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Abstract.The most important static stochastic programming models, that can be
formulated in connection with a linear programming problem, where some of the
right-hand side values are random variables, are: the simple recourse model, the
probabilistic constrained model and the combination of the two. In this paper we
present algorithmic solution to the second and third models under the assumption
that the random variables have a discrete joint distribution. The solution method
uses the concept of a p-level efficient point (pLEP) intoduced by the first author
(1990) and works in such a way that first all pLEP’s are enumerated, then a cutting
plane method does the rest of the job.
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1 Introduction

Stochastic programming problems are formulated in such a way that we start from an un-
derlying problem or base problem, in which we observe that some of the parameters are
random variables; then, we reformulate the problem, by the use of some decision principle,
and obtain a stochastic programming formulation. Assume that the base problem is:

Min cTx
subject to
Ax=b (1)
Tx > ¢
x>0,

where A is an m x n, T is an 7 x n matrix, and ¢ = (£,....¢)T is a random vector.
Starting from problem (1), usually we formulate a recourse, or a probabilistic constrained
stochastic programming problem, or a problem which combines the two formulations. In the
present paper we look at the latter two problems under the assumption that ¢ has a discrete
distribution with a finite number of possible values, and propose algorithmic solutions for
them.

Let ¢, ..., g, be nonnegative constants and designate by T, ..., T, the rows of the matrix
T. Then, our stochastic programming problem is the following:

Min (CTX + Y wBlG - Tix]+)

subject to

Ax = b (2)
P(Tx>¢&) = p

x > 0

Y

where p is a given probability (0 < p < 1).
If F;(z) designates the probability distribution function of ¢;, ie., Fi(z) = P(& < z2),
z€R,i=1,..,r, then problem (2) can be written in the form (see, e.g., Prékopa (1990)):

T:x
Min (CTX +30 g (,ui —Tix+ | Fi(z)dz))

subject to

Ax = b (3)
P(Tx>¢) > p

x > 0

Let zj; < ... < zj; be the possible values of ¢;, j = 1,...,7. We supplement each set of
possible values by two further values, which are z;0 and z;;41 in case of {;, and assume that
they satisfy the following relations: zjo < zj1, zjr; < 2jx;+1. These values should be chosen
in such a way that if x satisfies Ax = b, x > 0, then it should also satisfy the inequalities

250 < zj < Zjki+1, J — ]-7 SRR
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The set Z = {(z1,5..,2r5,) | 0 < 3s < k;+1, i =1,...,r} clearly contains all possible
values of the random vector (. Due to stochastic dependency of the components of ¢, some
elements of Z may have 0 probability, but for notational convinience we take Z as the set
of possible values of £. Let F'(z) designate the probability distribution function of ¢, i.e.,
F(z)=P(<z),zcR"

A point z € Z is called a p-level efficient point (pLEP) of the probability distribution of ¢,
if F'(z) > p and thereis noy € Z satisfying y < z, y # z, F(y) > p. Let £ = {zV, ..., 2z}
be the set of all pLEP’s.

If we choose ¢; = ... = ¢, = 0 in problem (3), then an equivalent form of the problem is
the following:

MincTx (4a)
subject to
Ax=b (4b)
x>0, (4c)
Tx >z, for at least one i € {1,...,N}. (4d)

In the general case we intruduce the notations:

2§
Cij = —qizij —|— q; / Fi(z)dz, j = 0, ,kl —|— 1; ’I, = 1, e Ty (5)
250
and apply the A-representation for the piecewise linear convex functions
zij
fz(yz) = —qy; + ql/Fl(z)dzv Zio < Yi < Ziki+1, @ = ]-7 sy T (6)
250
This means that for each ¢ = 1, ..., we have:

k;+1
filyi) = Min Y fi(zi) i (7)
7=0
subject to
k;+1

Zzij)\ij = Y
J=0
k;+1
DAy =1
J=0
Aij > 0, 37=0,..k+1

Using these and the pLEP’s, problem (3) can be written in the form (the constant term
i1 @ipe; 18 left out from the objective function):

r k41
Min (CTX + Z Z Cij)\ij) (8&)

=1 7=0
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subject to
Ax=Db (8b)
k;+1
TiX — Zzij)\ij =0 (86)
7=0
k;+1
doA=1 (8d)
7=0
x>0 (8e¢)
)\ij ZO,jZO,...,ki—I-l; ’I::l,...,r (8f)
Tx >z for at least one ¢ € {1,..., N}. (89)

We present algorithmic solutions to problems (4), and (8). To this end, we have to study
the set £ from two points of view: how to enumerate them algorithmically and what are
their geometric properties.

2 Algorithmic Enumeration of the p-Level Efficient Points

The algorithm is presented in a recursive form. When we enumerate the pLEP’s in R",
we assume that an enumeration technique in IR is available for functions which are not
necessarily probability distribution functions in the sense that the sum of all probabilities
we are dealing with may be smaller than 1. Thus, it is convenient to define the function
F(z,..., %), the pLEP’s of which are to be determined, right at the outset in a somewhat
more general manner.

We assume that to each element w in Z = Z; x ... X Z, a probability p, is assigned such
that > ,cz pu < 1, and then define

F(z) =) pu, z€R" (9)
ucz
u<z
For the function (9) the set € of all pLEP’s can similarly be defined as we have done it for
the probability distribution functions in Section 1. In the present case, however, the set &
may be empty for some p values. In case of r = 1, the pLEP is that element h of Z;, which
satisfies

h = argmin{l | F'(zy) > p}, (10)

provided that such an h exists. In the general case the steps of the algorithm are as presented
below. We assume that F(z1 g 41, ey Zrkept1) = P
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Step 0. Initialize & «+ 0. Go to Step 1.

Step 1. Let
21,5 = argmin{y | F(y7 29, ka+1s +ees Zr,kﬁ—l) > P}
22,40 = argmin{y | F(Zl,jlvyv 23,k3+15 -9 Zr,kr-l-l) Z p}
Zrj. = argmin{y | F(ZLJ'U ---7zr—17jT—17y) > p}'
Go to Step 2.

Step 2. Let & « {#j,,.... 25 }. Go to Step 3.

Step 3. Let k — k+ 1. If 55+ k > k; 4+ 1, then go to Step 5. If j; + & < k; + 1, then go
to Step 4.

Step 4. Enumerate all pLEP’s of the function F(z; j,11,y) of the variable y € R"™", and
eliminate those which dominate at least one element in £ (y dominates z, if y > z,
and y # z). If H is the set of the remaining pLEP’s, which may be empty, then let
E — EUH. Go to Step 3.

Step 5. Stop, & is the set of all pLEP’s of the function F(z), z € Z.

Example 1. Let 2, = Z, = {0,1,2,3,4,5,6,7,8,9}, p;r =0.019,if 0 <¢ <4, 0<h <
5,0or h =8,9;p;p, =0.038,1f 0 <4 <4, h=6; pjp =0,if 0 <32 <4, h=7T; pjp = 0.001 if
5<:<9, 0<h <9, and p=10.6.

In Step 1 we determine

o
|

argmin{y | F(y,9) > 0.6}
= argmin{y | F(3,y) > 0.6}.

o
|

OO0OO0O0O0O0O0O0OO0OO0OO0
OO0OO0O0O0O0OO0OO0O0
OO0OO0O0O0O0OO0OO0O0
OO0OO0OO0OO@O0OO0OO0
OO0OO0O0O0O0OO0OO0O0
OO0OO0O0O0O0OO0OO0O0
OO0OO0O0O0O0OO0OO0O0
OO0OO0O0O0O0OO0OO0O0
OO0OO0O0O0O0OO0OO0O0
OO0OO0OOCO@O0OO0OO0O0

@)
@)
@)
@)
@)
@)
@)
@)
@)

Figure 1: The lattice points are assigned to the set of integers {(¢,h) | 0 <4, h < 9}. The
corresponding probabilities are those mentioned in Example 1 of Section 2. The marked
points are the 0.6-level efficient points.
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Thus, (214,,224,) = (3,6), and at the end of Step 2 we have k=0, £ = {(3,6)}.
In Step 3 we take k = 1, and go to Step 4, where we obtain H = {(4,6)
eliminate (4,6), and define £ = {(3,6)}.
Then we go to Step 3 but H will be empty for k = 2,3,4,5. In case of £ = 6 we obtain
H ={(9,5)}, and the procedure terminates. The set of all pLEP’s is £ = {(3,6),(9,5)} (see
Figure 1).

