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Introduction

The basic idea of this paper is very simple:given two words we consider the
graph given by connecting the positions of the two words containing iden-
tical letters.The paper has two main parts:first we use a variant of Lentin’s
construction(which can be used to study equations on words of fixed length,
see [13]) to get a generalization of the Fine-Wilf periodicity theorem and
a natural proof of some sharpness results.This section is largely based on
[17].In the second part we present a new approach to the subword problem
with an algorithmic point of view based on non-crossing matchings in bi-
partite graphs and using many results from the theory of partially ordered
sets.As these parts are largely independent,in references we omit the first
number (i.e.we refer to Theorem 1.3.5 as 3.5.etc.).

1 On the sharpness and generalizations of the
Fine-Wilf periodicity theorem

On the notation used in this part

For a word w w(i) denotes the i letter of w while w* denotes the infinite
word "wwww...” . If S is a set of positive integers and w(i) = z(i) for every
i € S we denote this fact by w|s = z|s. For two positive integers n and p
we denote the unique value i € {1,2,...,p} for which n = b (mod p) by
n mod p. The greatest common divisor of p and ¢ is denoted by ged(p, q).
The set of positive integers is denoted by w.



1.1 The Fine-Wilf Periodicity Theorem

Theorem 1.1.1. (Fine- Wilf Periodicity Theorem): Let X be a finite alphabet,
| X| > 2,p and q are positive integers; w € XP z € X9. Then w = z if and
only if w* and z* have a common prefix of length p + q — ged(p, q).

The proof of this theorem can be found at [1],[10],[4]and [11]. We shall
also give an alternative proof using our more general results.

Definition 1.1.2. Let X be a finite alphabet,|X| > 2; p < q are positive
integers. We call an S set of integers a (p,q)-Fine-Wilf set if it has the fol-
lowing property: For allw € XP,z € X7 : w® = z¢¥ < w¥|s = 2¥|g. We
call S minimal if none of its true subsets are (p,q)-Fine-Wilf sets.

We shall see that for | X| > 2 the previous definition does not depend on
the size of X. With this terminology the Fine-Wilf theorem can be restated
as follows:

Theorem 1.1.1b. For every pair of positive integers p < q
{1,2,...,p+q—gcd(p,q)} is a (p,q)-Fine-Wilf set.

Our main aim is to give a characterization of Fine-Wilf sets and minimal
Fine-Wilf sets. The latter characterization can also be used to prove the Fine-
Wilf theorem (in its form 1.1b.) and to prove some results on the sharpness
of the Fine-Wilf theorem.The following construction of bipartite graphs cor-
responding to sets of integers will be our main tool in obtaining the desired
characterizations.

1.2 Bipartite graphs and periodic words
We begin with the following obvious observation:

Proposition 1.2.1. For the words w € XP,z € X9:
w*(i) = 2¥(i) <= w(i mod p) = z(i mod q)

Our main idea is to connect positions of the words where their letters
must be the same. This idea is formalized in the following definition.

Definition 1.2.2. Let p < g be positive integers.For every S set of pos-
itive integers we define Gs = Ggs(p,q) = (W, Z, Es) as a bipartite graph
on wvertices {Wy,Wa, ..., W} = W and {Z,2Z,,...,2,} = Z with edges
Es = {es: s € S} ,where €5 = (Wi mod ps Zs mod q) - (If the edges correspond-
ing to two (or more) elements of S connect the same vertices, we consider
them multiple edges).



As a direct consequence of 2.1.we get

Proposition 1.2.3. For w € XPand z € X9 :
w‘”|5 = ZW|S < V(WZ,ZJ) - ES : U)(Z) = Z(])

Notation. Note that vertices in W correspond to positions of w, while those
in Z correspond to positions in z. We adopt the following convention in no-
tation: we refer to general vertices of Gg as V; or'Y; (where V.Y € {W, Z}),
and refer to the letters in the positions corresponding to V; and Y; as v(i) and
y(1), respectively, i.e. v(i) = w(i) if V=W and v(i) = z(i) if V = Z. For
any two vertices let V; ~g Y, denote the fact that they are in the same con-
nected component of Gs.The connected component of V; is denoted by [Vi]s.

It follows from 2.3. that if two vertices are in the same connected com-
ponent of G5 then the two letters in the positions corresponding to these
vertices must be same too, hence we get

Proposition 1.2.4. w¥|s = 2¥|g if and only if the following implication
holds for all V;,Y; e WU Z: V; ~gY; = v(i) = y(j)

We can use this result to give a characterization of Fine-Wilf sets using
their corresponding bipartite graphs.

1.3 Characterizations of the Fine-WIilf sets

Theorem 1.3.1. An S set of positive integers is a (p,q)-Fine-Wilf set if

and only if ~g=n~, (i.e. the connected components of Gg are the same as
those of G, ).

Proof. Let w € X? 2z € X9 be two arbitrary words of lengths p and ¢.Let us
consider the following statements:

sl: w¥ = 2%

s2: VV,Y; €eWUZ: Vi~ Y= (i) = y(j)
s3: w¥|g = 2¥|g

sd: VYV, Y; e WUZ: V,~g Y= 0(i) = y(j)

By 2.4. we have the equivalences s1 <= s2 and s3 <= s4.

I. If ~g=~,then obviously s2 <= s4.It follows that s1 <= s3,which
means that S is a (p,q)-Fine-Wilf set.



II. If S is a (p,q)-Fine-Wilf set,then s1 <= s3;it follows that s2 <= s4.
Let us now suppose indirectly that ~g#~,.As G5 is a subgraph of G, (and
so its connected components are subsets of those of G,),there must exist
two vertices such that V; ~, Y; but V; g Y,.Let a and b be two differ-
ent elements of X.It is easy to verify that for the words wy, zo(defined be-
low) s4 holds while s2 does not.This contradicts s2 <= s4,which proves
the theorem.

YO b for all other & € {1,....p} W b for all other k € {1,....q}

O
Let us now examine the connected components of the graph G,,.
Proposition 1.3.2. V; ~, Y, <= i=j (mod gcd(p,q))

Proof. We prove the following statement from which the proposition imme-
diately follows:

(V;,Y;) € Es <= i=j (mod gcd(p,q)).

To prove this it is sufficient to observe that both sides are equivalent to the
existence of a positive integer k such that £ =i (mod p) and k = j (mod q).
O

We remark that the proof given above also shows that every connected
component of GG, is a complete bipartite graph.By comparing 3.1. and 3.2.
we get

Theorem 1.3.1b. S is a (p,q)-Fine-Wilf set if and only if the following
implication holds for all V;,Y; € WU Z:

i=j (mod ged(p,q)) = Vi~sYj.

Corollary 1.3.3.

L Ifged(p,q) =1, S is a Fine-Wilf set if and only if G is connected.

II. If ged(p, q) # 1,let us consider the sets S; = {k| (k—1) ged(p,q)+1 € S}
for every i € {1,...,gcd(p,q)}.S is a (p,q)-Fine-Wilf set if and only if for

L ) -Fine- Wilf set.

