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Introduction

Several investigations has recently been made concerning Poisson and composed Poisson
stochastic processes. The ordinary Poisson process is conceivable as a sequence of points,
distributed at random on the time axis and this idea can be generalized to more than one-
dimensional spaces. The latter case occurs in making a blood-count, in counting stars,
etc. In [8], [4], [6] and [15] conditions are given ensuring the Poisson character of the
distribution of the number of points in a set A of the one, resp. at least one-dimensional
Euclidean space. In [8], [14], [1] and [13] similar problems are considered for the one-
dimensional Euclidean space and the main purpose is to prove that under some conditions
the random variables &, — &, (t1 < t2) have composed Poisson distributions.

We say that a random variable £ has a composed Poisson distribution if its characteristic
function f(u) can be written in the form

o
(1) flu) =exp ) Cp(e™* —1),
k=1
where C1, (s, ... are non-negative constants,
[e.e]
Z Ch < o0
k=1
and A1, Ag,... is a sequence of real numbers. It is easy to see that if the set \g = O,

A1, Ag, ... forms a semi-group with respect to addition, and if P, = P (§ = ), k =

0,1,2,..., then
o0
 P=1
k=0



This statement follows from (1), if we take into account that £ can be written (or £ can
be represented in another probability space) as

(2) £=> Mk,
k=1

where &1, &3, ... are mutually independent random variables, having Poisson distributions
with the parameters C7,Co, .. ..

In [3] the problem of random point distribution in an abstract space is considered and
in [12] the notion of a stochastic set function, and especially the notion of a composed
Poisson stochastic set function are introduced.

In the present paper I give the conditions ensuring the Poisson and composed Poisson
character of stochastic set functions or, in other words, of an abstract process, and prove
some theorems concerning their structure.

Let H be an abstract space and R a ring of sets' consisting of some subsets of H. Let
us suppose that to every element A of R there corresponds a random variable £(A) for
which the following conditions hold:

1. If Ay, As, ... is a sequence of pairwise disjoint sets of R, then the random variables
€(A1),£(Ag),. .. are independent.

IL If A= Y02, Ay € R, then P(£(A) = Y32, 6(Ap) = L.

A random variable-valued set function £(A), satisfying conditions I-1I is called a com-
pletely additive stochastic set function. For the sake of brevity we often say only that
conditions I-1I are satisfied.

II1. The random variables £(A), A € R, can only assume the values of a countable set
of real numbers A\g = 0, A1, Aq,...; this set is independent of the special choice of A

and with respect to conditions I-11 we suppose that it is an additive semi-group.

If for the stochastic set function {(A), satisfying conditions I-1I, a certain additional
condition is fulfilled, for instance, if for every sequence By, Bo, ... of pairwise disjoint sets

of $R the series -
> &(Br)
k=1

converges with probability 1, then £(A) can be extended to G(R) (see [12], Theorem 3.2)2.
By the extension of the latter we mean a construction of a stochastic set function £*(A)

LA class of sets MR is called a ring of sets if A+ B € R, A— B € R, whenever A € R, B € .
2A ring G is called a o-ring if for every sequence Ai, Aa, ... of & we have

i A € 6.
k=1

If R is a ring, then G(R) denotes the smallest o-ring containing K. If A € R, then AR is the ring
containing those sets B for which B € R, B C A.



defined on the elements of G(R) that satisfies on &(R) conditions I-1I, and has the
following property:
P (A)=¢A) =1, if Aef.
We shall suppose that in conditions I-1II R is a o-ring.

In some theorems we shall use the following conditions:

IV. There is a positive number p such that |\g| > p, k=1,2,....

V. There is a sequence of divisions 3, = {Ag"), Ag"), . ,A](;Z)} such that the (n + 1)-st
division is a subdivision of the n-th one, and if hy € H, ha € H, hy # ho, then there
is an N for which hy € AZ(N), ho € AE»N), where i % 7.

In section 1 some definitions and lemmas are formulated.

In section 2 conditions are given under which the random variables £(A) have composed
Poisson distributions. In section 3 some structural theorems are proved concerning a
composed Poisson stochastic set function. In section 4 theorems are proved concerning
random point distributions.