. Then we

3 Properties of the p-Level Efficient Points

First we remark that the notion of a pLEP can be defined for arbitrary probability distri-
butions. In addition to discrete distributions with finite supports we will discuss discrete
distributions, where the support is the set Z,_ of all lattice points of the nonnegative orthant
of R" or a subset of it.

A theorem of Vizvéri (1977, Thm 4.5, p.28) asserts that any subset H of Z’ which has
the property that if x,y € H, x # y, and neither x < y nor y < x holds, is necessarily
finite. This implies that for any 0 < p < 1, and for any probability distribution with support
in Z'_the set of all pLEP’s is finite. The question that what are the sets that may be pLEP
sets 1s answered by the following theorem.

Theorem 1 Let H be any nonempty subset of o ( or X', ) such that if x,y € H, x #y,
then neither x <y nor'y < x holds. Then, for any 0 < p < 1 there exists a probability
distribution with support Z ( or &' ), the set of all pLEP’s of which is H.

Proof. Let N be the number of elements of H. If N = 1 then the probability p is assigned
to the single point x of H and the probability 1 — p is assigned to another point z of Z ( or
Z" ) satisfying x # z, x < z. Assume that N > 2. At first let us suppose that % <p<Ll
Then

p
TN =P

Let z € Z (or z € Z".) be a point in IR" that satisfies z < x, for every x € ‘H. We define
the probability distribution by assigning probability p — ¢ to z, and probability ¢ to each
element of H. Assume that 0 < p < . Let z € Z ( or z € Z",) be a point in R" that
satisfies z > x, for every x € H. Then we define the probability distribution by assigning
probability 1 — Np to z, and probability p to each element of H.

O

Definition 1 A set {29, i = 1,..., N} is said to be a discrete convez set if 29 & riconv{z®, i =
1,..N}, j=1,..N.

In most cases we have encountered so far the pLEP sets turned out to be convex.
Below we present three examples to show that the set of pLEP’s can be nonconvex, even
in case of some well-known discrete probability distributions.
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Example 1. Let » = 2 and define the birariate probability distribution on Zi as follows

L L >0, k>0 (11)
ik = - , 2 U, =~ U.
PE= G D) +2) (k+ Dk +2)
The probability distribution function of this distribution is F'(z1, z2) = F(z1)F(22) if 21, 22
are nonegative integers, where F'(z) = 25, z € Z.

pLEP’s (i, k) Probability levels F(i, k)
(99,10) 0.9

(32,13) 0.9004329
(27,14) 0.9

(24,15) 0.9

(22,16) 0.9002557545
(21,17) 0.9015151515
(19,18) 0.9

(18,19) 0.9

(17,21) 0.9015151515
(16,22) 0.9002557545
(15,24) 0.9

(14,27) 0.9

(13,32) 0.9004329
(10,99) 0.9

Table 1: The set of 0.9-level efficients points and the corresponding probabilities in case of
the discrete distribution given by (11).

Let p = 0.9. The set of pLEP’s together with the corresponding probability distribution
function values are presented in Table 1. The set £ is nonconvex, because the points (21, 17),
and (17,21) are interior points of the convex hull of the pLEP’s. By symmetry it is enough
to show it for one of these points. It can easily be checked that (21,17) = A1(22,16) +
A2(19,18) + A3(10,99) where

153 71 1

A:— = — = —.
179957 727 9957 72T 995

Example 2. Bivariate geometric distribution. Let again » = 2, and define the
bivariate probability distribution as follows:

pir = (1 — q)2qi+k, i, k> 0. (12)

Thus, each marginal distribution is geometric, with probabilities (1 — q)p’, i = 0,1, ....
If we choose ¢ = 0.95, and p = 0.9, then there are 27 pLEP’s. We present them, together
with the corresponding probability levels (values of the probability distribution function), in
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Table 2. The set € is nonconvex, because the points (55,60) and (60,55) are interior points
of the convex hull of £. By symmetry it is enough to show it for one of these points. We
can easily check that (55,60) = A;(54,61) + A2(56,58) + A3(143,44), where

Car20 1224 7

PT39617 7P 39617 70T 3961
pLEP’s (i, k) Probability levels F(i, k)
(44,143) 0.9000016434
(45,99) 0.9001705286
(46,87) 0.9002818328
(47,80) 0.9003904620
(48,75) 0.9003710351
(49,71) 0.9000762339
(50,69) 0.9013348881
(51,66) 0.9006190340
(52,64) 0.9007330886
(53,62) 0.9003042365
(54,61) 0.9013589450
(55,60) 0.9021475573
(56,58) 0.9003777116
(57,57) 0.9005120454
(58,56)
(60,55)
(61,54)
(62,53)
(64,52)
(66,51)
(69,50) F(k,é) = F(i, k)
(71,49)
(75,48)
(80,47)
(87,46)
(99,45)
(143,443)

Table 2: The set of 0.9-level efficient points and the corresponding probabilities, in case of
the discrete distribution given by (12).

Example 3. Bivariate Poisson distribution. Let » = 2, and define

X\ Ak
Pik = e e
7!

e ik 2 0. (13)
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Each marginal distribution i1s a Poisson distribution, with parameter A.

For the case of A = 100, and p = 0.01 the set of pLEP’s, and the corresponding probability
distribution function values are tabulated in Table 3. The points (84,91), (91, 84) are interior
points of the convex hull of £. In fact, the point (84,91) is in the interior of the triangle
determined by the points (83,92), (85,89), (133,70). The assertion for (91,84) follows by

symmetry.

pLEP’s (i, k) Probability levels F(i, k)
(70,133) 0.01000114075
(75,107) 0.01030997036
(79,102) 0.01055318148
(80,98) 0.01012056273
(81,96) 0.01071687362
(82,04) 0.01088975998
(83,92) 0.01059854598
(84,91) 0.01144575315
(85,89) 0.01035405859
(86,88) 0.01066081614
(87,87) 0.01076508548
(88,86)

(89,85)

(91,84)

(92,83)

(94,82)

(96.81) F(k,é) = F(i, k)
(98,80)

(102,79)

(107,75)

(133,70)

Table 3: The set of 0.01-level efficient points and the corresponding probabilities, in case
of the discrete distribution given by (13).

In all three examples there exist continuous, and logconcave probability distribution func-
tions such that at the nonnegative lattice points the discrete and the continunous distribution
functions coincide. Note that if F'(z) is a logconcave probability distribution function, then
it is also quasi-concave, and thus, the set {z | F|(z) > p} is convex for any 0 < p < 1. For
facts concerning logconcavity see Prékopa (1995).

In example 1 the continuous distribution function is:

Z1 z9

21+ 1z +1

G(z1,22) = (14)
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In example 2 the continuous distribution function is:
G(Z1,Zz) — (1 _ 6—0.0513z1)(1 _ 6—0.0513@)‘ (15)

Finally, in example 3 the continuous distribution function is (see Prékopa (1995)):

1

r(z1+1)6_mdx { 1“(5211)6_”?/ (16)

G(Zl, Zz) =

oo
z*le " %dx fyzQE_ydy

A

e , z1 2 -1, zg > —1.
rFle—%dx fyzQE—ydy

0

L

The logconcavity of the function (14) is trivial. Note that the probability density function

of G(z) = ;% is not logconcave, but logconvex.
The function (15) is also trivially logconcave. The probability density function of the
exponential distribution function (1 — e=**)" = Xe=** is both logconcave, and logconvex: it

1s loglinear.