- a _p_q
every s 5; 45 a ged(p,q)? ged(p,q)

Proof. 1. is an obvious consequence of 3.1b. since ¢ = j (mod 1) for all 4, j.
IT. follows immediately from the fact that for every i € {1,...,ged(p,q)}
the subgraph spanned by Gg(p,q) on the connected component of G, (p,q)

b}



containing W;(and Z;) is isomorphic to the graph Gg, <m, m> .This
isomorphism can be given as follows(we refer to the vertices of the latter
graph in bold letters):By 3.2. the vertices of the first graph must be of
the form V{;_1)ged(p,q)+i for some positive k.Vig_1)ged(p.q)+i < Vi gives a
bijection between the vertices of the two graphs;by checking the definition

under 2.2. it is easy to verify that this is an isomorphism. O

The second part of 3.3. means that we can restrict ourselves to the case
ged(p, q¢) = 1. We can now use the first part to obtain characterizations for
Fine-Wilf sets where the criteria will not feature graphs.We start by giving
some criteria for the connectedness of biparte graphs (We omit the proof of
the following elementary lemma).

Lemma 1.3.4. Let G = (W, Z, E) be a bipartite graph with at least 3 ver-
tices. Then the following statements are equivalent:

I. G is connected.

II. If Wy C W, Zy C Z,0 #£ WoU Zy # W U Z then there exists an edge in E
with exactly one end in Wy U Z.

III. For every subset Wy of W,0 # Wy # W there is a path of length 2 with
exactly one end in Wy. The same must also hold for the subsets of Z.

Before we apply these criteria we introduce some notations which will
allow us to present the results in a more concise form.

Notation. For an integer m,a set of integers S and I C {1,...,m} let
S(I) == {s € S| Ji € I : s =i (modm)}.For I = {i} we also use
S (1) := Sm({i}). We adopt the convention that for a set referred to as

P C{1,...,p} P will denote its complementing set,i.e. P:={1,...,p}\ P.

Theorem 1.3.5. For ged(p,q) =1 S is a (p,q)-Fine-Wilf set if and only if
for every P C {1,...,p},Q C{1,...,q} (where PUQ # 0 # PUQ):

(Sp(P) N S4(Q)) U (Sp(P) N (S4(Q)) # 0

Proof. 1.1f the conditions on the sets hold,by 3.3. we have to prove that G is
connected.We use the criterium for connectedness given at 3.4.(I1.): for the
subsets Wo C W, Zy C Z let P = {i| W; € Wy}, Q = {j| Z; € Zo}.Then by
our conditions there exists in S an s € (S,(P) N .S,(Q)) U (S,(P) N (Se(Q))-
It is easy to verify that the edge (Wsmodps Zsmodq) has exactly one end
in Wy U Zg.

IT. If Gg is connected and P, Q) are as stated above,let Wy = {W;| i € P},
Zy =A{Z;] j € Q}.Then there exists an edge e, corresponding to some s € S
with exactly one end in Wy U Z.1t is easy to see that

5€ (SP(P) N Sq(Q)) U (SP(P) N (SCI(Q))‘ [
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Theorem 1.3.6. For ged(p,q) =1 S is a (p,q)-Fine-Wilf set if and only if
the following two conditions hold:
I. For every P C {1,...,p} (0 # P # {1,...,p}) there exists an integer qp

such that S,(P)N S,(qp) # 0 and S,(P)N S,(qp) # 0.
II. For every q C {1,...,q} (0 #Q #{1,...,q}) there exists an integer pg

such that Sy(Q) N Sy(pg) # 0 and S,(Q) N Sy(pg) # 0.

Proof. The proof is similar to that of 3.5.using 3.4.(IIl.) instead of 3.4.(IL.).
U

Remark. In the general case (when ged(p,q) > 1 is possible) theorems
3.5. and 3.6. have to be modified by considering the sets {i,gcd(p, q) + 1,
2¢gcd(p,q) +4,...,p— ged(p,q) + i} and {i,ged(p, q) + i, 2ged(p, q) + 1, . . .,
q — ged(p, q) + i} for values 1 < i < ged(p, q) instead of the sets {1,...,p}
and {1,...,q}.

The criteria in theorems 3.5 and 3.6 were designed to provide that there
are enough elements in S. For minimal Fine-Wilf sets it is possible to give a
characterization featuring restrictive criteria. Examination of minimal Fine-
Wilf sets will also yield results pertaining to the sharpness of the Fine-Wilf
theorem.

1.4 Minimal Fine-Wilf sets and sharpness
results

The following simple observation is based upon our characterization of
Fine-Wilf sets in 3.1.

Proposition 1.4.1. S is a minimal (p,q)-Fine-Wilf set if and only if Gg is
a mazximal spanning forest of G, (with respect to the number of edges,i.e.its
connected components are the same as those of G, ).

This allows us to determine the size of minimal Fine-Wilf sets:
Theorem 1.4.2. Every minimal (p,q)-Fine- Wilf set is of size p+q—ged(p, q).

Proof. According to 3.2. G, is a graph on p + ¢ vertices which has ged(p, q)
connected components,hence every maximal spanning forest of (G has

p+q— ged(p, q) edges. O
Corollary 1.4.3. The Fine-Wilf theorem is sharp for all values of p and q.

Proof. The Fine-Wilf theorem states that {1,2,...,p + ¢ — ged(p,q)} is a
(p,q)-Fine-Wilf set.As this is a set of size p + ¢ — ged(p, ¢),by 4.2. it has to
be minimal. O



We now apply the method of ”converting” the criteria on the graphs (as
in 3.5. and 3.6.) to give a characterization of minimal Fine-Wilf sets. We
first review some elementary facts:

Lemma 1.4.4. 1. Let G be a graph on n vertices with ¢ connected compo-
nents.A subgraph Gg of G with n — ¢ edges is a maximal spanning forest in
G if and only if it s acyclic.

II. Let G = (W, Z,E) be a bipartite graph. Then every cycle of G has even
length and alternates between W and Z.

III. Let G = (W, Z,E) be a bipartite graph and C' a cycle of length 2k
in G.Then there exist two sets of size k, Wy C W and Zy C Z,such that
Wo U Zy spans every edge of C'.

Theorem 1.4.5. Let ged(p,q) = 1.Then S is a minimal Fine- Wilf set if and
only if |S|=p+q—1 and for all P C {1,...,p},Q C {1,...,q} such that
Pl =|Ql=k>0: [S,(P)NS,(Q) < 2k—1 holds,

Proof. 1. If S is a minimal (p,q)-Fine-Wilf set then by 4.2. [S|=p+q¢—1
and by 4.1. Gy is a forest,therefore it is acyclic.It follows that for any two
sets of size k, W, C W and Zy, C Z, G5 spans at most 2k-1 edges in Wy U Zj.
Let Wy :={W,| i € P}, Zy == {Z;] j € Q}.As every element in S,(P)NS,(Q)
corresponds to an edge between Wy and Zy,|S,(P)NS,(Q)| < 2k —1 follows.
IL. If |S| =p+¢— 1 and S is not a minimal Fine-Wilf set then by 4.4.(I.)
Ggs has a cycle C of lengt 2k for some k.So by 4.4.(II1.) there exist two
sets of size k, Wy C W and Z, C Z,such that there are at least 2k edges
between Wy and Zy. Let P = {i| W, € Wy}, Q = {j| Z; € Zy};as every edge
between W, and Z, corresponds to an element in S,(P) N S,(Q),we have

[Sp(P) 0 5,(Q)] = 2k m

We can use this result to give an alternative proof of the Fine-Wilf
theorem:

Proof of Theorem 1.1b. We have to show,that S := {1,2,..., p+q—gcd(p,q)}
is a (p,q)-Fine-Wilf set.First we note that we can restrict ourselves to the

case ged(p, q) = 1:by considering our words as elements of (X ng(7”‘1))+,the
problem is reduced to this case,albeit over a larger alphabet.In accordance
with 4.5. let us now consider two sets P = {p1,...,px} C {1,...,p} and

k
Q=A{q, ...} C{l,...,q}.Then S, (Q) = 'L_Jl S,(gi),where

 JHeat+atifa<p
Sqlqi) == .

