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Is this possible?



Boole’s Problem

[
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C
Et=ANBNC)UANBNC)U(ANBNC) pmb(El)z%
E> = (ANB)U(ANB) Prob(Es) = 4
Es=(AnB)uC Prob(E3) =%
E;=(ANB)UANC)U(BNCQC) Prob(E,) =7

How large (small) can Prob(E,) be?
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Linear Programming Formulation
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Potentially exponential number of variables!



Brief History
Boole's Problem (Boole 1854, 1868 (1850))

Linear programming formulation (Hailperin 1965)
Potentially exponential number of variables!

Probabilistic logic (Nilsson 1986)

Probabilistic satisfiability (PSAT)
(Georgakopoulos, Kavvadias and Papadimitriou 1988)
Feasibility is NP-hard!
What about optimization with feasible input?



A Special Case: Union of Events

Events: A; CQ,ieV={12..n}
Input: pr = Prob(NicrA;) for ICV, |[I| <m, (pyp = 1)

Problem: Find lower and upper bounds for the probability of the union of
these n events:

LB<p1|fgv,|I|gm>spmb(U Ai) <UB(pr|1CV,[I| <m)
1€V



A Special Case: Union of Events

Events: A; CQ,ieV={12..n}
Input: pr = Prob(NicrA;) for ICV, |[I| <m, (pyp = 1)

Problem: Find lower and upper bounds for the probability of the union of
these n events:

LB<m|1gv,|I|gm>spmb(U Ai) <UB(pr|1CV,[I| <m)
1€V

Remark [Fréchet 1935]: For m = 1 the bounds

n
max Prob(A;) < Prob ( g AZ-> < min {1, > Prob(Ai)}

1<i<n eV 1=1

are sharp.
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Linear Programming Formulation
Events: A; CQ,ieV={12..n}

Input: pr = Prob(NicrA;) for ICV, |[I| <m, (pyp = 1)

Variables: x; = Prob ((ﬂ AZ-) N (ﬂ AZ)) for JCV
icJ iJ

With this notation we have
P?"Ob ( U AZ) — Z XJ
ieV 0A=JCV

and

pr= >  Xj for all I CV,|I|<m
VDJDI



Linear Programming Formulation

Let us define
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Linear Programming Formulation

Let us define

LB, =min » x; and UBj,=max » xj
0£JCV 0£JCV

subject to the constraints

Z XJj=—Pr fOI'a”IgV,’HSm
VOJOI
x 1> 0 for all JCV

Claim: Bounds for the probability of any other event defined in terms of
A1, Ayr, ..., Ay can be computed from a similar LP formulation, in which
only the objective function will be different.

E.g. “at least r out of these n events occur’, “at most g out of these n
events occur’, etc.



Linear Programming Formulation

Let us define

LB, =min » x; and UBj,=max » xj
0£JCV 0£JCV

subject to the constraints

Z XJj=—Pr fOra”]gV,’I’Sm
VDOJOI
x;>0  forall JCV

Claim [Hailperin 1965]: The bounds LB}, = LB (p;y|I CV,|I| <m) and
UB), =UB(pr| I CV,|I| <m) are sharp.

From the optimal solutions of these linear programs one can con-
struct examples for which Prob(lJ;cyv A;) attains these bounds.

Cjcvxy=pp=1)



Linear Programming Formulation

Claim: Computing LB}, and UB;, maybe hard!

e Feasibility is NP-hard.
(Georgakopoulos, Kavvadias and Papadimitriou 1988)

e Exponentially many variables in LP formulation!

e Column generation (row generation in dual LP) is an NP-hard sub-
problem (even for m = 2).
(Jaumard, Hansen and Poggi de Aragao 1991)



Relaxation I: Aggregation

Summing up equations for I CV, |I| =k (for k=0,1,...,m), and introduc-
ing new variables y; = 3" ey (7= XJ (for = 0,1,...,n) yields a relaxation,
the so called Binomial Moment Problem (Prékopa 1988):

LByp=min Y y; and UBp=max Y vy,
Jj=1 Jj=>1

subject to the constraints
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Sip = > _ pyis called the k-th binomial moment of A1, Ay, ..., Ay,
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Relaxation I: Aggregation