For the logconcavity of the function (16) see Prékopa (1995). There is no information
about the logconcavity of the probability density function

oo
fﬂ:ze—’”dm
d _ d A
EG(Z) N E}o z xd
e %dx
0 oo oo
fﬂ:z Inze—*dzx fﬂ:zlnme_’”dm
= G(Z) 2 S -9 S
fﬂ:ze—’”dm fﬂ:ze—’”dm
A A

We know, however, that the elements of the Poisson distribution: p; = i‘.—!ie_)‘, 1 =10,1,2,...
form a logconcave sequence.

Thus, in all of the three examples the bivariate p-quantile, defined by,

{(21,22) | G(21,22) = p}

1s a convex curve and
{(z1,22) | G(21, 22) = p}

1s a convex set. This suggests that if there exists a continous and logconcave probability
distribution function that coincides with the discrete probability distribution function at the
lattice points, then the set of pLEP’s may not be far away from convexity.
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4 Cutting Plane Method for the Solution of Relaxations
of Problems (4) and (8)

First we consider problem (4). A relaxation of it is obtained by replacing the constraints

Tx > T2
Ei]\; pi =1 (17)

for the constraint (4d). If in (17) we introduce surplus variables to make the first constraint
equality and use (17) in that form, then the relaxation of problem (4) is the following:

Minc”x (18a)
subject to
Ax=b (18b)
N .
Tx—u—> z9u;=0 (18¢)
=1
N
dopi=1 (18d)
=1
x>0, u>0, >0, (18¢)

where y = (ji1, ..., pv)T. The matrix of the problem is presented in Figure 2.

Al O 0

Figure 2: The matrix of the equality constraints in problem (18a-d).
Clearly, we have the relation:
{x|Ax=b;x>0;F e {l,..,N},Tx >z} C {(x| (x,u,p) is feasible in (18a-e)} (19)

which shows that problem (18a-e) is in fact a relaxation of problem (4).
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We enumerate the pLEP’s and then solve problem (18a-d) by a cutting plane method.
We omit the constraints (18c-d), and subsequently generate cuts towards the constraints
(17).

Let X be a relative interior point of conv{z®, i = 1,.... N}. We can take, e.g.,

Lo~ )
Z:N;Z.

Since the set of pLEP’s can be concentrated on an affine manifold with dimension smaller
than r, first we look at the system of linear equations (for the components of w):

wl(z® —z) =0, i=1,..,N. (20)
If wy,...,wy is a maximum number of linearly independent solutions of (20), then we append
the contraints

wi(Tx—u) =0, I=1,..,k (21)

to the constraint Ax = b, and keep them together throughout the procedure. For the sake
of simplicity of the discussion, right at the outset we assume that the constraint Ax = b
already contains the constraints (21).

To create a cutting plane in the kth iteration, we formulate the auxiliary problem

Min eT,u, =
subject to
SN (D -2, = TxF—ub -3 (22)
p >0,
where e = (1,1,...,1)T (x*, u*) is the current optimal solution, and g = (p, ..., ) is the

)
decision vector. If problem (18a-d) has a feasible solution, then so does problem (22).
If « < 1, then we terminate the procedure. The current optimal solution (x*,u*) is an
optimal solution to problem (18a-d). If a > 1, then we proceed in the following way.
Let z) —Z, ..., 20"~%) —Z be an optimal basis to problem (22). Then, find a w # 0 such
that

(23)
wl(zli) —z()) = 0, j=2,...,r—h.

The r — 1 equations (23) determine w up to a constant factor. Assume that w is determined
in such a way that

wl(Tx* —u* —-37) < 0. (24)
Then, define w*t! = w, and the cut:

(W) T(Tx —u—2) > 0. (25)
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The algorithm that we designate by Al can be summerized as follows.

Algorithm A1l
STEP 1. Enumerate all pLEP’s. Initialize k& < 0, and go to STEP 2.
STEP 2. Solve the following LP:

Min cTx
subject to
Ax=b (26)
(W) (Tx—u—-%) >0, i=1,...,k
x>0, u>0.

If k = 0, then ignore the constraints involving the cuts. Let (x*, u*) be an optimal solution
to problem (26).

STEP 3. Solve the LP (22). If @ < 1, then STOP, the current (x*,u") is an optimal
solution to problem (18a-d). If & > 1, then go to STEP 4.

STEP 4. Create the cut (25), set k — k + 1, and go to STEP 2.

If the set of pLEP’s is a convex discrete set, then all cuts generate facets of the convex
polytope in the affine manifold given by

{Xhi(wi —z)p; | éﬁi = 1} .

=1

Since the number of facets is finite, it follows that Algorithm A1l terminates in a finite number
of steps, and provides us with an optimal solution.

The execution of the above cutting plane method can be done in a similar fashion as we
do 1t 1n case of Gomory’s method for the solution of the integer variable linear programming
problem. This means that each time a new cut is created, a surplus variable is assigned
to it (#n4% in case of the kth cut) with nonnegativity and integrality restrictions and then,
the problem is reoptimized by the use of the (lexicographic) dual method. In addition, once
a variable z,; becomes basic at a later iteration, then we delete z,.; together with its
constraint from the problem.

The above remark also shows that Algorithm Al can be combined with Gomory’s algo-
rithm to solve problem (18a-d) with the additional restriction that all components of x and
u be integers. In this case we are dealing with cuts of the type (25) as well as Gomory cuts.
Each time a Gomory cut is created, we reoptimize a problem of the type (18a-d).

Now we turn our attention to problem (8). The relaxation, after the introduction of the
surplus vector u, takes the form:
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Min (CTX + 22:1 E‘I;’:-El Cij)\ij) (27&)
subject to

Ax b (27b)
Tix - S i =0 (27¢)
E?’:Bl Aij =1 (27d)
Tx —u -, 20 =0 (27e)
E;'vﬂ Hj =1 (271)
x>0, X; >0, 7=0,...,k+1Li=1..,1u>0,4>0 (27g)
The matrix of the equality constraints is illustrated in Figure 3.
A 0 0 0
—2Z10 — 21,k +1
T 0 0
—Zr0 _Zr,kT+1
1 1
0 0 0
1 1
T 0 —I|z®.. .z
0 0 0 1

Figure 3: The matrix of the equality constraints in problem (27a-f).

Algorithm A1 solves problem (27a-f), too. If we compare Figures 2 and 3, we see that

replacing the matrix

A 0
—2Z10 — 21,k 41
T
—Zr0 _Zr,kT+1
1 1
0
1 1

taken from Figure 3, for the matrix A in Figure 2, we obtain the matrix of the equality
constraints of problem (27a-g). Thus, a code which is suitable to solve problem (18a-¢), also



PAGE 14 RRR 10-96

solves problem (27a-f) (Of course, the objective function coefficients and the right-hand side
values need replacement as well). However, problem (27a-f) can be solved more efliciently
if its special structure is exploited in full details. The dual type method of Prékopa (1990)
and the improved dual type method of Findler, Prékopa and Fabian (1995) offer promising
possibilities in this respect.

5 An Exact Solution of Problem (8)

The method is outlined in Prékopa (1990), and is based on the dual method presented in that
paper. That dual method solves any problem of the type (8a-¢), i.e., problem (8) without
the restriction that Tx should dominate at least one pLEP.