{a:} ifg; > p
1S,(P)NS,(Q)| > 2k.Then |S,(Q)| > 2k implies that ¢; < p for all g;,therefore

. Let us now suppose indirectly that
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1 <k < pandgq # ¢ (modp) for all i # j. Also,for every j there
must exist 4;,7; such that ¢; = p;; (mod p) and ¢; + ¢ = Pi, (mod p).

k k k

As Y pi;, = 2 pi, = > pi,summation over j = 1,... &k for the previous
j=1 j=1 i=1

congruences yields k¢ = 0 (mod p).Since ged(p, ¢) and 1 < k < p,we have a

contradiction,which proves the theorem. O

We have already seen that the Fine-Wilf theorem is sharp for all p and gq.
In the last part of the article we examine the topic of ”counterexamples”:

Definition 1.4.6. We call the pair of words w € X?,z € X9 a counterexam-
ple for (p,q) if w* and z* have a common prefix of length p+q—ged(p, q) —1
but w® # z*.

Early counterexamples for some specific values of (p, ¢) were given by Per-
rin (see [11]) using properties of ”Fibonacci-like” words.The following more
general family of counterexample was constructed by S.Horvath and was pre-
sented at [12].

Example 1.4.7. ( S.Horvdth) Let a and b be two different letters of the
alphabet X and x an arbitrary word of length 7 — 1.Then it is easy to verify
that the following words are counterexamples for (kj, (1 + mk)j) where m,k
are positive integers:

w = (za)*'ab, z=wmza

Remark. In the example above we have ged(p, q) = j. The construction yields
a counterexample for all pairs (p,q) where ¢ = ged(p, q) (mod p).It follows
from the next theorem that for these values it yields all the possible coun-
terexamples.

We conclude by proving the following theorem on the structure of coun-
terexamples which is also featured (with a different proof) in [1].

Theorem 1.4.8. I. If ged(p,q) = 1 then there exists a counterexample
Wy q, Zp,q Which is unique up to a renaming.

I1. In the general case every counterexample is of the following form: x is
an arbitrary word of length ged(p, q) — 1, po := m, qo = m;

W = TWITWy . .. TWp,, 2 = TZ1TZs ... T2, Where w; = w, (1), 2; = 2p4(J)-



Proof. 1. As S = {1,...,p+ q — 1} is a minimal (p,q)-Fine-Wilf set,G g is
a spanning tree.The graph corresponding to S = {1,...,p + ¢ — 2} is ob-
tained from Gg by erasing the single edge corresponding to p + ¢ — 1 which
causes the tree to fall into two connected components.According to 2.4. the
words w* and z¥ have a common prefix of length p + ¢ — 2 if and only if
for both connected components they have the same letter in every position
corresponding to that component.Also,the letters assigned to the two com-
ponents must be different,otherwise we would have w“ = 2“.So the only way
to get a counterexample is by assigning different letters to the components;as
the Fine-Wilf theorem is sharp,this will indeed yield a counterexample.

IT. Let us now consider the sets S; and 7; (as defined in 3.3) for the sets
S=A1,...,p+q—gced(p,q)} and T = {1, ..., p+q—gecd(p, q)—1} respectively.It
is easy to see that for i < ged(p,q) S; = T; while Sgeq(p,q) = {1, .-, po+q—1}
and Tyeappg) = {1,...,p0 + qo — 2}.We also know that for every i S; is a
(po, qo)-Fine-Wilf set,therefore in every counterexample the following impli-
cation must hold:

i=7#0 (mod ged(p,q)) = v(i) =y(j) (wherev,y € {w, z}).

This accounts for the repetition of the word x in the positions not divisible by
ged(p, ¢).For the remaining positions the arguments in case I. can be applied
(with pg, qo instead of p and ¢). O

Remark. Ezxample 4.7. says that for ged(p,q) =1, ¢ =1 (mod p):

Wpg =0aa...ab, zp, = (Wp,) 13 a

This reflects the fact that in this case the graph Gg corresponding to

S=A1,...,p+q—1} contains an alternating path passing the vertices in W
in ascending order;the last edge of this path corresponds top+q—1.As Gg
is acyclic,erasing this last edge will cause the vertex W, to be in a different
connected component from Wy, ..., W,_1.Therefore w, ,(p) must be different

from wy, 4(1), ..., w,4(p —1).
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2 Bipartite graphs in the plane and the sub-
word problem

In this section we study the common subwords of two given words.Our main
tool will be a poset-structure defined through a bipartite graph connecting
the identical letters of the two words.First we review some known results
about chains and antichains in partially ordered sets,then we establish some
results on non-crossing matchings and non-crossing subgraphs of bipartite
graphs in the plane that might also be of independent interest.

Remark. Throughout the following sections we sometimes use the somewhat
nebulous term "effectively computable” by which we mean computable in poly-
nomial time using some well-known algorithm (such as algorithms for finding
shortest and longest paths in acyclic digraphs and Ford and Fulkerson’s min-
imal cost flow algorithm).

2.1 Chains and antichains in partially ordered sets

In this subsection we present the results without proof.The main theorem
comes from [6];in most respects we will follow the structure and notations of
that paper.We begin with some necessary definitions.

Definition 2.1.1. Let < be a partial ordering on the finite set P = {p1,...,pn}.
A totally ordered subset C of P is called a chain,a set A of pairwise incompa-
rable elements in P is an antichain. We denote the set of all chains by C(<)
and denote the set of antichains by A(<).Let ¢ and a denote the cardinalities
of the largest chain and the largest antichain,respectively. A set of pairwise
disjoint non-empty chains is called a chain family,a set of pairwise dis-
joint non-empty antichains is an antichain famsily.Let C and A be the sets
of all chain- and antichain families,respectively. We adopt the following con-
vention in referring to chain and antichain families of a given cardinality:
C, = {Cy,Cs,...,C,}, Ao = {A1,As,..., A} (i.e. C, always denotes
a chain family of cardinality v).The mazimum number of elements cover-
able by a chain- or antichain family of some give cardinality is denoted by
c, := max|JC,| and a, := max||JAa.|,respectively.
G el Aa€A

A chain family C, = {Cy, C,,...,C,} and an antichain family A, = {A1, Ag, ..., Ay}
are called orthogonal if the following two conditions hold:

I P=(UC)U(UA)
II.C,NA; #0 (for1<i<py1<j<a)

We first note the following important property of orthogonal families:

11



Proposition 2.1.2. If the chain and antichain families C, and A, are or-
thogonal then they are optimal in the following sense:

a
c, = | U €,| = min { Zmin(|A,~|, v) : {A1,...,A;} € A is an antichain partition of P}
i=1

q
a, = |U‘A“| = min{Zmin(|Ci|,a) :{Cu1,...,Cy} € € is a chain partition of P}
i=1

We now state the main theorem of this section.

Theorem 2.1.3. There exists a sequence
Ga|fl1,fl2, . ,Ai1|€a_1, 63_27 Ceey (i’a_jl |.Ai1+1, C ,Ai2|(‘3a_jl_1, cee Ga_j2| .

(obtained by merging a chain family sequence C,,Ca_1,...,C1 and an an-
tichain family sequence Ai,As,...Ac) such that every member of the se-
quence is orthogonal to the last member of the other type preceding it(i.e.
Ay, ..., Ay are orthogonal to C, etc.).