1 Preliminary lemmas

DEFINITION 1 Let JR be a ring of sets and «(A) a real-valued set function on the
elements of R. If for every pair A;, Ay of disjoint sets of R (for every sequence Ay, Ag, . ..
of disjoint sets of R, for which

o0
A=A
k=1

is an element of R) the relation
(3) a(A) < a(Ar) + a(As) <a(A) < Za(Ak)>
k=1
holds, then the set function a(A) will be called subadditive (completely subadditive).
DEFINITION 2 A set function «(A) defined on fR is said to be of bounded variation if

there is a number K such that for every finite sequence Ay, As, ..., A, of pairwise disjoint
sets of R the relation

(4) > a4 < K
=1

holds. If A; C A € R, i =1,2,..., then the smallest K for which relation (4) holds will
be denoted by Var,(A).



The following two lemmas, the fist of which is almost trivial, are proved in [11]:

LEMMA 1 Let a(A) be a real-valued, non-negative, completely subadditive set function
of bounded variation defined on the elements of a ring of sets SR. Then the set function
Var,(A) is a bounded measure® on R.

LEMMA 2 Let a(A) be a real-valued, non-negative and subadditive set function, defined
on the elements of a ring of sets R. If there is a number C' such that a(A) < C, for A € R
and for every sequence By, Bo, ... of pairwise disjoint sets of R the condition

o
Z a(B;) < oo

=1
is fulfilled, then the set function a(A) is of bounded variation.
Though the following notions and theorems are special cases of known general notions

and theorems (see e.g. [2], Chapter 8), nevertheless, for the reader’s convenience we repeat
them separately.

DEFINITION 3 Let a(A) be a set function defined on the elements of a ring of sets .
We say that the total of the set function a(A) ezists in the set B € fR, if we can find a
number 3(B) such that for every ¢ > 0 there exists a division of the set B into pairwise
disjoint sets Ay, As, ..., A, of R for which

(5)

and also

(6)

> a(A) - B(B)| <e

> a(Ag) - B(B)| <=,

where 3 = {Aj, k=1,2,...,l;; i =1,2,...,7} is an arbitrary subdivision into pairwise
disjoint sets of the ring R of the division 3’ = {4;, i =1,2,...,7}.

The number [(B) will be called the total of a(A) on the set B and will be denoted in
the following manner:

B(B) = / a(dA).
B
It is easy to see that the total — if it exists — is always uniquely determined.

The following lemmas can be proved in a simple manner:

3A finite-valued, non-negative set function m(A), defined on a ring of sets MR, is called a measure if
for every sequence Bi, Ba,... of disjoint sets of R, for which B = } 77, B € R, the relation m(B) =
> re; m(By) holds and m(0) = 0.



LEMMA 3 If a(A) is a set function defined on the elements of a ring of sets R and
its totals on B1 € R and on By € R exist, where BBy = 0, then its total exists also on

Bi 4+ By and
/ a(dA) :/ a(dA)+/ a(dA).
B1+Bs B B>

LEMMA 4 If a1(A) and as(A) are two set functions defined on the elements of a ring
of sets R and the totals of both exist in B € R, then the total of a1(A)+ as(A) exists also
on B € R and

/ (a1 (dA) + az(dA)) = /
B

B

al(dA)+/ ag(dA).
B

LEMMA 5 If a(A) is a subadditive set function of bounded variation defined on the
elements of a ring of sets R, then the total of a(A) exists for every B € R and

/ a(dA) = Var,(B).
B

2 Composed Poisson stochastic set functions

In this section we shall give conditions under which a completely additive stochastic set
function will be of composed Poisson type. The method by which the theorems stated
below are proved, is based essentially on two facts ensured by our conditions: the set
function 1— Py(A) is of bounded variation and Var;_p, (A4) is a bounded, atomless measure
on fR. First we prove a general theorem, and in special cases we shall verify the fulfilment
of the conditions introduced here.

THEOREM 1 Let us suppose that the stochastic set function £(A), defined on the ele-
ments of the o-ring R, satisfying conditions 1, 11, II1. Suppose furthermore that the fol-
lowing conditions are fulfilled:

VI. Vari_p,(H) < cc.

VIL. If A € R and 1 — Py(A) > 0, then there exist such sets A1 € AR, Ay € AR,
A1Ay = 0, that 1 — P()(Al) >0,1— P()(AQ) > 0.

Under these conditions the logarithm of f(u, B) can be written for every B € R in the
form

(7) logf(u, B) = Ci(B)(e™" — 1),
k=1

where

(8) Ci(B) = /BPk(dA), k=12, ..

5



moreover

/ (1 - Py(dA))
B

exists also and

) [a-Raay =3 cum) <o
B k=1

The set functions (8) and (9) are bounded, atomless measures on the o-ring R.