Problem (8) is nonlinear. If, however, constraint (8g) is replaced by the single constraint
that Tx > 2 for a given 7, then the problem becomes an LP. We may append the new
constraint to the constraint Ax = b, but there is a more practical way to take it into account
which decreases (rather than increases) the size of the problem: we simply ignore all elements
in z € Z for which z # z). This means that we delete all terms from (8a), (8c-d) and all
inequalities from (8e) which correspond to deleted elements of Z. The obtained problem is
of the type (8a-e) and can be solved by the dual method. This is because {z € Z |z > z(}
1s a rectangular set, 1.e., the Cartesian product of sets in R, as is Z itself.

If we subdivide the set

L_J {z |z > z(i)} (28)

into a finite number of disjoint rectangular sets, then, in view of the above remark, we can
solve problem (8a-f) by the application of the dual method as many times as the number
of the subdividing sets. In fact, each application of the dual method produces an optimal
solution and an optimum value. That optimal solution which corresponds to the smallest
optimum value, is the optimal solution of problem (8a-f). Note that a nondisjoint subdivision
of the set (28) is inefficient because in that case Tx is allowed to visit parts of the set (28)
more than once.

In view of the above remarks, we mainly have to be concerned with the subdivision of the
set (28) and below we present a method to do it.

Method to subdivide the set (28) into pairwise disjoint rectangular sets.

In connection with a set C' C R" we will use the notation:

z+C =C+z ={z+y|yeC}.

Let Hy,..., Hy be arbitrary subsets of R". Then, the following formula holds true:

M
HiU..UHy = HU (U (H:nHyn .. mﬁi_l)) : (29)

=2



RRR 10-96 PAGE 15

where Hy, H;NHy N ...NH;_y, i = 2,..., M are pairwise disjoint sets.
Let us define the sets

Co(z) = {y e R" |y > z}

Cz(z) = {y ceR’ | Y < Zi}7 @ = ]-7 ey T (30)

If we apply formula (29) for the case M =r, H; = Ci(z), ¢ = 1,...,r, then we obtain

U Ci(z) = Ci(z) U (O (Ci(z) NCi(z)N...N Ci_l(z))) . (31)

The sets

o T 3

are paiwise disjoint, and rectangular, i.e., each of them is the Cartesian product of one-
dimensional intervals. We remark that

U Ci(z) = U D;(z) = Cy(2). (33)
Now, we use formula (29) for M = N, and H; = Co(x?), i = 1,..., N. We obtain

6 Co(z) = Co(zM) U (6 (Co(z) N Co(z) ... Co(z(i—l)))) : (34)

=2

Taking into account (31)-(34), we derive our final formula:

GCO(Z@)) = Co(zM) U (6 (Co(z(i)) ﬂﬁ (L"J Dl(z(j)))) . (35)

Formula (35) suggests the following algorithm to subdivide the set (28).

Algorithm A2

STEP 0. Initialize i — 1, k — 1, F{") = Cy(zM).
STEP 1. If the current sets are FY, ..., F}, then form the sets Fj(i)ﬂCh(z(i)), j=1,..,k h=
0,...,7. Let [ be the number of nonempty sets among them.
STEP 2. Seti — i+ 1, k « I. If i = N, then STOP, Fy = F™)_ .. F, = F\™ are the
subdividing rectangular sets. Otherwise go to STEP 1.

Having created the above subdivision, problems (4) and (8) can be solved in such a way
that we replace the constraint

Tx >z for at least one 7 € {1,..., N}
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by the constraint
Tx € F}, for at least one h € {1, ..., k}. (36)

For each h we solve the LP (4a-c), Tx € Fj,, or (8a-e), Tx € Fj, and take that optimal
solution which produces the smallest objective function value. This will be the optimal
solution to problem (4) or (8).

If we solve problem (8a-e), Tx € Fj, then we ignore those z;;, A;; in the problem, for
which z;; ¢ Fj,. In other words, the set Z is now defined as the intersection of the Z, defined
in the Introduction, with the set F}. For each h = 1, ..., k the problem can be solved by the

dual type method of Prékopa (1990), or the improved dual type method of Fiedler, Prékopa
and Fabian (1995).

6 Numerical Example

The following numerical example is based on the paper by Prékopa and Boros (1991) about
transportation network reliability calculation. The problem presented in this section is a
transportation network capacity design problem, where the network reliability (i.e., the prob-
ability of the existence of a feasible flow=1 - loss of load Probability) is prescribed to be at
least p = 0.9975.

Let (N, A) designate the network, where N is the set of nodes and A is the set of arcs.
Our capacity design problem is of the following type:

Min {EieN T+ Yijea Cijyij}
subject to
XV < g, < xM (37)

1 2

Y}y) < ¥i; < Yi§~")
P(a feasible flow exists) > p,

where z;, y;; are node and arc capacities, respectively, for which lower and upper bounds are
prescribed. The ¢;, ¢;; constants represent capacity unit prices.

We take Example 3 of the paper by Prékopa and Boros as a basis to formulate the design
problem.

The random event that a feasible flow exists can be formulated in terms of ”cuts” which
are presented in Table VII of that paper. Each cut is an inequality involving random de-
mand values. The first, second and seventh cuts (cut 15, cut 11,12 and cut 1,2) represent
inequalities that hold if and only if the random variables involved assume their largest pos-
sible values. Recall that the system reliability is prescribed to be at least p = 0.9975. This
implies that these three cut inequalities can be separated from the others and can be handled
as determinitic constraints in the problem. The other ten cut inequalities should hold by
probability p.

We enumerated the set of all pLEP’s and then formulated and solved the problem of the
type (18a-¢).
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The original problem

Minimize

1+ T2+ 23+ T4+ 5 + e+ X7 + g + L9 + 10 + 11 + 12+ 13+ g + Ty
Fy12+ Y23+ Ysat+Yss+yYsizs+ Yas tYse+Yss+ Ys 13+ Ys,14 + Yo7+ Y8
+Y710 T Ys,0 + ¥s11 + Yo,10 + Yo,11 + ¥o,15 + Y1011 + Y11,12 + Y13,14 + Y1415
Subject to

cut 15:

T15 + Yo,15 + Y1415 >= 4400

cut 11,12:

11 + 12 + Ys11 + Yo,11 + Y1011 >= 5399

cut 1,2:

T+ Z3 + Y23 >= 3945

Bounds

0 <=2 <= 3125

0 <=z, <= 3030

0 <= z3 <= 3020

0 <= x4 <= 3200

0 <=x5 <= 3770

0 <= ze <= 2500

0 <= 2z7 <= 3800

0 <= zg <= 3900

0 <=z <= 3415

0 <= 210 <= 1500

0 <= z11 <= 2880

0 <= 212 <= 1525

0 <= 213 <= 2800

0 <= 214 <= 3500

0 <= 215 <= 2500
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The 10 x 37 matrix T.

2000 <= 1., <= 3000
1500 <= y5 6 <= 2250
1500 <= g5 5 <= 2250
1800 <= yz 4 <= 2700
1800 <= yz 5 <= 2700
1800 <= y315 <= 2700
1800 <= yq5 <= 2700
2000 <= y55 <= 3000
1800 <= y515 <= 2700
1450 <= y514 <= 2175
2000 <= yo.7 <= 3000
2000 <= yrs <= 3000
1200 <= y7,10 <= 1800
3000 <= ysp <= 4500
1500 <= yg11 <= 2250
1225 <= yg19 <= 1835
1500 <= go.11 <= 2250
1500 <= go15 <= 2250
2450 <= Y10,11 <= 3675
1675 <= Y11,12 <= 2500
1200 <= Y13,14 <= 1800
2000 <= Y1415 <= 3000

RRR 10-96

0000000001110000000000000001011100000
0000001111110010000000100100000000001
0011100000001110100001100000000010000
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1111100000001000000001101000000000010
1111100000001100000001100000000000001
1111100000001110000001100000000010000
1111111111111000000000001000000010010
1111111111111110000000000000000000000
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The set of reduced pLEP’s. (400 xreduced pLEP = pLEP.)