A very important feature of this theorem is that its proof is algorithmic
(using the minimal cost flow algorithm of Ford and Fulkerson) which means
that we can effectively compute the members of the sequence featured in the
theorem.Some well-known results can easily be obtained as special cases of
the theorem:

Corollary 2.1.4. I. Let 1 < v < a.Then there exists a chain family C, and
an antichain family A, (for some «) that are orthogonal.

II. Let 1 < o < c.Then there exists an antichain family A, and a chain
family C, (for some v) that are orthogonal.

By comparing this with 1.2. we get

Theorem 2.1.5. (Greene, [8];Greene and Kleitman,[9])

g
¢, = min { Z min(|A;],v) : {A1,..., A} € A is an antichain partition of P}
i=1

q
a, = min { Zmin(!CiLa) :{Cy,...,Cy} € Cis a chain partition of P}
i=1

12



The algorithmic nature of 1.3. means that we can effectively compute a
chain- or antichain family of a given cardinality covering the largest number
of elements in P.We note that the above formulae can also be rewritten as
follows:

c, = Aqier}qql/—i— |P — U.Aq|, a, = gqlieréqa +|P — U€q|

In the special cases « = 1 and v = 1 we get

Theorem 2.1.6. I.(Dilworth,[2]) ca = n (therefore the minimal number of
chains needed to cover P equals the cardinality of the largest antichain).

I1. (dual version of Dilworth’s theorem) a. = n (therefore the minimal num-
ber of antichains needed to cover P equals the cardinality of the largest chain).

As a conclusion we mention another useful result obtainable from 1.3.

Theorem 2.1.7. I. A chain of cardinality c is called a D-chain. The mazximal
number of pairwise disjoint D-chains is equal to min{|X| : X C P intersects every D-chain}.
I1. An antichain of cardinality a is called a D-antichain. The maximal number
of pairwise disjoint D-antichains is equal to min{| X | : X C P intersects every D-antichain}.

As before,optimal subsets X C P and maximal sets of pairwise disjoint
D-(anti)chains can be computed effectively.

2.2 Bipartite graphs in the plane

In this section we deal with bipartite graphs in the plane.We think of these
graphs as two parallel rows of vertices connected by straight edges.This notion
is formalized in the following definition.

Definition 2.2.1. G = (A, B, E, fa, fB) is a bipartite graph in the plane if
(A, B, E) is a bipartite graph and fa : {1,...,|A|} = A,fp : {1,...,|B]} = B
are bijections(These functions can be viewed as the numbering of the vertices
from left to right). To simplify our notation,let fa(i) =: A;, fp(i) =: B;.The
ordering on the vertices is denoted by < (and <),i.e. A; < A; <= i <],
B, < B; <= 1< j. We refer to A and B as the shores of G.

While using the functions f4 and fp to describe the geometry of G in
the plane might seem awkward at first,it will prove to be very convenient
later,when we deal with reversing the order of the vertices in one of the
shores.We now formalize the notion of crossing edges:
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Definition 2.2.2. Let G = (A,B,FE, fa, fg) be a bipartite graph in the
plane. Two different edges (A;, B;j) and (Ax, By) are crossingifi < k,j > 1 or
1t > k,j <l.They are weakly crossing,ifi < k,j >l ori > k,j <l.Two dif-
ferent edges that are not crossing are called compatible,two different edges
that are not weakly crossing are called independent.

Our main goals are to find a non-crossing matching of maximum cardi-
nality and to find a minimal subset of a shore of the graph that cannot be
covered by a non-crossing matching. We also want to answer these questions
for non-crossing edge sets.

Definition 2.2.3. Let G = (A,B,FE, fa, fg) be a bipartite graph in the
plane. A set of edges M C E is a non-crossing edge set if the elements in
M are pairwise compatible.If the edge set M is also a matching,it is called a
non-crossing matching. We adopt the following convention in referring to
the edges of a given non-crossing edge set: M = { (A}, BM), (A3, B}), ... },
where AY < AM < ... and BM < BM < ... (i.e. they are numbered from
left to right). The set of all non-crossing edge sets is denoted by C%, the set of
non-crossing matchings is denoted by Cl,.

Proposition 2.2.4. Let G = (A, B, E, fa, fg) be a bipartite graph in the
plane,M C E.Then M is a non-crossing matching if and only if its elements
are pairwise independent.

Proof. Note that M is a matching if and only if for any two different edges
(A;, Bj), (A, B;) € M : i # k and j # [.The proposition immediately follows.
]

The following can be viewed as the dual objects of non-crossing matchings
and non-crossing subgraphs(this relationship will later be examined in more
detail):

Definition 2.2.5. Let G = (A, B, FE, fa, fg) be a bipartite graph in the
plane.C' C E is a crossing edge set if the edges in C' are pairwise crossing.
C is a weakly crossing edge set if the edges in C' are pairwise weakly
crossing. The set of all crossing edge sets is denoted by AL.The set of all
weakly crossing edge sets is denoted by A,.

The previous questions can also be asked about crossing and weakly cross-
ing edge sets(i.e.to find a maximal (weakly) crossing edge set and to find
minimal subsets of a shore not coverable by such subgraphs).As we shall see
later,finding a maximum cardinality element of C%, C, A or A}, is equiv-
alent to finding a maximal chain or antichain in a poset.Finding minimal
non-coverable subsets requires a different approach.We need the following
definitions:
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Definition 2.2.6. Let G = (A,B,FE, fa, fg) be a bipartite graph in the
plane.The edge (A;,B;) € E is the leftmost edge of the vertex A; if
(A;, Bx) € E = k > j(the rightmost edge of a given vertex is defined sim-
ilarly). The edge (A, B)) € E is a compatible right-neighbour of the edge
(A, B;) € Eifi <k,j <l and (A, B)) is the leftmost edge of Ay, compatible
with (A;, Bj) (i.e. if (Ag, By) is compatible with (A;, B;) then ' > 1).(Ay, B))
is an independent right-neighbour of (A;, B;) ifi < k,j <l and (A, B))
is the leftmost edge of Ay, independent from (A;, B;).An M non-crossing edge
set is a leftmost non-crossing edge set if AM < AM, foralll <i < |M|,
(AM_ BM) s the leftmost edge of AM and for 1 < i < |M| (AM,BM) is a
compatible right-neighbour of (AM,, BM,). An M non-crossing matching is
a leftmost non-crossing matching if (AY, BM) is the leftmost edge of
AY and for 1 < i < |M| (AM BM) is an independent right-neighbour of
(Az]‘\illv B%l)

The next proposition shows that we can restrict ourselves to studying
leftmost non-crossing matchings and edge sets.

Proposition 2.2.7. Let G = (A, B, E, fa, fg) be a bipartite graph in the
plane. 1. For every non-crossing matching M in G there exists a unique left-
most non-crossing matching M covering the same vertices in A as M. Moreover,
M s optimal in the following sense:for every non-crossing matching M' cov-
ering the same vertices in A as M BM < BM' holds for every 1 <i < |M|
(i.e. BZ-M is the leftmost possible endpoint of the i'" edge of such a matching).
I1. For every non-crossing edge set M in G there exists a unique leftmost
non-crossing edge set M covering the same vertices in A as M. Moreover, M
is optimal in the following sense:for every non-crossing matching M’ cover-
ing the same vertices in A as M B\]\J\él = B|MM/,‘ holds (i.e. B%| 15 the leftmost
possible endpoint of the last edge of such an edge set).

