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Abstract

Estimating the arrival rate function of a non-homogeneous Poisson process based
on observed arrival data is a problem naturally arising in many applications. Cubic
spline functions are particularly well-suited to represent such estimates since they are
sufficiently versatile and easy to handle computationally. In this paper we present
an optimization model to obtain cubic spline estimations based on the maximum
likelihood principle. An important feature of any such model is that in order for
us to be able to interpret the obtained splines as arrival rate functions they have to
be nonnegative over the time interval of interest. We ensure this using a result of
Nesterov characterizing nonnegative polynomials via positive semidefinite matrices.
We also describe versions of our model allowing for periodic arrival rate functions
and input data of limited precision. Numerical results based both on real-life and
artificially generated data sets are also presented.



1 Introduction

Our goal in this paper is to provide a method to approximate the arrival rate of a non-
homogeneous Poisson process based on observed arrival data. Such a method has appli-
cations in diverse areas including the management of periodically updated databases (see
[4] and [5]). We estimate the arrival rate function by nonnegative cubic spline functions
using the maximum likelihood principle and ensure the nonnegativity of the approximat-
ing splines by applying a characterization of nonnegative polynomials due to Nesterov [§]
based on positive semidefinite matrices. The next two sections present the necessary back-
ground information on non-homogeneous Poisson processes, cubic splines and nonnegative
polynomials. The optimization model and its variants are described in Section 4 while
Section 5 is concerned with ways to validate the model and a method to determine the
optimal number of knots to use for the estimating splines. Numerical results (based on
both real-life and artificially generated data sets) are presented in Section 6.

2 Likelihood Functions for a Non-homogenous Poisson Pro-
cess

2.1 The basic case

Assume that we are given the set of observed arrival times t = (to,...,tn), where tg <
ty < ... < tn. For an arrival rate function A : [tg, tn] — R, the likelihood of an arrival
at time tj given that there was an arrival at time tj_p is A(tj)e_jti*‘ Aar Using the
convention In(0) = —oo the log-likelihood function is given by
n t]- n tnh
L(t,A) =) [InA(t) —J A)dt| =) InA(t;) —J A(t)dt. (1)
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2.2 Discrete data

In many practical problems (such as the case of e-mail arrivals we consider in our numerical
experiments) instead of having the exact arrival times our data is of the following form.
The time interval of interest I is divided into some intervals: I = U}l] Ix and we are
given the number of arrivals n; in each interval Iy = [qj_1, g;]; let * = (n4,..., 1) and
n= Z;;] n;. For an arrival rate function A : I — R the probability of having n; arrivals

n; qj
in I is € (IS;,1 A(t)dt) ] eiLﬁl] AVt e log-likelihood function in this case is

.l
n;-

k . "
Lam,A) = Z [le In (JqJ )\(t)dt) — 1111’1)'!] — Jq Alt)dt. (2)
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Notice that the terms Inn;! are independent of A and therefore can be ignored for purposes
of optimization.

Another possibility is to artificially create a sequence of arrival times by introducing
n; arrivals in every interval Ij (j = 1,...,k) and evaluate L(t,A) as given in (1). In
our numerical experiments these arrivals were uniformly distributed random points in the
respective intervals.

2.3 Periodic arrival rate function

In this section we look at the case where the arrival rate of the Poisson process is periodic
with some period T, i.e. A(t) = Ag(t (modT)) for some Ag: [0,T) — R,. For the sake of
simplicity let us assume that we are given the arrival times 0 < t; < ... <ty < cT for a
time period [0, cT], ¢ € N. Now the log-likelihood function can be written in the form

-
L(t,Ag) = ZlnAO ; (modT)) — CJO Ao(t)dt. (3)

For discrete data in the interval I = [0, kT] the log-likelihood function is given by

k q; T
La(n,Ag) = Z !nj In <J Ao (t (modT)) dt> —hmj!] —CJ Ao(t)dt. (4)
0

j=1 qj—1

3 Nonnegative Cubic Splines

3.1 The spline property

A cubic spline is a continuous piecewise polynomial function constructed of third-order
polynomials, which also has continuous first and second derivatives. The points separating
the pieces of a spline are called knots. Let us consider a cubic spline function P on
the interval (0, T) with knots 0 = ap < a1 < ... < a;n = T and coefficients P](g) 1=
1,...,m, k=0,1,2,3). For a point t € [a;_1, a;] the value of P is

3

P(t) )=y Pllt—aink (5)

k=0

The spline property is given by the following equalities (for alli=1,...,m—1):

P((;Jr ) P((;) — PE‘)(ai —ai1)— Pél)(ai —aiq)*— P(;)(ai —ai1)*=0 (6)
PEY = P = 2P (@i — ai 1) — 3P (@i — 4 1)2 =0 (7)
ZPS.—F” o Zpél) _ 6});:‘)(0_i _ aif]) =0 (8)



If P extends to a periodic function we also have the equalities
Py = Pe™ =PI (am — am 1) = Py (am — am )2 = Py (am—am 1)* =0 (9)

P —P™ 2P ™ (a4 — am 1) =3P (am — am 1)2 =0 (10)

2P — 2P — 6PY™ (am — am1) =0 (11)

3.2 Nonnegativity

In order for us to be able to interpret a function as the arrival rate of a non-homogeneous
Poisson process it has to be nonnegative. The following theorem is a special case of a
result of Nesterov given in [8].