79
33
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28

10
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92

66
96
96
96
96
96
96
96
96
96
96
61
61
61
61
61
61
61
61
61
61
61
61
61
61
61
61
61
61
61
61
65
65
66
66
66
66

103
93
93
93
93
93
98
98
98
98
98
88
88
88
88
88
88
88
88
93
93
93
93
93
93
98
98
98

103

103

103
88
88
88
88
88
88

71
61
61
66
66
71
61
61
61
66
66
96
96
96
96
61
61
61
61
96
96
96
61
61
61
96
96
96
96
57
57
66
66
96
96
96
61

67
61
61
96
61
66
96
96
61
96
61
61
61
61
66
96
96
61
61
96
61
61
96
96
96
96
57
57
96
96
96
61
61
61
61
61
96

73
67
67
67
67
62
67
67
67
67
72
67
67
72
67
62
67
62
72
67
62
67
62
67
67
72
62
62
72
62
62
67
67
67
67
67
62

83
73
73
78
73
83
78
78
73
73
78
78
78
78
78
73
73
73
68
73
73
73
73
68
73
83
73
73
78
73
73
68
78
73
73
78
73

103
88
93
93
88
98
93

103
88
93
93
93
98
93
93
88
88
88
93
88
88
88
88
88
83
98
88
93
93
88
93
93
83
88
93
88
88

115
110
105
105
105
115
110
105
105
105
100
110
105
105
105
105
100
100
105
105
105
100
100
100
105
100
110
105
100
110
105
110
105
110
105
105
100

PAGE 19
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28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
33
33
33
33
33
33
33
33
33
33
33
33
33
33
33
33
33
33
33
33

92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92
92

66
66
66
66
66
66
66
66
66
66
66
66
66
66
66
66
66
66
66
66
66
66
96
96
96
96
96
96
96
96
96
96
61
61
61
61
61
61
61
61
61
61

88
89
93
93
93
93
94
98
98
98
98
98
98
98
98
98
98
98
98
98
98
98
83
83
83
83
88
88
88
88
88
93
83
83
83
83
83
84
88
88
88
88

61
61
96
96
96
61
61
96
96
96
61
61
61
61
61
61
61
61
61
66
66
66
96
61
61
61
96
96
61
61
61
96
96
96
96
61
61
96
96
96
96
96

61
61
96
96
96
96
96
96
66
67
61
61
61
61
61
61
62
62
66
96
96
96
61
96
61
61
96
96
51
96
96
51
96
96
96
96
96
61
51
96
96
60

67
67
62
67
67
62
62
67
72
62
67
67
72
72
72
73
62
62
67
62
62
72
67
62
67
67
62
62
62
57
62
62
62
67
67
62
67
67
62
57
62
57

68
73
73
78
79
68
78
73
68
78
78
79
73
74
78
73
68
73
73
68
73
78
78
73
68
78
68
68
73
73
68
73
73
68
78
68
73
73
68
68
68
73

88
83
88
93
88
88
83
88
93
93
93
83
93
83
88
83
88
83
93
88
83
93
93
88
88
83
83
88
83
88
83
88
88
88
83
83
88
83
83
88
83
83

105
105
105
100
100
105
100
100
105
100
95

100
95

100
95

100
100
100
95

100
100
95

105
100
100
105
100
95

100
100
95

100
100
100
105
100
95

100
100
100
95

105
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The set of pLEP’s.

79
13200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200

10
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800

26400
22400
22400
22400
22400
22400
22400
22400
22400
22400
22400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400
26000
26000
26400
26400
26400
26400
26400
26400

41200
37200
37200
37200
37200
37200
39200
39200
39200
39200
39200
35200
35200
35200
35200
35200
35200
35200
35200
37200
37200
37200
37200
37200
37200
39200
39200
39200
41200
41200
41200
35200
35200
35200
35200
35200
35200
35200
35600

28400
24400
24400
26400
26400
28400
24400
24400
24400
26400
26400
22400
22400
22400
22400
24400
24400
24400
24400
22400
22400
22400
24400
24400
24400
22400
22400
22400
22400
22800
22800
26400
26400
22400
22400
22400
24400
24400
24400

26800
24400
24400
22400
24400
26400
22400
22400
24400
22400
24400
24400
24400
24400
26400
22400
22400
24400
24400
22400
24400
24400
22400
22400
22400
22400
22800
22800
22400
22400
22400
24400
24400
24400
24400
24400
22400
24400
24400

29200
26800
26800
26800
26800
24800
26800
26800
26800
26800
28800
26800
26800
28800
26800
24800
26800
24800
28800
26800
24800
26800
24800
26800
26800
28800
24800
24800
28800
24800
24800
26800
26800
26800
26800
26800
24800
26800
26800

33200
29200
29200
31200
29200
33200
31200
31200
29200
29200
31200
31200
31200
31200
31200
29200
29200
29200
27200
29200
29200
29200
29200
27200
29200
33200
29200
29200
31200
29200
29200
27200
31200
29200
29200
31200
29200
27200
29200

41200
35200
37200
37200
35200
39200
37200
41200
35200
37200
37200
37200
39200
37200
37200
35200
35200
35200
37200
35200
35200
35200
35200
35200
33200
39200
35200
37200
37200
35200
37200
37200
33200
35200
37200
35200
35200
35200
33200
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46000
44000
42000
42000
42000
46000
44000
42000
42000
42000
40000
44000
42000
42000
42000
42000
40000
40000
42000
42000
42000
40000
40000
40000
42000
40000
44000
42000
40000
44000
42000
44000
42000
44000
42000
42000
40000
42000
42000
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11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
11200
13200
13200
13200
13200
13200
13200
13200
13200
13200
13200
13200
13200
13200
13200
13200
13200
13200
13200
13200
13200

20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800
20800

26400
26400
26400
26400
26400
26400
26400
26400
26400
26400
26400
26400
26400
26400
26400
26400
26400
26400
26400
26400
22400
22400
22400
22400
22400
22400
22400
22400
22400
22400
24400
24400
24400
24400
24400
24400
24400
24400
24400
24400

37200
37200
37200
37200
37600
39200
39200
39200
39200
39200
39200
39200
39200
39200
39200
39200
39200
39200
39200
39200
33200
33200
33200
33200
35200
35200
35200
35200
35200
37200
33200
33200
33200
33200
33200
33600
35200
35200
35200
35200

22400
22400
22400
24400
24400
22400
22400
22400
24400
24400
24400
24400
24400
24400
24400
24400
24400
26400
26400
26400
22400
24400
24400
24400
22400
22400
24400
24400
24400
22400
22400
22400
22400
24400
24400
22400
22400
22400
22400
22400

22400
22400
22400
22400
22400
22400
26400
26800
24400
24400
24400
24400
24400
24400
24800
24800
26400
22400
22400
22400
24400
22400
24400
24400
22400
22400
20400
22400
22400
20400
22400
22400
22400
22400
22400
24400
20400
22400
22400
24000

24800
26800
26800
24800
24800
26800
28800
24800
26800
26800
28800
28800
28800
29200
24800
24800
26800
24800
24800
28800
26800
24800
26800
26800
24800
24800
24800
22800
24800
24800
24800
26800
26800
24800
26800
26800
24800
22800
24800
22800

29200
31200
31600
27200
31200
29200
27200
31200
31200
31600
29200
29600
31200
29200
27200
29200
29200
27200
29200
31200
31200
29200
27200
31200
27200
27200
29200
29200
27200
29200
29200
27200
31200
27200
29200
29200
27200
27200
27200
29200

35200
37200
35200
35200
33200
35200
37200
37200
37200
33200
37200
33200
35200
33200
35200
33200
37200
35200
33200
37200
37200
35200
35200
33200
33200
35200
33200
35200
33200
35200
35200
35200
33200
33200
35200
33200
33200
35200
33200
33200
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42000
40000
40000
42000
42000
40000
42000
40000
38000
40000
38000
40000
38000
40000
40000
40000
38000
40000
40000
38000
42000
40000
40000
42000
40000
38000
40000
40000
38000
40000
40000
40000
42000
40000
38000
40000
40000
40000
38000
42000
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The problem of the type (18a-e).