Summing up equations for I CV, |I| =k (for k=0,1,...,m), and introduc-
ing new variables y; = 3 jcv, |7]=jXJ (for y = 0,1,...,n) yields a relaxation,
the so called Binomial Moment Problem (Prékopa 1988):

LABmzminZyj and ZTBm:manyj
j>1 j>1

subject to the constraints

W
> (D)y=Sp fork=0,1,..,m
j=0 F

yj= 0 for j=0,1,....,n

Sp = > _ pyis called the k-th binomial moment of A1, Ay, ..., Ay,

ICV
I]=k

If £ is the random variable denoting the number of events occurring from

{A1, Ay, ..., Ay}, then
£
S, = FExp [<k>]



Binomial Moment Problem

e LBy < LB and UB,, > UB’ are polynomially computable sharp
bounds (sharp in terms of {S;. | k¥ < m}, but may not be sharp in
terms of {p; | I CV, |I| <m}).

e Dual feasible basic solutions are characterized (Prékopa 1988) ~» closed
form optimal solutions for m < 4 (Prékopa 1988; B and Prékopa 1989)

e Several closed form bounds in the literature are of this type, or gener-
alized by these type of bounds.



Binomial Moments Based Bounds

S1—So+ -+ —Sos < LBos and UBpgy1 <S1—So+ -+ Sos41
(Bonferroni 1937)

LB, > STI5S; (Chung and Erdds 1952)

TR 2 2 . 2S

(Dawson and Sankoff 1967; Kwerel 1975; Galambos 1977)

UBy = S1 — 2S5
(Kwerel 1975; Sathe, Pradhan and Shah 1980; Platz 1985)



Binomial Moments Based Bounds

r o _ 1+2n—1 2(2'-|— —2) 6
o LBz ="*1,51 — Siann o2 T oS3

where i =1 4 L3S—SQ3J

(Kwerel 1975; B and Prékopa 1989)

T 2((i—1)(i—2)+(2i—1)n) 6(2i+n—4)q_ 24
® UB4 =51 - i(i+1)n S2+ S G Dn O3 T ik Dn

: 2(n—2)S+3(n—5)S3—12S
where 1 =1+ | (n )(§f2)(32_3)s33 4]

Sa,

(B and Prékopa 1989)



Stronger Lower Bounds

n
e LB’ 5> Y a;p;, where p; = P(A;), p;j = P(A;NA))

=1
and Z Q;Pj 5 = (1 — Ozz')pi for:=1,...,n.
JF1
(Gallot 1966; Kounias 1968)
p? -
e LB5> ) L > LBo, (de Caen 1997)

iov Pi T 2 Pij

2 2

oy 1—0;)p; o

1552 ¥ o ot By 2 P
v \(2=0)pi + 3 5£ipij (L —0:)pi+ X j2ipij

where 0; =

p; p;
(Kuai, Alajai and Takahara 2000)



Stronger Bounds by Graph Structures

e UB5<S1— > pi (kis fixed) (Kounias 1968)
i£k

e UB5<S1— Y p;j<UBo5,
(2,5)€T

where T is a spanning tree (Hunter 1976; Worsley 1982)

¢ UB3<S1— > pij+ > pujx SUBs,
(2,5)€€ (2,5,k)€EC

where (£,C) is a cherry tree (Bukszar and Prékopa 2001)



Aggregations and Graph Structures

e Several stronger lower and upper bounds, generalizing the previous ones,
were derived recently via partial aggregation: considering linear combi-
nations instead of the original equations, and introducing new variables,
which are linear functions of the original variables in order to obtain a
polynomially sized relaxation.

(Prékopa, Vizvari, Regds and Gao 2001; Prékopa and Gao 2001)

e Improved Bonferroni inequalities via binomially bounded functions.
(Dohmen and Tittmann, 2007)

e Chordal graph bound (m = 3, (Veneziani, 2002)) and chordal graph
sieve (m = x(G), (Dohmen, 2002)).

e Upper bounds for m = 3 via graph structures (positive Pij effect)
(Veneziani, 2002, 2008)
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e Relaxing of an LP has the same effect on its optimum value as tight-
ening of its dual.