Theorem 1 PW(t) = PI4P IV (t—ai 1)+PM (t—ai 1)24P WV (t—ai 1)3 > 0 (Vt € (ai_1,ai))
if and only if there exist parameters xi,Yi, Zi, i, Vi, Wi € R such that

Po) = (@i — ai1)si
P = xi — sy + 2(ai — ai1)vi (12)
PS) = 2yi — 2vi + (@i — ai1)wi
PS) =Zi— Wi
Xizi 2 U7, siwi > Vi

Xiy Zi, Si, Wi > 0.

4 Optimization Models

4.1 The basic case

Our basic approach is to maximize the log-likelihood function subject to the constraint
that A is a nonnegative spline with knots ap < aj < ... < am. Consider for example the
case of a periodic arrival rate with period T when we are given the exact arrival times
0<tp<...<tn<cTin the interval [0,cT]. Let us introduce the notation t =t (modT)
and define i; such that ‘_c]- € [aij. -1, aij.]. Then we have the following model:



n 3 m 3
max L(t,P) =) In [ZP&J({]-—%_&] _CZZP&)%
=1 ~

k=0
subject to
P =P PV (@i —ain) —PY(ai— ai 1) = PP (ai—ai 1) =0, i=1...m—1,
PY) =PI = P (am — A 1) = Y™ (am — @ 1) = PYY (@ — am 1) =0,
Py — Pl = 2P (@i — @i 1) = 3PS (@i — @i )2 =0, i=T1..m—1,
PI™ — 2P0 (A — amot) =3P (@ — am 1)2 =0,
ZPSH) — ZPS) - 6P§)(ai— ai—1)=0, i=1...m—1T,
2PV 2P0 6P (ay — ) =0, (13)
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PSJ—zi—WiZO» i=1...m,
Xizi —y? >0, i=1...m,
swi—vi>0, i=1...m,

Xi»Zi>3i)WiZO, iz].m

4.2 Properties of the optimization problem

Notice that the value of P(t) for any given t, along with the equalities (5)-(11) describing
the spline property, is linear in terms of the coefficients defining P. Also, since for (17, T2) C

(ai-1,ai)
3
w . Ty — T
| poa= | pii - y et (14)
o o k=0
is a linear expression of the coefficients, so is f;z P(t)dt for any interval (t7,72) C (0,T).
The nonnegativity condition (12) features two quadratic inequalities (along with linear

equalities and inequalities) in terms of the coefficients and the parameters. The quadratic
inequalities are equivalent to the following convex constraints:

2 2
- Vs .
Xi_lﬁzo, si——2>0, i=1...m.
Zi Wi

Therefore, the set of feasible points is convex. Since the objective function to be maximized
is concave, (13) describes a convex nonlinear programming problem, so locally optimal
solutions are also globally optimal.



4.3 Variations of the basic model

For the different scenarios described in Section 2 we obtain variations of the model (13).
If the arrival rate is not periodic, the conditions corresponding to (9)-(11) are omitted and
the objective L(t, P) is given by substituting (5) into (1). For the case of discrete data the
objective Lq(t, P) is obtained by substituting (14) into (4) in the periodic and into (2) in
the non-periodic case.

5 Verifying the model

5.1 Determining the optimal number of knots by k-folding

The properties of the results obtained from our models depend strongly on the number of
knots used for the spline function. Selecting a small number of knots restricts the family
of functions available to estimate the arrival rate while selecting a large number might
result in overfitting the data. To determine the number of knots appropriate for a given
data set we use the technique of k-folding (leave-one-out cross validation method) [10]. We
describe the procedure for the case of periodic arrivals. We first randomly divide the set
of observed complete time periods into k subsets Dy, ..., Dy of equal size. Then for each
i=1,...,k we perform our method of estimating the arrival rate leaving out D; from our
data set. Then we examine how well this estimated arrival rate P; describes the behavior
of the process in Dy by evaluating the appropriate log-likelihood function L4)(Dj, P) (i.e.
we consider only the data not used in obtaining the estimate). We choose the number
of knots for which, over a suitably large number of the experiments described above, the
average value of L4)(Djy, Py) is the highest. For more details see the section on numerical
results.

5.2 Sensitivity to Interval Lengths for Discrete Data

In the case of discrete data the results we obtain are also influenced by the length of the
intervals into which the time period of interest is partitioned. Generally speaking, smaller
interval lengths correspond to more precise information. A possible method to see how
changing the interval lengths affects the quality of the solution is as follows: Consider a
data set with small interval lengths. Let us modify this data by merging some adjacent
intervals (implying some loss of information) and apply our estimation method to the
modified data set. In order to compare the approximate arrival rate functions obtained
from different applications of the merging procedure we evaluate the log-likelihood function
(2) of the original (non-merged) data set on them. For more details see the section on
numerical results.