PROOF. Let Dy, Do, ... be a sequence of pairwise disjoint sets of R and

[e.o]

Condition II implies that

It follows hence and from Condition VI that the conditions in Lemma 1 are fulfilled for
a(A) = 1—-Fy(A). Thus Var;_p,(A) is a bounded measure on R. The measure Var;_p,(A)
is also atomless. Let us suppose the contrary and denote by E € R an atom. Then there
exists a set D € FR such that 1 — Py(D) > 0. Clearly D is also an atom and thus for
every D' € DR we have either Vary_p,(D’) = Var;_p,(D) > 0 or Var;_p,(D") = 0.

According to Condition VII there exist such sets D1 € DR, Dy € DR, D1 Dy = 0, that

0<1-— Po(Dl) < Varl,po(Dl), 0<1-— Po(DQ) < Val‘lfpo(Dg).

Thus if D" = D, we must have Var;_p,(D1) = Vari_p,(D) > 0, but this is impossible
as Vari_p,(D2) > 0 and

Varl_pO(Dl) + VaI'l_pO (DQ) < Varl_po (D)

Using the intermediate value theorem of atomless completely additive set functions (cf.
[7], p. 51, Theorem 5.6.1), we can choose for every € a decomposition 3’ = {A1, A, ..., A}
of the set B into pairwise disjoint sets of R, where

(10) Var;_p,(Ag) <e, k=1,2,...,r.

Since



and for every A € R
11— f(u, A)] <2(1 = R(A)),

we find that if ¢ < i, then
r
(1) 7o, B)| = TT 1w 4] > o
k=1
Hence log f(u, B) exists. Taking into account the definition of f(u, B),

(12) flu,B) =) Pu(B)e™*",
k=0

we conclude that f(u, B) and by (11) also log f(u, B) are almost periodic functions.

Let Cy(B),C1(B),. .. denote the Fourier-coefficients of log f (u, B). Applying the Taylor
expansion of the function log z, we find that

T

(13) log f(u, B) = Y (f(u, Ag) = 1)

=1

< Z |fu, Ag) —1]* < 42(1 — Py(4i))?
i=1 i=1

T

<4 max (1 - Py(4;)) > (1 - PRy(A;)) < K max Vary_p,(4;) < Ke.

1<i<r ‘ 1<i<r
=1

Multiplying both sides of (13) by e~*+%/2T', integrating from —7 to T, and taking the
limit T — oo, we obtain

Ci(B) =Y Pu(A)| < Ke, if k=1,2,...,
i=1
(14)

Co(B) - i(PO(Az) - 1) S KE, if k=0.
i=1

It follows from (10) and (13) that (14) is true even if we replace the division 3’ =
{A1,As,..., A} by any of its subdivisions, whence

Ck(B):/ P.(d4), k=1,2,...,
(15) o
Co(B) :/B(Po(dA)—l).

Relations (10) and (13) imply also

log f(u,B) = / (f(u,dA) — 1)4,

B

4This means that this equality holds for the real and imaginary parts separately.



The almost periodic function f(u, B) — Cy(B) has non-negative Fourier coefficients.

Hence ([5], p. 64-65)
Z Ck(B < 00
k=1

Thus
f(u,B) ch Je k.

For v = 0 we obtain

—Co(B ch

whence

ZCk z)\ku o )

We have proved relations (7), (8) and (9) in Theorem 1. Now we shall prove the
remaining assertions relative to the set functions Cy(A) and Ci(A), k£ = 1,2,.... By
Lemma 5, Var;_p (A) = —CO(A), whence —Cj(A) is an atomless measure on R. Since,
for every A € R, Py(A) <1— Py(A), k=1,2,..., it follows that

(16) Cu(A) < —Co(4), Aemn

By Lemma 3 the set function C(A) is additive. It follows hence and from relation (16)
that Cy(A) is also completely additive on R. Relation (16) implies also that Cy(A) is an
atomless measure on R. Thus Theorem 1 is proved. ]

In the following theorem we replace Condition VI by another one, which is fulfilled in
all the interesting practical cases.

THEOREM 2 Let us suppose that for the stochastic set function £(A) conditions 1, 11,
III, IV and VII are fulfilled. Then all the assertions in Theorem 1 hold.