Proof. I. Let AM := AM for all 1 < i < |M| and let BM be the endpoint of
the leftmost edge of BM.For i > 1 we define BZM recursively:Let us suppose
that we have B{‘ZI , which is optimal in the sense above.Then let BZ-M be the

endpoint of the leftmost edge of AM independent from (AM,, Bﬁ 1)-Such an
edge exists since (as M is a non-crossing matching) (AM, BM) is independent
from (AM,, BM)) therefore (due to (AM,, Bf\zl)’s optimality) it is also inde-
pendent from (AM,, BM ) It is easy to see that (A, BM) is an independent
right neighbour of (AM Bl-]\z 1) and therefore it is also optimal.

I1. can be proven similarly. O

Our algorithm is based on the next key lemma which follows immediately
from the result above:
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Lemma 2.2.8. Let G = (A, B, E, fa, fB) be a bipartite graph in the plane
with no isolated points in A.

I. Let M be a leftmost non-crossing matching of cardinality m and let A; be
a vertex such that AM < A;.Let B; be the endpoint of the rightmost edge of
Ai If B; < BM then the vertex set { AY, A}, ... AM A;} is not coverable by
a non-crossing matching. Moreover,every minimal subset of A not coverable
by a non-crossing matching can be obtained this way.

II. Let M be a leftmost non-crossing edge set of cardinality m and let A; be
a vertex such that AM < A;.Let B; be the endpoint of the rightmost edge of
A;.If Bj < BM then the vertex set {A{”, AN AM Ai} 1$ not coverable by
a non-crossing edge set. Moreover,every minimal subset of A not coverable
by a mon-crossing edge set can be obtained this way.

Proof. 1. 1t is obvious that the described set is not coverable.Let us now con-
sider a minimal subset N = {AY, AY ... A} |} C A that is not coverable
by a non-crossing matching.As N is minimal, Ny := {AN AN ... AN} can
be covered,so by 2.7. we can consider an M leftmost non-crossing match-
ing of cardinality m covering Ny.Let i be the number for which A4; = AY 41
and let B; be the endpoint of the rightmost edge of A;. Then B; < BM must
hold,otherwise M U{(A;, B;)} would be a non-crossing matching covering N.
II. can be proven similarly. O

We now describe an algorithm to find a minimal subset of A not coverable
by a non-crossing matching.First we restate the problem in a form that is
easier to handle.

Definition 2.2.9. For a G = (A, B, E, fa, fg) bipartite graph in the plane
let S = {(Ai,B;) € E | (A;,Bj) is the leftmost edge of A; in G} and
R :={(A;, Bj) € E| (A;, B;j) is the rightmost edge of A; in G} be the sets of
the left- and rightmost edges in G,respectively. For a given edge e = (A;, B;) € £
let C. := {(Ag, B))| k < i,l > j} be the set of edges weakly crossing e "from
behind”.Let T := |J C. be the set of edges that weakly cross a rightmost edge

eER
from behind.

The previous theorem means that we have to find a leftmost non-crossing
matching M with minimum cardinality the last edge of which is in T". Note
that a non-crossing matching is leftmost if and only if it is a chain of indepen-
dent right-neighbours starting in S.The following graph can be constructed
in polynomial time:
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Definition 2.2.10. For a G = (A, B, E, fa, fg) bipartite graph in the plane
with no isolated points in A let Dg = (V,F) be the directed graph on

vertices V := E with edges F := {((Ai,Bj),(Ak,Bl)) | (Aw,B) € E is
an independent right-neighbour of (A;, Bj) € E in G}.

We note the following obvious facts about this construction:

Proposition 2.2.11. The graph D¢ defined above is acyclic. An edge set is
a leftmost non-crossing matching in G if and only if its elements constitute
the vertex set of a directed path in Dg starting in S.The vertex set of any
directed path in Dg is a non-crossing matching in G.

As the following theorem shows,we can now find a minimal non-coverable
subset of A by finding a shortest directed path in D¢ starting in S and
ending in T'(If there is an isolated point in A,it is a non-coverable subset
of cardinality 1,which is obviously minimal.Therefore we can suppose that
there are no isolated points in A.).

Theorem 2.2.12. Let G = (A, B, E, fa, f) be bipartite graph in the plane
with no isolated points in A. L. If the elements A* < A? < ... < A™*! con-
stitute a minimal subset of A not coverable by a non-crossing matching then
there exist elements B' € B (1 < i < m) such that (A", B'),...,(A™, B™)
are the vertices of a directed path in D starting in S and ending in T.

II. If (AY, BY), ..., (A™, B™) (in this order) are the vertices of a directed path
in Dg starting in S and ending in T then there exists an element A™! = A™
such that {A', ..., A"} is not coverable by a non-crossing matching.

Proof. 1. As the subset is minimal,there exists a leftmost non-crosssing match-
ing M of cardinality m such that AM = A? for 1 < i < m;for these values
of i let B® ;== BM and let B™*! be the endpoint of the rightmost edge of
A™ ! Then by 2.11 (A!, BY),...,(A™, B™) are indeed the vertices of a di-
rected path in D¢ stating in S and (A™, B™) € Ciam+1 gmi1y C T

II. (A", B™) e T = |J C. = Je = (A", B™") € Rsuch that A™ < A™*!
eER
and B™ = B™*!. By 2.8.(1.) {A!,..., A™"1} is not coverable. O

We now give a summary of the algorithm:given a bipartite graph G in the
plane we construct the digraph D¢ and compute the sets S and T' (for every
t € T we also fix an element e(t) € R such that t € C.()). Then we compute a
shortest directed path in D¢ starting in S and ending in 7';the vertices of this
path are (A', BY),...,(A™, B™).Let A™™! be the endpoint of e((A™, B™))
in A.Then {A',... A™*1} is a minimal cardinality subset of A not coverable
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by a non-crossing matching. The algorithm for finding a minimal subset of
A not coverable by a non-crossing edge set is almost identical,with some
changes to the basic definitions 2.9. and 2.10.:

Definition 2.2.13. For a G = (A, B, E, fa, fB) bipartite graph in the plane
with no isolated points in A we define the sets S and R as before.For every
e = (A;, Bj) € Elet C, := {(Ag, B))| k < i,1 < j} be the set of edges crossing
e from behind.Let T := U C. be the set of edges that cross a rightmost edge

ecR
from behind.
Let Dg = (V,F) be the directed graph on vertices V' := E with edges

F = {((Ai,Bj),(Ak,Bl)) | (Ag, B)) € E is a compatible right-neighbour

Theorem 2.2.14. Let G = (A, B, E, fa, fB) be bipartite graph in the plane
with no isolated points in A. I. If the elements A} < A? < ... < A™H!
constitute a minimal subset of A not coverable by a non-crossing edge set then
there exist elements B € B (1 < i < m) such that (A, BY),...,(A™, B™)
are the vertices of a directed path in D¢ starting in S and ending in T.

II. If (AY, BY), ..., (A™, B™) (in this order) are the vertices of a directed path
in Dg starting in S and ending in T then there exists an element A™+! = A™
such that {AY, ..., A™TY is not coverable by a non-crossing edge set.

We now turn to the problem of finding a non-crossing matching and a non-
crossing edge set of maximum cardinality. As we show in the next section,these
problems can also be solved using a more general approach.However,the
graph D¢ can be used to obtain a less involved algorithm.

Theorem 2.2.15. I. The vertex set of a longest directed path in Dg is a
non-crossing matching of maximum cardinality in G.