Tightening the Dual

e Relaxing of an LP has the same effect on its optimum value as tight-
ening of its dual.

e Replace polynomial resizing by efficient tightening of the dual:

Try to tighten the dual so that row generation (separation) becomes
polynomially solvable. (Size of the formulation may not decrease!)



Simplify LP

Eliminate zy and the normalization } ;cyz; = 1, and then dualize.

> x o f o] > xs o f o]
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Simplify LP

Eliminate zy and the normalization } ;cyz; = 1, and then dualize.

> x o f o] > xs o f o]

D~=JCV P£=JCV
ZXJ :p[,IgV,|I|Sm - Z X.J :pI,Q#IgV,|I|§m
JDI D£JDI
x; 20, JCV x; 20, 0#JCV
> xy —>{ r::]?: } min 3
£ JCV max <_ P prwy
— 1<|I|[<m

> x5 =pn, 0FICV,|[I[<m
0#=J21 w(S) {
XJ ZO, @#ng

IN IV

} 1, 0£SCV

Here w(S) = Y rcswy and w = (wy | 1 < [I| <m).




Tighten-up the Dual

Recall that w = (wy; | 1 < [I| < m) and w(S) = Y ;cgwy for all subsets
SCV.

where F is a polyhedral set.



Tighten-up the Dual

min . UBm(F)
{ max } I;f prvr— = { LBm(F) }
1<|I|<m
ww){§}1 )£ SCV
w S F.

Observation 1. If membership in F can be checked and for all w € F
the setfunction w(S) can be minimized (resp. maximized) over S C V

in polynomial time, then UBy,,(F) (resp. LBmy(F)) can be computed in
polynomial time.



Tighten-up the Dual

min . UBm(F)
{ max } I;f prvr— = { LBm(F) }
1<|I|<m
ww){§}1 ) £SCV
w S F.

Observation 1. If membership in F can be checked and for all w € F
the setfunction w(S) can be minimized (resp. maximized) over S C V
in polynomial time, then UBy,,(F) (resp. LBmy(F)) can be computed in
polynomial time.

n
Observation 2. LB, (F) < LB}, < Prob ( g Ai) < UBy, <K UBm(F)
i=1
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Submodular Bounds

Set M =", (”) and

1

Feup = {w € RM | w(S) is submodular }

w(S) = w(Xx®) = Y wr[]X;

1<|I|<m  jeI

Recognition is polynomial for m < 3 (Billionet and Minoux, 1985)
NP-hard for m > 3 (Gallo and Simeone, 1989)

Corollary. For m < 3 the upper bound UBy,(Fg,p) Can be computed in
polynomial time (by network flow models).
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Nonpositive Bounds

Fy = {weRM | w; <0 forall I with 1< |I] <m}

Observation 1. UB;,(Fy) = max Prob(A{UAsU---U Ap) for events s.t.
P’I“Ob(Ai) = Py fore eV
Prob(NierAy) > pr forICV, 1< |I| <m.

Observation 2. Fy C F,,p, for all m > 1 (and Fy = Fgyp for m = 2).

Observation 3. Membership in Fy is linear time testable.

Corollary. UBy,(Fpn) can be computed in polynomial time for all m > 1.



UBo(Fn) = UBo(Fsup)

szw + > pijwy — min = UBx(Fy) = UB2(Feup)
1<i<y<n
wl(S) + w?(S)

w2

1 forall SCV, S#0,

IN IV



UBo(Fn) = UBo(Fsup)

szw + Y pywi — min = UBx(Fy) = UBa(Fspp)
1<i<y<n

wl(8) + w2(s) > 1 for all SCV, S #0,

w2§0

Theorem. The vertices of the feasible region are of the form (wl, w?) =
(1,XT) where T is a spanning tree of the complete graph on V.