PROOF. We have only to show that Vari_p,(H) < oo. We shall carry out the proof
by using Lemma 2. The set function 1 — Py(A), A € R, is bounded, non-negative and
subadditive, since if A = Ay 4+ Ay, A1 € R, Az € R, A1 Az = 0, then the event {(A) # 0
implies that at least one of (A1) # 0, {(A2) # 0 holds. Let Bj, Bs,... be a sequence of
pairwise disjoint sets of . According to condition IT (R being a o-ring) the series

> &(Br)
k=1

converges with probability 1, whence, by the three series theorem of Kolmogorov (cf. [9],

§ 5)’
S (- Po(B) = 3. PUEBY)]| > p) < oc.

k=1 k=1

8



Thus all the conditions of Lemma 2 are fulfilled, and this completes the proof of The-
orem 2. ]

3 Structural properties of abstract composed Poisson
stochastic set functions

In this section we suppose the fulfilment of Conditions I, II, III, V, VI, VII®. Moreover,
we assume that for fixed w € Q° the number-valued set functions” &(w, A), A € R, are
completely additive set functions. Let vix(B), B € R, denote the number of points h € H
to which correspond discontinuities of magniture A;. We are going to prove some theorems
concerning the random variables v (B).

THEOREM 3 For every B € R the random variables vi(B), k = 1,2, ..., have Poisson
distributions with the expectations Cy(B), k =1,2,....

PROOF. As can be seen from the proof of Theorem 1, there exists a sequence of divisions
3, = A(n), A(n), e ,A(n) of the set B into pairwise disjoint sets of R such that
1 2 In
(17) Varl,pO(Al(n))gc/n, 1=1,2,....0,; n=1,2,...,

where ¢ = Var;_p,(B) and
ln

(13) I >R = [ Ada) = cue)
=1 B

We may suppose that at the same time 3,, has the property described in Condition V.
Let us define the random variables

. 1, if &A™y =\,
mww{. 8
07 if g(Al ) 7& )‘k

Let xx(u, Al(")) and 9 (u, B) denote the characteristic functions of ,uk(Al(")) and v (B),
respectively. Clearly

e, A) = 1+ (e — 1) PL(A™),
(19)

n—~oo

In
Ui(u, B) = lim [ xw(u, AM™).
=1

SWe observe that (as it is proved in Theorem 2) conditions I, II, IIT and IV imply the fulfilment of VI.
5Q) denotes the space of elementary events.
"These set functions will be called sample functions.



Taking into account (17) we get
=1

In
<3 e —1PPHAM) <

4¢?
n
=1

if n is large enough. It follows hence and from relations (18), (19) that g (u, B) =
exp(Ch(B)(e™ — 1)). .
THEOREM 4 For every B € R, the random variables v1(B),v2(B), ... are independent.

PrOOF.® We prove that for every fixed s the variables v1(B),vo(B),...,vs(B) are

independent. Let 3, = {Agn),A(Qn). ... ,A;Z)} be a sequence of divisions of the set B,
having the property described in Condition V and satisfying the relations

In
nlLIEOZPk(AE")) - /BPk(dA) = OW(B), k=1,2,...,s,
=1

(20)
Varl,pO(Al(n))gc/n, [=1,2,...,1y; n=12 ...,

where ¢ = Var;_p,(B).

Clearly

P(vi(B) = j1,v2(B) = jo, ..., vs(B) = js) = lim P

n—oo jlvj27"'7js

In In In
(21) = lim P <ZM1(A§")) =1 > (A = oy oo S (A :js>.
=1 =1 =1

n—oo

On the other hand, comparing the coefficients of

exp(i(jiur + joug + -+ - + jsus))

8The idea of this proof was proposed by A. Rényi.

10



it is easy to see that the multidimensional characteristic function of the distribution on
the right-hand side of (21) has the form

§ P(") ) ei(j1u1+j2u2+---+jsus)
J15J25-+450s
jlvav---vjs

ln
= H{Pl (Agn))ewl + PQ(AEn))QWQ + oo+ PS(Agn))ezuS
=1

+1= Pi(A) + 1= Py(Af”) + -+ 1 = Py(4]")}

ls
(22) = [[{1 + Pi(AM) (@™ — 1) + Po(A) (€2 — 1) 4 -+ Py(A) (™ — 1)},
=1

Taking into account (20) and (21), we obtain from (22)

> P(n(B) =ji, va(B) = ja,...,vs(B) = jo)e'Urmatizuatotisue)
J15925+-Js
— exp(CL(B)(€™ — 1)+ Co(B)(€™ — 1) + - + Cs(B)(e™ — 1)),

As exp(Ci(B)(e™—1)) is the characteristic function of vx(B) (k = 1,2,...), our theorem
is proved. O

Obviously, vi(B) is a completely additive stochastic set function on R, or, in other
terms, conditions I-II hold. We have seen that they side are of Poisson type. Finally we
prove

THEOREM b5 If By, Bs,... is an arbitrary sequence of sets of R, then the random vari-
ables v1(B1),v2(B2), . .. are independent and if B € R, then

(23) §B)=>_ Nwk(B),
k=1

where the sum of mutually independent random variables on the right-hand side converges
with probability 1 regardless of the order of summation.