II. The vertex set of a longest directed path in D¢ is a non-crossing edge set
of maximum cardinality in G.

Proof. 1. By 2.11. the vertex set of a directed path in D is a non-crossing
matching in G.Let M be a non-crossing matching of maximum cardinality
in G;by 2.7. we can suppose that it is leftmost,so (again by 2.11.) it is a
vertex set of a directed path in Dg.

II. can be proven similarly. O

This theorem gives us an opportunity to find maximal non-crossing match-
ings and edge sets by computing longest directed paths in the graphs D¢ and Dg.
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As these graphs are acyclic,this provides an efficient algorithm.Using the re-
sults on partially ordered sets from the previous section will make it possible
to algorithmically solve even more general problems.Before that we need to
examine the relationship between crossing and non-crossing edge sets. The
connection is based on the following construction:

Definition 2.2.16. For a bijection f: {1,...,n} — X let f(i) := f(n —1).
Let G = (A, B, E, fa, [B) be bipartite graph in the plane. We denote the graph
obtained by reversing the order of the vertices in B by G := (A, B, E, fa, fB).

The following properties of this construction are easily verifiable:

Proposition 2.2.17. Let G = (A, B, E, fa, fg) be a bipartite graph in the plane.
I.G=d¢

I1. _(C%; = A%,i.e.the non-crossing matchings of G are the crossing edge sets
of G.

II1. C), = @é,z’.e.th@ non-crossing edge sets of G are the weakly crossing
edge sets of G.

IV. Al = C%,i.e.the weakly crossing edge sets of G are the non-crossing edge
sets of G.

V. _AO = Cé,i.e.the crossing edge sets of G are the non-crossing matchings

of G.

(Note that IV. and V. directly follow from I.-III.). An important con-
sequence is that we can find maximum cardinality (weakly) crossing edge
sets of G and minimum cardinality subsets of A not coverable by (weakly)
crossing edge sets in G by applying our previous algorithms to the graph G.

Remark. [t is easy to see that in this case the notion corresponding to left-
most non-crossing edge sets and matchings will be that of rightmost (weakly)
crossing edge sets:the first edge is from R and every other edge (A;, B;) of
the set is the rightmost edge of A; (weakly) crossing the previous one.

Before moving on we summarize the algorithmic results of this section.

Theorem 2.2.18. Let G = (A,B,E, fa, fg) be a bipartite graph in the
plane. Then we can effectively compute the following:

e A non-crossing matching of maximum cardinality.

e A non-crossing edge set of mazximum cardinality.

A crossing edge set of maximum cardinality.

A weakly crossing edge set of maximum cardinality.
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o A minimum cardinality subset of A not coverable by a non-crossing
matching.

o A minimum cardinality subset of A not coverable by a non-crossing
edge set.

o A munimum cardinality subset of A not coverable by a crossing edge
set.

o A minimum cardinality subset of A not coverable by a weakly crossing
edge set.

2.3 Poset-structures on the edges of a bipartite graph
in the plane
In this section we define two partial orderings on the edges of GG and use the

results from the section on partially ordered sets to obtain new results on
bipartite graphs in the plane.

Definition 2.3.1. Let G = (A, B, E, fa, ) be a bipartite graph in the plane,
(A;, B;), (Ax, By) € E are different edges.

(A B)) ¢ (An B) &5 i <k j <1 (A B)) <¢ (A B) &5 i <k, j <1

0 1
It is easy to verify that <g and < are partial orderings of E.

The next proposition describes relationship between these partial order-
ings and the geometry of G(again,III.and IV. are direct consequences of I.
and II.).

0
Proposition 2.3.2. I. Two given edges are <g-comparaple if and only if
they are compatible.

1
II. Two given edges are <g-comparaple if and only if they are independent.
0
II1. Two given edges are <g-incomparaple if and only if they are crossing.
1
IV. Two given edges are <g-incomparaple if and only if they are weakly

Crossing.

Now we can describe the chain- and antichain structures of these partial
orderings.We use our notations from 1.1,2.3. and 2.5.

0 0
Theorem 2.3.3. I. C(<g) = CL , A(=g) = AL
IL C(<¢) = Cf . A=) = A
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There is a very interesting relationship between the partial orderings of
E given by G and those given by G.By comparing the previous theorem with
2.17. we get

Corollary 2.3.4. I. C(ié) = A(LG) - ((j% = AL , A(—Z@) _ C(QG) _
A% = C}

L 1
IT. C(<¢) = A(R¢) = CL = A% | A(=g) = C(Xg) = AL = C

0 1 0
This means that in the poset structures defined on E by <4, <g, <& and

1
< the antichain set of a partial ordering is the chain set of some other
partial ordering and vice versa(see also section 5).We now apply the results
on partially ordered sets to bipartite graphs in the plane.

Proposition 2.3.5. Let G = (A, B, E, fa, fg) be a bipartite graph in the
plane. Using the algorithm for 1.3. we can effectively compute the following:

e A non-crossing matching of maximum cardinality.

e A non-crossing edge set of maximum cardinality.

A crossing edge set of maximum cardinality.

A weakly crossing edge set of mazximum cardinality.

A partition of E into a minimal number of non-crossing matchings.

A partition of E into a minimal number of non-crossing edge sets.

A partition of E into a minimal number of crossing edge sets.

A partition of E into a minimal number of weakly crossing edge sets.

o For every k : k non-crossing matchings with a union of mazimum
cardinality.

e [For every k : k non-crossing edge sets with a union of maximum car-
dinality.

o Forevery k : k crossing edge sets with a union of maximum cardinality.

o For every k : k non-crossing edge sets with a union of maximum car-
dinality.

o A smallest subset Ey of E such that every non-crossing matching of
maximum cardinality contains an element of Ey .
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A smallest subset Ey of E such that every mon-crossing edge set of
maximum cardinality contains an element of Ey.

o A smallest subset Ey of E such that every crossing edge set of mazimum
cardinality contains an element of Ej.

o A smallest subset Ey of E such that every weakly crossing edge set of
mazimum cardinality contains an element of Ey.

o A largest family of pairwise disjoint non-crossing matchings of maxi-
mum cardinality.

o A largest family of pairwise disjoint non-crossing edge sets of mazimum
cardinality.

o A largest family of pairwise disjoint crossing edge sets of mazimum
cardinality.

o A largest family of pairwise disjoint weakly crossing edge sets of maxi-
mum cardinality.

Note that by 2.18. the first four items(i.e.the mazimum cardinality edge
sets) can also be computed using longest directed path-algorithms.

We also have the corresponding min-max theorems from 1.5-7.We present
these for non-crossing matchings;similar equalities hold for non-crossing edge
sets,crossing edge sets and weakly crossing edge sets.

Theorem 2.3.6. Let G = (A, B, E, fa, fg) be a bipartite graph in the plane.

e The size of the largest non-crossing matching equals the minimum num-
ber of weakly crossing edge sets needed to cover E.

e The minimum number of non-crossing matchings needed to cover E
equals the size of the largest weakly crossing edge set.

e The mazimum number of edges coverable by k non-crossing matchings

q
equals min{qgk + |E — |J A;| : A1,... A, are weakly crossing edge sets}
i=1

o The size of the largest family of disjoint non-crossing matchings of maz-
imum cardinality equals the size of the smallest edge set that intersects
every non-crossing matching of maximum cardinality.
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By 2.17. in the equalities above non-crossing matchings and non-crossing
edge sets of G' can be substituted for crossing and weakly crossing edge sets
of G.For example,we get

e The size of the largest non-crossing matching in G equals the minimum
number of non-crossing edge sets needed to cover E in G.

e The minimum number of non-crossing matchings in needed to cover £
in G equals the size of the largest non-crossing edge set in G, etc.