5.3 Testing on a known arrival rate function

Another way of testing the model’s performance is to consider (possibly generate) data
coming from a Poisson process with a known arrival rate function and compare the estimate
arrival rate function provided by our method with the original. The results can be used
to determine the amount of data necessary to obtain a reasonably good fit.

6 Numerical Results

6.1 Results on a real data set

In this section we present results obtained for a data set of approximately 10,000 e-mail
arrivals over a period of 446 days. The arrival times are given as integer seconds, therefore
we have discrete information of the type described in Section 2.2 for one-second intervals.
For the purpose of creating our figures we calculated a simple step function approximation
of the arrival rate by dividing time into 64 equal intervals and in each of them estimating
A by (number of arrivals/length of interval). The optimization models were written in
AMPL and solved by KNITRO (see [1] and [9]) on the NEOS servers (see [2], [3] and [6]).

6.1.1 Selecting the Appropriate Version of the Model

We solved two versions of our model both assuming daily and weekly periodicity either
using discrete data or simulated arrival times (see Section 2.2). We produced splines
with m = 3,6,12,24,48, 96 equidistant knots for the daily and m = 7,14,21,42,84,168
equidistant knots for the weekly version. To compare the quality of solutions obtained
from two versions we evaluated the log-likelihood function as given in (4) for all splines.
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Using artificially generated arrival times did not significantly change the results while
resulting in a slight increase in computational time (see Figure 1).

Based on these results we select the version of our model using the original discrete
data.

6.1.2 Periodicity

For e-mail arrivals it is natural to assume either daily or weekly periodicity. In the remain-
der of this section we will consider the case of weekly periodicity as the results obtained
under this assumption provide a more detailed description of the behavior of the arrival
process. Figure 2 shows a 48-knot spline estimate of the arrival rate function obtained by
using our method assuming daily periods, compared to the step-function approximation.
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6.1.3 Determining the number of knots

In order to determine the appropriate number of knots to use for the approximating splines
we performed the k-folding procedure described in Section 5.1. Figure 3 shows the average
of results from 10 different 5-foldings.



x 10

-55F i

-5.505 B

-551F B

-5.515 4

-5.52 N

-5.525 4

average loglikelihood value

-5.53 q

-5.535 9

-5.54 B

L L L L L L L L L
0 21 30 42 45 48 50 63 84 168
number of knots

Figure 3

Based on these results we decided to use 48 knots. Figure 4 shows an estimate using
14 knots (which does not provide sufficient detail to describe the arrival process) while
Figure 5 shows an estimate using 336 knots, resulting in overfitting the data. Our best
estimate (using 48 knots) is presented in Figure 6.
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6.1.4 Robustness
We applied the merging procedure described in Section 5.2 to test the sensitivity of our

model to the length of the intervals in the data set. Figures 7 and 8 show the results
obtained by merging adjacent time intervals of overall length s.
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It is interesting to note that, as it can be seen in Figure 7, a sharp drop in the ob-
jective value occurs when the estimating splines reach zero and the inequalities in the
non-negativity constraints become binding. Figure 8 shows the section of the graph be-
fore this drop in more detail while Figure 9 shows an estimating spline after the drop.
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6.2 Results on data sets generated from a known arrival rate function

As suggested in section 5.3 we tested our method by randomly generating data sets for
time periods of different lengths using known periodic arrival rate functions with a period
of 1. Figure 10 shows the original arrival rate functions; A7 is a cubic spline with 6 knots

while Ax(t) = 100(sin(27tt) + 1).
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We estimate both of these functions with our method by using 6-knot splines. To mea-
sure the accuracy of an estimate A* we compute the L1-norm, L2-norm and the maximum
of the absolute value of the difference A{ —A* (i = 1 or 2). The average of the results
of these three experiments is shown in Figure 11 for A7 and Figure 12 for Aj; the x axis
shows the logarithm of the length of time for which data was generated.
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6.3 Illustrating the importance of the nonnegativity constraints

The distinguishing feature of our model is the way we ensure the nonnegativity of the
function estimating the arrival rate. While in some cases the maximum likelihood criterion
might by itself ensure nonnegativity, this is not the case for small data sets or arrival rate
functions which can get close to zero.

To illustrate this we first consider a small data set of 550 e-mail arrival times. Figure 13
shows the 42-knot spline estimation of the arrival function provided by the basic version
of our model while Figure 14 shows the results when the nonnegativity constraints are
omitted.

Finally we consider a large data set artificially generated from the arrival rate function
A(t) = 200[sin(67tt) + 0.8]+ (see Figure 15). Figure 16 shows estimating splines obtained
from arrival data for 40 time periods, with and without requiring nonnegativity.
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