PRrROOF. If the sets Bi, Ba,... are identical or disjoint, then v1(B1),v2(Bs2),... are in-
dependent. In the general case we consider the first s sets and form the disjoint sets
B;, ...B; B; ,,...B;,. The number of these sets is 2°. Since the random variables

s

vi(Bi, ... B, B, ... B;,) are independent, where k runs through the set of the positive
integers 1,2,...,s, and 41,12, ...,%. proceeds through all the combinations of r elements
of 1,2,...,s, and furthermore the variables v;(B1),v2(Ba),...,vs(Bs) can be represented
as sums of disjoint sets of the variables mentioned above, our first assertion holds.

The convergence of the series in (23) is a consequence of formula (7), since

YAk, B) = exp(Ci(B)(e™" — 1))

11



is the characteristic function of the random variable Agvy(B); moreover, the infinite prod-
uct

f(u, B) = [ ] ¢r(Asu, B)

k=1

converges absolutely and is also a characteristic function (see for instance [4]. p. 115,
Theorem 2.7). O

REMARK Since the expectation of vix(B) is equal to Ci(B), relation (9) implies that
the sample functions have finite numbers of discontinuities with probability 1.

4 Application to random point distributions and the Pois-
son stochastic set function

In this section we specialize the set {\r}. We suppose that {\x} is identical with the set
of the non-negative integers and thus the situation can be described as follows: we throw
a finite number of points at random on the set H so that the numbers of random points
in disjoint sets belonging to PR are independent. If £(A), A € R, denotes the number of
points in the set A, then conditions I-IV naturally hold. Thus we obtain

THEOREM 6 If for the set function £(A), A € R, defined by a random point distribution
Condition VII holds, then for every B € ‘R

(24) log f(u, B) ch (™" —1),
where the set functions Cy(B) have all the properties described in Theorem 1.

PrOOF. Our statement immediately follows from Theorem 2. O

Hence we can obtain conditions ensuring the Poisson character of a random point
distribution. This is expressed in

THEOREM 7 If R is a o-algebra and for the set function £(A), A € R, defined by a
random point distribution, condition VII and one of the following three conditions hold,

(a) | Pany = [ @-Raay,
(b) al“P1 (H) Var1 Py (H)
(c) /HPk(dA) =0 for k=2,3,...,

then the random wvariables £(B), B € R, have Poisson distributions with the parameters
fB Py (dA), B € A.

12



Proor. If for a random point distribution Condition VII holds, then (a), (b) and
(c) are equivalent. In fact P;(A) and 1 — Py(A) are subadditive set functions, whence
by Lemma 5, (a) and (b) are equivalent. The equivalence of (a) and (c) is ensured by
relations (8) and (9). Thus it is sufficient to consider (c¢). Our statement follows at once
from Theorem 3 if we observe that (c) includes

Ck(B)—/Pk(dA)—O for k=2,3,..., BefR.
B

If in the random point distribution there are only single points, i.e. if we have v (B) =
0, k =2,3,..., for every B € R, then we hope to obtain Poisson distributions for the
variables £(B), B € R. However, we need for our proof condition V concerning the space
H. The proof of that condition being unnecessary or a counterexample would be desirable.
Our result is contained in O

THEOREM 8 If in a random point distribution there are only single points, and fur-
thermore if Conditions V and VII are fulfilled, then for every B € ‘R

(25) P((B)=k) = %(3_)‘(3), k=0,1,2,...,

where A\(B) = C1(B) is the average number of points lying in B and
(26) A(B) = / Py (dA).
B

PROOF. Since vix(B) =0 for k = 2,3,..., by Theorem 3 we have Cy(B) = M (vx(B)) =
0for k=2,3,....

Applying Theorem 6 and taking into account the result in Theorem 1 concerning the
connection of C(B) and P;(A), we obtain the statements of Theorem 8. O
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