We remark that the results on the optimal partition of £ into non-crossing

matchings and algorithms for the maximum non-crossing matching problem
also appeared at [15] and [16],respectively,but without reference to the un-
derlying poset structure.
We conclude this section by noting that while the cited results on chains
and antichains were selected somewhat arbitrarily,using the framework estab-
lished above other properties of partially ordered sets can also be interpreted
as results on bipartite graphs in the plane.

2.4 Common subwords of two given words

A naturally arising problem in the combinatorics of words is to find the short-
est subword distinguishing two given words(i.e. to find a word of minimum
length that is a subword of one of the words,but not of the other).Another
natural question is to determine a longest common subword of two given
words.Using the results of the previous section we will give an algorithmic
solution and state and solve some more general problems.We first give the
basic definitions of this section.

Definition 2.4.1. Let x and y be two words over the alphabet X with lengths
lz| = p and |y| = q.The i*" letter of x is denoted by x(i). The reverse of ©
is T = z(p)x(p—1)...2(1).A word is a subword of x if it is of the form
z = x(iy)x(ig) ... x(i,) where 1 < i3 < dg < -+ <4, < p. A word is a
common subword of x and y if it is a subword of both x and y.A word is
a reversed common subword of x and y if it is a common subword of x
and g (note that this definition is asymmetric).

A set C C {1,...,p} x{1,...,q} is a realized common subword of
x and y if it is of the following form: C = {(i1,j1), (i2,J2),- .- (ir,jr)},
i< <y g1 <ces < s @(i)ain) 2 (in) = y()y(d2) -y () = u(C).
We say that C realizes the common subword u(C);the latter is also called
the underlying common subword of C.|C| = |u(C)| is called the length of
C.The set of realized common subwords of length 1 s denoted by
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E(z,y) = {(4,5) : (i) = y(j)}. Aset R C {1,...,p} x{1,...,¢} is a
realized reversed common subword of x and y if it is of the follow-
Z’flg form: R = {(il,j1)7(i2,j2),...(’ir,jr)}, < - <, jl > e > ]7"
x(iy)x(iz) ... x(ir) = y(j1)y(Ja2) - . - y(Jr) =: w(R). We say that R realizes the
reversed common subword u(R).|R| = |a(R)| is the length of R.

A set C C {1,...,p} x{1,...,q} is a generalized common subword
of © and y if it is of the following form: C = {(i1,j1), (i2,72), - (ir,Jr)},
i < Sy i S s w(in)ain) -2 (dr) = y()y () - -y (i) = u(C)
(note that we defined C as a set,so for k # 1 iy, = i, implies ji # j;).u(C)
is called the underlying word of C. We say that C contains a word z if z
is a subword of u(C).|C| is called the length of C. A set R C {1,...,p} x
{1,...,q} is a generalized reversed common subword of x and y if it
is of the following form: R = {(i1,71), (i2,J2), - (ir, Jr)}, 11 < -+ < iy,
1= 2 g s ali)elia) . a(i) = yG0)y(a) - y(r) = a(R).IR] s called
the length of R.

Note that the sets of realized reversed common subwords and generalized (re-
versed) common subwords of length 1 are also all equal to E(x,y),therefore
all these objects can be considered as subsets of E(z,y).

Realized common subwords are closely related to the notion of the spec-
trum of words introduced by Milner(see [1]).While this connection is not
relevant to our current topic,we mention the following:

Remark. The k-spectrum of a word x is defined as the function sy that
associates with each word of length k its number of occurences in x.It is easy

to verify that for a word z of length k si,(z) = |[{C € C!(z,z) : u(C) = z}|.

The next obvious proposition means that to answer problems related to
common subwords it suffices to deal with realized subwords.

Proposition 2.4.2. Let x and y be two arbitrary words.I. A word z is a
common subword of x and y if and only if there exists a realized common
subword C such that u(C) = z.

II. A word z is a reversed common subword of x and y if and only if there
exists a realized reversed common subword R such that u(R) = z.

This also implies that a subword of x is a common subword if and only if
it is the underlying subword of a realized common subword;similarly for re-
versed subwords.The connection between the subword problem and bipartite
graphs in the plane can be established via the following construction:
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Definition 2.4.3. Let x and y be two words of lengths p and q,respectively.
The bipartite graph in the plane associoted with these words is defined as
G(z,y) = (A,B,E, fa, fo),where A = {A;,...,A,},B = {B1,...,B,},
Fa00) = A, £50i) = By E = {(As, By) : (i,j) € E(z,p) e (A, By) € B =
x(i) = y(j).For a subset X C E(z,y) let X :={(A;, B;) : (i,7) € X}

Our results are based on the following correspondences which can easily
be verified by referring to the definitions 2.3. and 2.5..

Proposition 2.4.4. Let x and y be two arbitrary words.

I. C is a realized common subword of x and y if and only if C is a non-
crossing matching in G(z,y).

II. C is a generalized common subword of x and y if and only if C is a
non-crossing edge set in G(x,y).

III. R is a realized reversed common subword of © and y if and only if R is
a crossing edge set in G(z,vy).

IV. R is a generalized reversed common subword of x and y if and only if
R is a weakly crossing edge set in G(x,7).

V. For any subset {A;,..., A, } CA (where iy < ...i.) x(iy)...z(iy) is a
subword of x and every subword of x is obtainable this way.

Thus we can apply our results from the previous sections.By 2.18. we have

Theorem 2.4.5. Let x and y be two arbitrary words. Then we can effectively
compute the following:

o A longest common subword of x and y.
e A longest generalized common subword of x and y.
o A shortest subword of x that is not a subword of y.

o A shortest subword of x that is not contained by a generalized common
subword.

It is proved in [19] that a shortest distinguishing subword can in fact be
found in linear time.This result is based on some deeper results on subwords
including the fact that if two words have the same subwords of length m they
can be merged into a word also having the same subwords of length m.Our
algorithm,however,is very elementary,as the following remark shows.
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Remark. A shortest subword of x that is not a subword of y and a longest
common subword of x and y and can both be found by finding the the short-
est directed S — T path and the longest directed path,respectively,in the fol-
lowing acyclic digraph:D¢ ) = (V,E),where V- = {(i,7) : z(i) = y(j)},

E={(6.0). (D) € VXV i< kj<i¥<l<lak) #al)},

S=A{0,7) e V)" <j:x(i) #y()}, BR={(0,5) € V[ V)" > ] (i) #y()}
and T = {(i,j) €V | Ik, 1) e R:i < k,j>1}.