UBo(Fn) = UBo(Fsup)

szw + Y pywi — min = UBx(Fy) = UBa(Fspp)
1<i<y<n

wl(8) + w2(s) > 1 for all SCV, S #0,

w2§0

Theorem. The vertices of the feasible region are of the form (wl, w?) =
(1,XT) where T is a spanning tree of the complete graph on V.

Corollary. UB>(Fyn) = UBy(Fgp) = UB>(HW), where UB>(HW) is the
best Hunter-Worsley bound.

These bounds are sharper than any other known upper bound for m = 2.



Upper Bounds

UBosy1 < S1—So+ -+ + Soey1 (Bonferroni 1937)

UBy <Y pi— Y pir  (kis fixed) (Kounias 1968)
i=1 i#k

UB> = S1—255 (Kwerel 1975: Sathe, Pradhan and Shah 1980; Platz 1985)

T 2(2i—1) . 353
UBs = 81—55155S2 +Z(2+1)S3, <%—1+LS—2J>
(Kwerel 1975; B and Prékopa 1989)

UB5 < S1— Z Dij < (/]\ég, where T' is a spanning tree
(1,J)ET
(Hunter 1976; Worsley 1982)

T 21°—1(6—4n)+4—2n 6(2i+n—4) . 2(n—2)S,4+3(n—5)S;—128S,
UB4 — Sl_ iGi+1)n SQ+ iGi+1)n ‘S Z(Z+1)TLS4’ ('L =1 + L (n—2)S,—3S; J)

(B and Prékopa 1989)

UB5<S1— Y pij+ YsmecPlijw < UBs,  where (£,C) is a cherry tree

(i,j)€€
(Bukszar and Prékopa 2001)



UB>(Fn) = UBa(Fsup)
Observation. UB>(Fy) # UB3

There are infinitely many examples where in the optimum we have wZ-Qj >0
for some 1, 3.
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Decomposition Bounds

( )
w=Yuwl vicv, 1<ii<m
M .
Fdee = qweER il >
\ for some ul,... 4™ € R" )

Observation. Membership in F,4.. can be tested in polynomial time.

Theorem. For w € F,.. the setfunction w(S) can be minimized (or maxi-
mized) over S C V in O(n?logn) time.



Decomposition Bounds

4 )
w=Yuwl vicv, 1<ii<m
M .
Fdee = JweER el >
\ for some ul,... u™ € R" )

Observation. Membership in F,4.. can be tested in polynomial time.

Theorem. For w € F,.. the setfunction w(S) can be minimized (or maxi-
mized) over S C V in O(n?logn) time.

Corollary. For any m > 1 the bounds LBy (Fg..) and UBm(Fge.) Can be
computed in polynomial time.



Decomposition Bounds

( wi=Yul vICcV, 1<<m)
= {weRM i€l
\ for some ul,... 4™ € R"
— (ISI—1 k
w(S) = ;(k_l)m

k=1 €S




Decomposition Bounds — UB>(Fy..)

w(S) = u'(S) + (|S| - 1)u?(S)
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Decomposition Bounds — UB>(Fy..)
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Decomposition Bounds — UB>(Fy..)

w(S) = u'(S) + (|S| - 1)u?(S)

> (pz'uq;l + u? ZPij) — min = UB2(Fgec)
icV =i

() + (S| —u?(S) > 1 VSCV, S#0

Theorem. The vertices of the feasible region are the vectors (ul,u?) =
(1,—e;) for i = 1,...,n, where e, is the it" unit vector.

Corollary. UBy(Fyee) = 2ievPi— MaXjey 2 j£ipij = UB2(Ko), where
UB>(Ko) is the best bound of the type introduced by Kounias (1968).



Summary

o LBn(Fy..) dominates all known lower bounds.

e UB>(Fy) = UB>(HW) dominates all known upper bounds for m = 2.

o UBm(Fy..) and UBm(Fgup) are incomparable, and dominate all known
polynomially computable upper bounds.

— UB3(Fgup), UB3(Fy4..) and UBz(V) are incomparable.

— UB3(V) of Veneziani (2002, 2008) dominates UB3(BP) of Bukszar
and Prékopa (2001), and UB3(D) of Dohmen (2002); none of these
are known to be polynomially computable.