Minimize

(14 22+ @3+ 24 + x5 + 26 + 7 + s + Tg + T10 + T11 + T12 + T13 + T14 + 15

Fy12+ Y23+ Ysat+yYss+ysiat+ Yas+ Yset+ Yss+ Ys13+ Ys14a+ Yo7+ Y8

+y710+ Yso + Ys1 + Yo.10 + Yo.11 + Yo,15 + Y1011 + Y1112 + Y1314 + Y14,15)

Subject to

cut 15 :

T15 + Yo,15 + Y1415 >= 4400

cut 11,12 :

11 + 12 + Y811 + Yo,11 + Y1011 >= 9395

cut 1,2 :

Ty + Ty + Y23 >= 3945

constraint 1 :

Tie + T17 + 18 + T19 + Too + T21 + Tas + T2z + Tog + Tas + L2g + Xav + T2g + XTag + T3g
+x31 + 32 + ®33 + T34 + T35 + L3 + 37 + XT38 + T3g + Tao + Ta1 + Tao + Ta3 + Taq + Xgs5
+x46 + Ta7 + T4s + T49 + T50 + X51 + T52 + X3 + Trg + 55 + Tse + 57 + Tsg + Tso + Teo
+xg1 + Tez + Te3 + Tea + Tes + Xgg + Ler + Xgs + Teg + Tro + X7y + Tro + Xz + Trg + Xvs
+x7g + X7r + ®rg + Xrg + Tgo + g1 + Tgo + Xs3z + Tgq + Tes + Tee + L7 + Tes + Lo + oo
+Zo1 + Toa + Loz + Tos + Tos + Tog + Tor + Tog + Tog + T100 + 101 + T1i02 + T1io3 + T104a = 1
constraint 2 :

10 + T11 + 12 + Y710 + Ys,11 + Yo,00 + Yo,11

—14040z1¢ — 11200217 — 14040215 — 14040z — 14040z 40

—14040z9; — 14040295 — 14040245 — 140402494 — 14040245

—14040z9¢ — 11200x57 — 11200225 — 11200z — 11200z 30

—11200z3; — 11200235 — 112002353 — 11200x354 — 11200235

—11200z3¢ — 1120037 — 11200235 — 11200z39 — 11200z 40

—11200z4; — 11200245 — 11200245 — 11200x44 — 11200245

—11200z4¢ — 1120047 — 11200245 — 11200249 — 11200x50

—11200z5; — 11200255 — 11200255 — 11200x54 — 11200255

—11200z5¢ — 11200x57 — 11200255 — 11200z59 — 11200x40

—11200zg; — 11200262 — 11200263 — 11200z64 — 11200265

—11200zg¢ — 11200zs7 — 11200265 — 11200z — 11200x7¢

—11200z7; — 11200273 — 11200275 — 11200274 — 11200275

—11200z7¢ — 11200x77 — 11200275 — 11200z79 — 11200x50

—11200z5; — 11200252 — 11200253 — 11200z84 — 13200255

—1320028¢ — 13200287 — 132002xg8 — 13200259 — 13200x9¢

—1320029; — 13200295 — 13200293 — 13200294 — 13200z95

—1320029¢ — 13200297 — 13200298 — 13200299 — 13200100

—132002101 — 132002102 — 132002193 — 13200x194 = 0
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constraint 3 :

L7+ €y + g + X109 + 11 + 12 + T15 + Y58 + Ye,7 + Y14,15
—28520x1¢ — 28520z17 — 2080015 — 28520x19 — 28520z 40
—28520x491 — 28520199 — 28520293 — 28520294 — 28520295
—28520x9¢ — 20800z97 — 20800z — 20800x99 — 20800230
—20800x3; — 20800x3, — 20800x33 — 20800x34 — 20800235
—20800x3¢ — 20800z37 — 20800x35 — 20800x39 — 20800249
—20800x4; — 20800z42 — 20800x43 — 20800x44 — 20800245
—20800x46 — 20800247 — 20800248 — 2080049 — 20800x50
—20800x5; — 20800z55 — 20800x53 — 20800x54 — 20800255
—20800x56 — 20800z57 — 20800585 — 20800x59 — 20800x60
—20800xg; — 20800z62 — 20800xg3 — 20800x64 — 20800z¢5
—20800xg6 — 20800z67 — 2080065 — 20800xg9 — 2080027
—20800x71 — 20800x79 — 20800x73 — 20800x74 — 20800z 75
—20800x7¢ — 20800z77 — 20800x7s — 20800x79 — 20800250
—20800xg; — 2080052 — 20800xg3 — 20800xg4 — 20800z55
—20800xgs — 20800zg7 — 20800xgs — 20800xg9 — 20800290
—20800x9; — 20800z92 — 20800x93 — 20800x94 — 20800295
—20800x9¢ — 20800297 — 2080095 — 20800x99 — 208002109
—20800x101 — 208002192 — 20800x103 — 208002104 = 0
constraint 4 :

T3+ T4+ @5 + 13+ L14 + T1s + Y23 T Ys6 + Yss + Yo,15
—28540x16 — 28540217 — 28540215 — 26400219 — 28540x 40
—28540x491 — 28540199 — 28540293 — 28540294 — 28540295
—28540z9¢ — 22400297 — 2240045 — 22400z — 22400z 30
—22400z3; — 22400235 — 22400z35 — 22400x354 — 22400235
—22400z 35 — 24400237 — 24400z35 — 24400x39 — 24400z 49
—24400z4; — 24400245 — 24400z 43 — 24400244 — 24400245
—24400z 46 — 24400247 — 24400245 — 24400z 49 — 24400x50
—24400z5; — 24400255 — 24400x55 — 2440025, — 24400255
—24400x5¢ — 26000z57 — 26000585 — 26400x59 — 26400260
—26400xg; — 2640062 — 26400xg3 — 26400x64 — 26400265
—26400xg5 — 26400267 — 26400288 — 26400269 — 26400270
—26400x71 — 2640079 — 26400273 — 26400274 — 26400275
—26400x76 — 2640077 — 26400275 — 26400279 — 26400250
—26400xg; — 2640025y — 26400253 — 26400254 — 2240025
—22400z8s — 22400257 — 22400z — 22400z59 — 22400z 90
—22400z9; — 22400295 — 22400x9s — 22400x94 — 24400295
—24400z9s — 24400297 — 24400z95 — 24400x99 — 244002100
—24400z101 — 244002105 — 24400z103 — 244002104 = 0
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constraint b :

T3+ T4+ &5 + g+ 7+ g+ Xg + X190 + 11 + T12 + 13+ X1a + 15 + Yo2.3
—41200z16 — 41200217 — 41200215 — 41200219 — 3320024
—41200z9; — 41200295 — 41200245 — 41200254 — 41200245
—4120029¢ — 37200297 — 3720098 — 37200299 — 37200230
—3720023; — 39200235 — 39200233 — 39200234 — 39200235
—3920023¢ — 35200237 — 35200x38 — 35200239 — 35200249
—3520024; — 35200245 — 35200243 — 35200x44 — 37200245
—3720024¢ — 37200247 — 37200248 — 37200249 — 37200250
—39200x5; — 39200255 — 39200255 — 41200254 — 41200255
—41200256 — 35200257 — 3520058 — 35200259 — 35200260
—35200261 — 35200262 — 35200263 — 35600z, — 37200265
—3720026¢ — 37200267 — 37200z — 37600259 — 39200279
—3920027; — 39200279 — 39200275 — 39200274 — 39200275
—3920027¢ — 3920077 — 39200z7¢s — 39200279 — 39200250
—3920028; — 3920028, — 39200253 — 39200z, — 33200285
—3320028¢ — 33200xg7 — 33200z — 35200289 — 35200299
—3520029; — 35200295 — 35200295 — 37200294 — 33200295
—3320029¢ — 33200297 — 33200298 — 3320099 — 336002100
—352002101 — 352002199 — 352002193 — 352002104 = 0
constraint 6 :