From the poset-related results in 3.5. we also get

Theorem 2.4.6. Let x and y be two arbitrary words. Then we can effectively
compute the following(note that by considering y instead of y we can also
compute these for reversed subwords:

o A longest common subword of x and y.
e A longest generalized common subword of x and y.

o A partition of E(z,y) into a minimal number of realized
common subwords.

o A partition of E(z,y) into a minimal number of generalized common
subwords.

o [For every k : k disjoint realized common subwords of maximum overall
length.

o [For every k : k disjoint generalized common subwords of mazimum
overall length.

o A smallest subset of E(x,y) such that it intersects every realized com-
mon subword of maximum length.

o A smallest subset of E(x,y) such that it intersects every generalized
common subword of maximum length.

o A largest family of pairwise disjoint realized common subwords of
mazximum length.

o A largest family of pairwise disjoint generalized common subwords of
maximum length.
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Note that by 4.5. the longest (generalized) common subword can also be
found using the longest path-algorithm. We also note that finding the longest
common subword is equivalent to finding the longest common subseries of two
finite series(of lengths n and m ),which is a well-studied problem;an algorithm

of time O ( i > can be found at [14].

logn

The corresponding min-max theorems will also hold(we only give the
results on common subwords;the equalities for generalized common subwords
can be obtained similarly):

Theorem 2.4.7. Let x and y be two arbitrary words. The following equalitites
hold:

o The length of the longest common subword equals the minimum number
of generalized reversed common subwords needed to cover E(z,y).

o The minimum number of realized common subwords needed to cover
E(x,y) equals the length of the longest generalized reversed common
subwords.

o The maximum overall length of k pairwise disjoint realized common sub-
q
words equals min{gk+|E(x,y)—J Ri| : Ry, ..., R, are generalized reversed
i=1
common subwords}.
e The minimal cardinality of a subset of E(x,y) intersecting every realized

common subword of maximum length equals the size of the largest family
of pairwise disjoint realized common subwords.

In this framework theorems on bipartite graphs in the plane can be in-
terpreted as results on the subword problem.We conclude this section by
showing that in some sense we have a two-way connection.

Definition 2.4.8. We call a G = (A, B, E, fa, fg) bipartite graph in the
plane special if the bipartite graph (A,B,E) can be partitioned into complete
bipartite graphs.

Subword-related results can be interpreted as results on special graphs:

Proposition 2.4.9. Let G = A, B, E, fa, fg) be a bipartite graph in the
plane. Then G is special if and only if there exist two words x and y over
some alphabet X such that G = G(z,y).
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Proof. 1.1f G is special with components G, ..., Gy;let X := {aq,...;ax}.For
every 1 < i < |A| there exists an unique value of j for which A; belongs to
Gjilet (i) := G, For every 1 < i < |B| there exists an unique value of j for
which B; belongs to Gj:let y(i) := G;.It is easy to verify that G = G(z,y).

II. Let z and y be two words over the alphabet X = {ay,...;ax}.Then
the j* component of G(z,y) will be the one spanned by the vertex sets
{A; : 2(i) = a;} and {B; : y(i) = a;}. O

We show how this connection works on two examples:

According to the result from [19] cited earlier,given two words a shortest
distinguishing subword can be found in linear time.This means that for a
special graph we can find a minimal subset of a shore not coverable by a
non-crossing matching in linear time.

Also,it is well known(see for example [11]) that if two words of length n
over an alphabet X have the same subwords of length [2] then they
are equal(we can even restrict ourselves to subwords of the form a0’ where
a,b € X are two arbitrary letters).By comparing this result with the previous

proposition we get

Theorem 2.4.10. Let G = A, B, E, fa, [B) be a special bipartite graph in the
plane,|A| = |B| = n.If for every vertez set X of size | X| = [%1] such that
either X C A or X C B there exists a non-crossing matching covering X
then there also exists a non-crossing matching of size n(we can even restrict
ourselves to subsets of A or B of the following form:some vertices from a
single component of G followed by some vertices from another component).

Note that the previous theorem does not hold for arbitrary bipartite
graphs in the plane:let us consider the graph obtained by deleting the first
edge (i.e.(A1, By) ) from the complete bipartite graph K, ,;it is easy to see
that while every subset of A or B with cardinality n — 1 can be covered
by a non-crossing matching there does not exist a non-crossing matching of
cardinality n.

We conclude by returning to the topic of partial orderings on edge sets of
bipartite graphs in the plane and proving an interesting result not strictly
connected to the main topics of the paper.

2.5 Dual partial orderings

We have seen that the partial orderings we defined in 3.1. on the edges of
a bipartite graph in the plane have dual partial orderings in the following
sense:
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0 1

Definition 2.5.1. The partial orderings < and < are called dual partial
0
orderings if the following property holds: two elements are <-comparable if
1 0 1
and only if they are <-incomparable (or,equivalently,if C(<) = A(=<); note
0 1
that this implies A(<) = C(=)).
By comparing this definition with 3.4. we get

Proposition 2.5.2. Let G be a bipartite graph in the plane. Then

0 1
I.<g and <& are dual partial orderings.

1 0
I1.<4 and <& are dual partial orderings.

0 1
It is easy to observe that the partial orderings <4 and < coincide in the
following special case:

Proposition 2.5.3. If G is a matching in the plane (that is,it is a bipartite
0 1
graph in the plane where every vertex has degree 1),then <g==¢;in this case
0 1
let <g:=<g=<g.

Our aim is to show that if a partial ordering < has a dual partial ordering
then it must be of the form <=~ for some G matching in the plane.We
need some new notations and definitions:

Definition 2.5.4. We can view a partial ordering < on a set P as the edge
set of the directed graph D = (P, <),where (a,b) is a directed edge if and only
if a < b.Let G~ be the undirected graph obtained by making the edges of D
undirected (i.e.(a,b) is an edge if and only if a and b are <-comparable).An
undirected graph G s called a comparability graph if G = G~ for some
partial ordering <.

With this terminology the duality of partial orderings can be described
as follows:

Proposition 2.5.5. A partial ordering < has a dual partial ordering if and
only if the complementing graph of G+ is a comparability graph (where for a
graph G = (V, E) its complementing graph is defined as G = (V,V xV\ E)).

Note that since comparability graphs can be recognized in polynomial
time (see [7]),partial orderings with duals can also be recognized.We need
the following concept:

Definition 2.5.6. The dimension dim(<) of a partial ordering < is the

t
minimum number t of linear orderings <; (i = 1...t) such that [ <;=<.
i=1
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Consider the following simple construction:

Proposition 2.5.7. Let < be a partial ordering on the set P with dim(<) < 2.
Then there exists a matching in the plane G such that <=<.

Proof. If dim(<) < 2 then there exist two (not necessarily different) linear
orderings <; and <, such that <; N <y=<.Let us suppose that P =

{p1,p2, - 0}, 1 <1 P2 <1 -+ <1 pn-We define G on vertices A = {Aq,..., A},

B ={B,...,B,} withedges {e; = (4;, B;) : P; is the i"" element according to < }.
It is easy to verify that <==<. O

The following theorem gives a characterization of partial orderings with
dimension at most 2.A simple and elementary proof can be found at [3].

Theorem 2.5.8. (Dushnik-Miller)Let < be a partial ordering. Then dim(<) < 2
if and only if the complementing graph of G~ is a comparability graph(i.e. if
< has a dual partial ordering).

Comparing this with 5.2. and 5.7. we get

Corollary 2.5.9. Let < be a partial ordering. Then the following are equiv-
alent:

I1.< has a dual partial ordering.

I1.There exists a bipartite matching in the plane G such that <=<g.

0
II1.There exists a bipartite graph in the plane G such that <=<g.

1
IV.There exists a bipartite graph in the plane G such that <=<g.

Note that this result implies that for a bipartite graph in the plane
0
G there exist matchings in the plane G’ and G” such that <g==<¢g and

LG:<G~.These matchings can easily be constructed by separating each ver-
tex C' of G into deg(C') new vertices of degree 1 each,assigning the edges of
C' to the new vertices in the natural order to obtain G and in reverse order
to obtain G”.This construction also shows that throughout section 3 we can
restrict ourselves to matchings in the plane.
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