A}
Z :Zcfsuija V (’l:,j)EA,
k=1 £=1
okt > 0, (,5) €A, kL=1,...,n.

The first constraint is a flow conservation constraint at node ¢ for data with
origin & and destination ¢. The expression

ki
Z Lij

{5l(i.5)eA}

represents the amount of data with origin and destination k& and ¢, respec-
tively, that leave node i along some link. The expression

>
{315,0eA}

represents the amount of data with the same origin and destination that

enter node i through some link. Finally, b*¢ is the net amount of such

data that enter node i from outside the network. The second constraint

expresses the requirement that the total traffic through a link (4, j) cannot

exceed the link’s capacity.

This problem is known as the multicommodity flow problem, with the
traffic corresponding to each origin-destination pair viewed as a different
commodity. A mathematically similar problem arises when we consider a
transportation company that wishes to transport several commodities from
their origins to their destinations through a network. There is a version
of this problem, known as the minimum cost network flow problem, in
which we do not distinguish between different commodities. Instead, we
are given the amount b; of external supply or demand at each node i, and
the objective is to transport material from the supply nodes to the demand
zwi?s, at minimum cost. The network flow problem, which is the subject
of Chapter 7, contains as special cases some important problems such as

;ﬁig’oﬁ%t path problem, the maximum flow problem, and the assignment
em,