1+ T2+ @3+ 13+ T1a+ 15 + Y34 T Y35+ Ys13 + Y514 + Yo.15
—3050021¢ — 30500217 — 30500218 — 30500219 — 30500240
—22400249; — 30500295 — 30500245 — 30500294 — 30500245
—30500z9¢ — 24400297 — 24400z — 26400x99 — 2640023
—28400z3; — 24400235 — 24400z35 — 24400x34 — 26400235
—26400z35 — 22400237 — 22400z35 — 22400x39 — 22400249
—24400x 41 — 24400245 — 24400245 — 2440044 — 22400245
—22400z 46 — 22400247 — 24400z 45 — 24400z 49 — 2440025,
—22400z51; — 22400255 — 22400255 — 22400254 — 22800255
—22800z55 — 26400z57 — 26400z55 — 22400x59 — 22400240
—22400zg; — 24400265 — 24400265 — 24400z64 — 22400265
—22400zgs — 22400267 — 24400z — 24400xg9 — 2240027
—22400z7, — 22400279 — 24400275 — 24400x74 — 24400275
—24400z7¢ — 24400277 — 24400z — 24400x79 — 2440025
—24400zg; — 26400255 — 26400255 — 2640054 — 22400255
—24400zgs — 24400257 — 24400z55 — 22400x59 — 2240024
—24400z9; — 24400295 — 24400295 — 2240094 — 22400295
—22400z9s — 22400297 — 24400x95 — 24400x99 — 224002109
—22400z101 — 224002102 — 22400z103 — 224002194 = 0
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constraint 7 :

1+ To+ T3+ T4+ 25+ 213+ Ys6+ Yss + Ys14 + Y1314
—28170x16 — 28170217 — 28170215 — 28170219 — 28170x 90
—28170x91 — 20400299 — 28170293 — 28170294 — 28170295
—28170x9¢ — 24400297 — 24400245 — 22400z59 — 24400z 30
—26400z3; — 22400235 — 22400x35 — 24400x354 — 22400235
—24400z 35 — 24400237 — 24400235 — 24400z39 — 26400z 49
—22400z 41 — 22400245 — 24400z 45 — 24400x44 — 22400245
—24400z 46 — 24400247 — 22400245 — 22400z 49 — 22400x50
—22400x5; — 22800259 — 22800253 — 22400254 — 22400255
—22400z55 — 24400257 — 24400255 — 24400z59 — 24400z 40
—24400zg; — 22400262 — 24400z63 — 24400z64 — 22400265
—22400zgs — 22400267 — 22400z — 22400x69 — 22400z ¢
—26400x71 — 26800279 — 24400273 — 24400274 — 24400275
—24400x7¢ — 24400277 — 24400275 — 24800279 — 24800250
—26400z5; — 2240025, — 22400z55 — 22400x54 — 24400255
—22400zgs — 24400257 — 24400z — 22400z59 — 22400z 90
—20400x9; — 22400295 — 22400293 — 20400294 — 2240095
—22400z9s — 22400297 — 22400z95 — 22400x99 — 244002100
—20400x101 — 224002195 — 224002195 — 240002104 = 0
constraint 8 :

X1+ ®2+ @3+ X4+ 5 + 13+ T14 + Y56 + Ys,8 T Y14,15
—30695x16 — 30695217 — 30695215 — 30695219 — 30695240
—30695x91 — 30695299 — 22800x93 — 30695x94 — 306952495
—30695x96 — 26800z97 — 2680095 — 26800x99 — 26800230
—24800x3; — 26800xz3, — 26800x33 — 26800x34 — 26800z 35
—28800x35 — 26800z37 — 2680035 — 2880039 — 26800249
—24800x4; — 26800z40 — 24800z 43 — 28800x44 — 26800245
—24800x4¢ — 26800z47 — 2480048 — 2680049 — 26800250
—28800x5; — 24800x55 — 24800x53 — 28800x54 — 24800z 55
—24800x56 — 26800z57 — 26800585 — 26800x59 — 26800260
—26800xg; — 24800z62 — 26800xg3 — 26800x64 — 24800z¢5
—26800xgs — 26800z67 — 24800z — 24800xg9 — 2680027
—28800x71 — 24800x79 — 26800x73 — 26800x74 — 28800z75
—28800x7¢ — 28800z77 — 292007 — 24800x79 — 24800250
—26800xg; — 248005, — 24800xg3 — 28800xg4 — 26800z55
—24800xgs — 26800zg7 — 26800xgs — 24800xg9 — 24800290
—24800x9; — 22800299 — 24800293 — 24800294 — 2480095
—26800x9s — 2680097 — 2480095 — 26800x99 — 268002109
—24800x101 — 22800z199 — 24800x103 — 228002104 = 0
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constraint 9 :

r1t+xst+ a3+ 24+ T5+ T3+ T1a+ T15 T Yse+ Yss T Yo,15
—3320021¢ — 33200217 — 33200215 — 33200219 — 33200z
—33200291 — 33200295 — 33200293 — 27200294 — 3320095
—3320029¢ — 29200297 — 29200298 — 31200249 — 2920030
—3320023; — 31200235 — 31200233 — 29200234 — 2920035
—31200z3¢ — 31200x37 — 31200235 — 31200z39 — 31200z 49
—29200z41 — 29200242 — 29200245 — 27200244 — 29200245
—2920024¢ — 29200247 — 29200248 — 27200249 — 292005
—33200x5; — 29200255 — 29200253 — 31200254 — 2920055
—29200x5¢6 — 27200257 — 312002z58 — 2920059 — 2920040
—31200zg; — 29200262 — 27200265 — 29200z64 — 29200265
—312002¢¢ — 31600267 — 27200268 — 31200269 — 2920027
—2720027; — 31200275 — 31200273 — 31600274 — 2920075
—2960027¢ — 31200277 — 29200275 — 27200279 — 29200z
—29200z5; — 27200zg2 — 29200253 — 31200z84 — 31200255
—29200z8s — 27200xs7 — 312002z — 27200z59 — 2720090
—29200z9; — 29200z9; — 27200295 — 29200z94 — 29200295
—2720029¢ — 31200297 — 27200298 — 29200299 — 29200100
—272002101 — 272002102 — 272002193 — 292002194 = 0
constraint 10 :

i+ T2+ @3+ s+ T+ Lo+ X7+ Tg+ Lo+ 1o+ L11 + L1z + L1z + Y514 + Yo,15 + Y13,14
—44690z1¢ — 44690x17 — 44690215 — 44690z — 44690z 49
—44690251 — 44690x99 — 44690295 — 44690294 — 332002495
—44690256 — 35200x97 — 37200298 — 37200299 — 3520023
—39200231 — 37200x35 — 41200235 — 35200234 — 37200235
—37200236 — 37200x37 — 39200238 — 37200239 — 37200249
—35200241 — 35200z 49 — 35200243 — 37200244 — 35200245
—35200246 — 35200z 47 — 35200248 — 35200249 — 3320025
—39200251 — 35200x59 — 37200255 — 37200254 — 35200255
—37200256 — 37200x57 — 33200258 — 35200259 — 3720026
—352002¢1 — 35200xg9 — 35200263 — 33200264 — 35200265
—37200266 — 35200xg7 — 35200268 — 33200269 — 3520027
—37200271 — 37200x79 — 37200275 — 33200274 — 37200275
—33200276 — 35200x77 — 33200278 — 35200279 — 332002
—37200281 — 35200xgs — 33200283 — 37200284 — 37200245
—35200286 — 35200xg7 — 33200288 — 33200289 — 35200299
—33200291 — 35200x95 — 33200293 — 35200294 — 35200295
—35200296 — 33200x97 — 33200295 — 35200299 — 332002190
—332002101 — 352002102 — 332002193 — 33200x194 = 0
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constraint 11 :

r1+ xs+ a3+ T4+ 5+ s+ X7+ g+ 9+ Lo+ T11 + 12+ 13+ Tra F T15
—46000x1¢ — 46000217 — 460002z, — 46000z — 46000240

—46000x9; — 460002495 — 46000295 — 46000x54 — 46000245

—38000x9¢ — 44000297 — 42000248 — 42000x99 — 42000230

—4600023; — 44000235 — 42000233 — 42000234 — 42000235

—40000235 — 44000237 — 42000235 — 42000239 — 42000249

—42000x4; — 40000245 — 40000243 — 42000x44 — 42000245

—42000x4¢ — 40000247 — 40000248 — 400002z 49 — 42000250

—40000x5; — 44000255 — 42000255 — 40000x54 — 44000255

—42000z55 — 44000x57 — 42000255 — 44000z59 — 42000z 40

—420002¢; — 40000262 — 42000263 — 42000264 — 4200045

—40000xg¢ — 40000267 — 42000265 — 42000xg9 — 4000027

—42000x7; — 40000275 — 38000275 — 40000x74 — 38000275

—40000x7¢ — 38000277 — 4000075 — 40000x79 — 40000250

—38000xg; — 4000028, — 40000255 — 38000xg4 — 42000255

—40000xgs — 40000287 — 42000z — 40000zg9 — 38000290

—40000xg9; — 40000295 — 38000295 — 40000x94 — 40000295

—40000x9¢ — 42000297 — 40000298 — 38000x99 — 400002199

—40000x10; — 400002192 — 380002103 — 420002194 = 0

constraint 12 :

T10 + T11 + T12 + Y710 + Ys,11 + Yo,10 + Yo,11 <= 14040

constraint 13 :

7+ g + Lo+ T10 + T11 + T12 + T15 + Yss + Yo7 + Y1415 <= 28520
constraint 14 :

T3+ Ty + s + iz + T1g + T1s + Y23 + Ys6 + Ys,s + Yo15 <= 28540
constraint 15 :

T3+ 24 + 25+ Te + Ty + Ty + To + T10 + T11 + 12 + T3 + T1a + T1s + Y23 <= 41200
constraint 16 :

T1+ 2o+ T3+ T3+ Tia + s +Ysa+ Yss + Y513 + Ys14 + Yo,15 <= 30500
constraint 17 :

1+ T2+ T3+ s+ T + Tis + Ys e + Yss + Y514 + Y1314 <= 28170
constraint 18 :

T1+ 2o+ 23+ 2y + 5+ T3+ Taa + Yse T Y58 + Y115 <= 30695
constraint 19 :

T+ 2o+ T3+ 2y + 5+ T3+ Tia + Tis + Yse + Yss + Yo15 <= 33200
constraint 20 :

i+ T2+ @3+ s+ T+ Lo+ X7+ Tg+ Lo+ 1o+ L11 + L1z + L1z + Y514 + Yo,15 + Y13,14
<= 44690

constraint 21 :

T1+xs+ 23+ s+ 5+ 26+ 27+ s+ o+ T10+ T11 + 12 + T3 + T14 + 215 <= 46000
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Bounds

0 <=z, <=3125

0 <=z, <= 3030

0 <= x5 <= 3020

0 <= x4 <= 3200

0 <=x5 <= 3770

0 <=z <= 2500

0 <= 27 <= 3800

0 <= 2zg <= 3900

0 <= xq <= 3415

0 <= 210 <= 1500

0 <= 211 <= 2880

0 <= z12 <= 1525

0 <= 213 <= 2800

0 <= 214 <= 3500

0 <= z15 <= 2500

2000 <= y1,, <= 3000
1500 <= g2 3 <= 2250
1800 <= y34 <= 2700
1800 <= y35 <= 2700
1800 <= w313 <= 2700
1800 <= y45 <= 2700
1500 <= y5 6 <= 2250
2000 <= y5,8 <= 3000
1800 <= y5.13 <= 2700
1450 <= y514 <= 2175
2000 <= ye,r <= 3000
2000 <= yr g <= 3000
1200 <= y710 <= 1800
3000 <= yg,9 <= 4500
1500 <= yg11 <= 2250
1225 <= yg10 <= 1835
1500 <= yo,11 <= 2250
1500 <= yo15 <= 2250
2450 <= Y10,11 <= 3675
1675 <= Y11,12 <= 2500
1200 <= Y13,14 <= 1800
2000 <= Y1415 <= 3000

2; >=0, j=16,.., 104
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The optimal solution of the problem.

Solution value = 78273.333333

The dimension of x is 126.

X =

1683.33
3415.00
1500.00
1450.00
1500.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.15
0.00
0.00
0.06

3030.00
1500.00
1800.00
2000.00
2450.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

3020.00
2880.00
1800.00
2000.00
1675.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

3200.00
1525.00
1800.00
1200.00
1200.00
0.00
0.00
0.00
0.00
0.00
0.30
0.00
0.00
0.00
0.00
0.00

3770.00
2800.00
1800.00
3000.00
2000.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Tx is NOT DOMINATED by any pLEP.
The dimension of Tx is 10.

Tx =

2500.00
3500.00
1500.00
1500.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

3800.00
2500.00
2000.00
1225.00
0.00
0.00
0.00
0.00
0.35
0.00
0.00
0.00
0.00
0.00
0.00

450.00
2000.00
1800.00
1500.00

0.00
0.00
0.00
0.14
0.00
0.00
0.00
0.00
0.00
0.00
0.00

RRR 10-96

11330.00 22070.00 25290.00 36360.00 24883.33 23653.33 26503.33 28503.33

37723.33  39573.33



RRR 10-96 PAGE 31

References

1]

2]
3]

Fiedler, O., A. Prékopa, and Cs. F4bian (1995). "On a Dual Method for a Specially
Structured Linear Programming Problem”, RUTCOR Research Report, 25-95.

Prékopa, A. (1995). "Stochastic Programming”, Kluwer Scientific Publishers, Boston.

Prékopa, A. (1990). "Dual Method for the Solution of a One-Stage Stochastic Pro-
gramming Problem with Random RHS Obeying a Discrete Probability Distribution”,
ZOR-Methods and Models of Operations Research, 34, 441-461.

Prékopa, A., and E. Boros (1991). ”On the Existence of a Feasible Flow in a Stochastic
Transportation Network”, Operations Research 39, 119-129.

Prékopa, A., and W. Li (1995). ”Solution of and Bounding in a Linearly Constrained Op-
timization Problem with Convex, Polyhedral Objective Function”, Mathematical Pro-
grammang 70, 1-16.

Rockafellar, R.T. (1972). "Convex Analysis”, Princeton University Press, Princeton,
N.J.

Sen, S. (1992). "Relaxations for the Probabilistically Constrained Programs with Dis-
crete Random Variables”, Operations Research Letters 11, 81-86.

Vizvari, B. (1987). ”Beitrage zum Frobenius Problem”, Dr. Sc. Nat. Dissertation, Tech-
nische Hochschule ”Carl Schorlemmer”, Leuna-Merseburg, Germany.



